Physics 511

Problem Set #5. Faraday@ L aw, Quasstatics, and Conservation Laws
DUE Fri. Mar. 10

Read Jackson 3rd Edition, 5.155.17, 6.1, 6.7
Low, 25-2.6,3.1-3.3

Problem 1: (10 Points)

A cylindrical resistive material with mass dengty ! i, (mass/volume) and condudivity "
didesfrictionlessy ontwo parald condudingrails. Thecylinde haslength / and cross

sectiond area A.. A uniform magndic field B, pointing into the pagefills the entire
region. Theba movesto theright, starting with avelodty vo.
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(&) What current flows throughthe circuit, andin what direction?
(b) Wha isthe magndic force ontherod?In what direction?

(c) Use Newton® equation to show tha velodty of therod as fundion of time is
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v(t)=v, e

(d) Theinitial kinetic energy was lmlé At t=# therodlooses adl thisenergy. Where
2

dossit go? Provetha energy is conserved by showing that thetotal energy tha goesinto

o1
thissink is =mv?.
2



Problem 2. Energy conservation and magnetic fields (15 points)

To see explicitly why we put energy into creating a magndic field, consder thework per
unit length necessary to spin up alongcylindrical shdl of charge so that it rotates about
itsaxis at condant angular frequency $o. Let theradiusof thecylinde beRr, the surface
chargedensty be" , so tha %2&R" isthetotal charge per unit length. After we spin the
cylinde up,we have
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Now suppog we spin thecylinde up from rest, dowly over sometimeinterval 7. If T'is
much greater than R/c, we can neglect the displacement current. Then B as afundion of
timeisjug theexpression abovewith $¢ replaced by $(t). With B(x,t) in hand, we can
find the electric field as a fundion of time from Faraday@ law:

(8 Wha is E(x,t) asafundion of timefor al space? You may assume tha thetime
dependent part of E isinthe €, direction.

(b) If youare theexternd agent spinning up the shell, you mug provideenergy per unit
volume at arate ! J"E, over and abovethe energy you mug putin to increase the
mechanical rotationd energy. Show tha the volume integral of this expression per unit
length dlongthe z-axisis equd to thetime rate of changeof thetotal magneic energy per
unit length.

(c) Fromtheabove it isclear tha the GourceOfunction for electromagneic energy,

' J"E,islocadlized a ! = R. Electromagndic energy then flows from its creation point
into ! <R. Cadculate theflow of energy pe unit lengthto / <R by integrating the
Poynting vector over acylindrical surfacejud indde ! = R. Showtha theexpressionis
equd to thetime rate of changeof thetotal magneic energy pe unit lengthinsde ! =R
(d) Youmug aso providean additiond torquepe unit volume of

X" (#pageE +EJ" B) to spin upthecylinda. Calculate thevolumeintegra of this
expression pe unit length alongthez-axis. Showthat therate of creation of
electromagndic angular momentumat ! = R isjud theenergy creation rate divided by
$. Comment on thisresult.

(e) Where doetheelectromagneic angular momentum you are creatingat ! = R goto?
In your answer consder theflux dengty of electromagneic angular momentum,

I x" (f #9), jus inddeand outsideof / = R. Where isthis electromagneic angular
momentum stored? Can you get it back if you despin thecylinde?



Problem 3: Angular momentum conservation and magnetic fields (15 points)

Aninfinitely longwire carries a charge per unit length of B and liesalongthez-axis. A
plastic cylindrical shdl of radiusais conaentric about the z-axis and has a surface charge
dengty ! =+" / 2#a uniformly distributed over its surface (see sketch bdow).
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Thecylindrical shdl issugpended in such amanne that it rotates freely aboutthe z-axis.

Its moment of inertia per unit length for rotation aboutitsaxisisI. Thecylinde is
initially at rest, andimmersed in a uniform externd magnéic field Bo, produced by

externd currents.

(@ Initialy, wha isthetotal electromagneic anguar momentum per unit length?

(b) Now assume at t=0 we dowly begin to reduce the externd currents and B-field to
zero over sometime T >>a/ ¢, B, (t) = B(t) 6,

B (0

\.

T>>alc t
Thecylinde will begin to rotate aboutits axis with angular frequency $(t). What isthe
total magndic field for! <a?

Bo

(c) Frommechanics we know that thetime rate of changeof angular momentum equds
the applied torque(per unit length) %(I! )=(x" #E),. Usethisrelationand Faraday®

law to find an expressionfor d! / dt

(d) Wha isthefind valueof $ (for t>>T)? What isthefind valueof themagndic field
for ! <a. Showtha thefind angular momentum of the system (mechanical pluselectro-
magndic) for t>T isthe same as your part (a) for t<0.



