Lorentz transformations that entangle spins
and entangle momenta

Thomas F. Jordan*
Physics Department, University of Minnesota, Duluth, Minnesota 55812

Anil Shajif
The University of New Mexico, Department of Physics and Astronomy,
800 Yale Blvd. NE, Albuquerque, New Mezxico 87131

E. C. G. Sudarshan?
The University of Texas at Austin, Center for Statistical Mechanics,
1 University Station C1609, Austin Texas 78712

Simple examples are presented of Lorentz transformations that entangle the spins of two particles
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glement from finite Lorentz transformations of states for finite momenta, and describe entanglement
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The role of relativity in framing statements about
quantum information is illustrated by the fact that quan-
tum entanglement can depend on the reference frame of
the observer. In particular, Lorentz transformations can
change the entanglement of the spins of massive particles
[1, 2]. This happens because Lorentz transformations of
the spin of a particle depend on its momentum [3-13].
There is a rich variety of possibilities. Examples selected
for calculations [1] have left questions to be answered. Is
a separable spin state changed into a maximally entan-
gled state only in the limit of an infinite Lorentz trans-
formation and/or infinite momenta? Does an increase of
the entanglement for the spins of two particles require a
decrease in the entanglement of their momenta? What
happens when the particles are indistinguishable?

Here we give simple examples of Lorentz transforma-
tions that entangle the spins of two particles with positive
mass and spin 1/2. They apply to indistinguishable par-
ticles, produce maximal entanglement from finite Lorentz
transformations of states for finite momenta, and de-
scribe entanglement of spins produced together with en-
tanglement of momenta. The operations are made trans-
parent by describing the spin states with density matri-
ces written in terms of Pauli matrices, so you can see the
Pauli matrices being rotated by the Wigner rotations of
the Lorentz transformations.

We will consider two particles, A and B, that have pos-
itive mass and spin 1/2. We use Pauli matrices 31, Xq, X3
for the spin of particle A, and Pauli matrices =1, 2o, =3
for the spin of particle B. We consider two-particle states
described by state vectors or density matrices made from
state vectors of the form

|p 4. PB)[spins) (1)

where |pa,pPB) = |Pa)a |PB) B is a product state vector
of length 1 that represents a state for the momenta of the

two particles composed of a state where the momentum
of particle A is concentrated around a value p4 and a
state where the momentum of particle B is concentrated
around a value pp, and |spins) represents a state for
the spins of the two particles. A Lorentz transformation
A changes each |p) to a state vector we call |p)* and
changes |pa,pp) to

Ipa,pe)" = pA)A [PB)B (2)

which describes momenta concentrated around the
Lorentz-transformed values Apa, Apg. This is the uni-
tary transformation on the space of momentum states
that would represent the Lorentz transformation if the
particles had no spins. The Lorentz transformation
changes the state vector (1) for momenta and spins to

P4, PE) Da(pa)Dp(pp)|spins) (3)

where D4 and Dpg are operators on the spin states for
particles A and B respectively, D(p) means D(W (A, p))
with W(A,p) the Wigner rotation [14] for the Lorentz
transformation A and the four-vector momentum p corre-
sponding to the three-vector momentum p and the given
positive mass, D4 (W) for a rotation W is the 2 x 2 uni-
tary rotation matrix made from the 3; so that

Da(W)'EDA(W) = W(Z) (4)

where W (X) is simply the vector 3 rotated by W, and
Dp(W) is the same for E. We assume that the mo-
menta are concentrated closely enough that we can use
orthogonal state vectors for concentrations around dif-
ferent momentum values, use a single Wigner rotation
for each concentration, and accept the accuracy of these
approximations.

Suppose that for the state of the pair of particles there
are just two pairs of momentum values, (pa,,Pp,) and



(PA,:PB,), and that the state of the two particles is ei-
ther a pure state represented by a state vector
1 1
5IPaps)0) + Jopaspall0) ()

or a mixed state represented by a density matrix

1 1
5 ‘pAl ’ pB1><pA1 y PB; ‘p + §|pA2 ’ pB2><pA2a PB, |P (6)
where

p = 10)(0] (7)
so that the state of the spins, described by the state vec-
tor |0) or the density matrix p, is the same in both cases.

Let p® be the density matrix that represents the state
of the spins after a Lorentz transformation A. It is ob-
tained by taking the trace over the momentum states
|pa, PB)™ of the density matrix for the state of the two
spins after it is changed by A. Each constituent state
vector (1) is changed to the spin-rotated state vector (3).
This gives

1
o = 5Da(Pa) D5, )pDa(pa,) Do (ps,)’

+5Da(p4) Do (p5.)pDap) Do (ps.)' (8)

Let pa, = —pB, = —P4, = PB, be along the z axis
and let the Lorentz transformation be in the y direction
with velocity v. Then the Wigner rotations are around
the z axis. If W(A, pa,) and W(A, pp,) are rotations by
¢ around the z axis, then W (A,pp,) and W(A,pa,) are
rotations by —¢ around the z axis. This can be seen,
and ¢ can be calculated from p4, and v, by using the
formulas from Halpern [15] that we have described [13,
Section V.

Suppose p is one of the density matrices
1
4
Both p; and p_ represent maximally entangled pure
states for the two spins. They are Bell states. The state
of zero total spin is represented by p_ and the state ob-
tained from that by rotating one of the spins by 7 around
the z axis is represented by p4. The Lorentz transforma-
tion takes p4 to

P+ = [1 + 2151 + 2252 — 2353] (9)

11
ph = 5{1[1 + (X1 cos ¢ + Bgsin ¢)(E; cos ¢ — Eg sin @)
+(—X; sin ¢ + Xy cos ¢)(E1 sin ¢ + Eg cos @)
—2353]}
11 . - —
+§{Z[1i(21 cos ¢ — Yo sin ¢)(Z1 cos ¢ + g sin @)
+ (X1 sin ¢ + 3g cos @) (—Z sin ¢ + Z5 cos @)
%]}
1 - - =
= Z[l + (21:1 + 22:2) COSs 2¢ - 23:3]
= prcos’¢ + psin®g. (10)

We focus on the case where ¢ is /4. Then the Lorentz
transformation takes both p; and p_ to

1

A -
= —|1 —3s=
p 4[ 3 3]

= ;[iu - 33)(1+ 53)]
% E(l + 31— Eg)} (11)

The Lorentz transformation takes the density matrix p
for a maximally entangled state to the density matrix p
for a separable state that is a mixture of just two products
of pure states. The inverse Lorentz transformation of the
state of the two particles takes p* back to p.

The Lorentz transformation changes the density ma-
trix p of Eq.(7) to

ot = S+ 122 (12)

where

|1) = Da(pa,)D5(ps5,)|0)
|2) = Da(pa,)Ds(ps,)|0). (13)

The inner product of these vectors is

(211) = (0l[Da(pa)) [Dp(p5.))" Da(pa,) Dp(p5,)|0)
= (0l[Da(pa,)*[D5(ps,)]?|0)

= (0](cos ¢ — iX3 sin ¢)(cos ¢ + =3 sin ¢)|0)

= Tr[(cos® ¢ —i(X3 — Z3) cos psin ¢
+33Z3 sin” ¢) ]
= cos? ¢ —sin? ¢ = cos2¢ (14)

for the D4, Dp and p, either py or p_ , being considered.
When ¢ is 7/4, the vectors |1) and |2) are orthogonal,
The same transformation of the spin density matrix is
obtained for different kinds of states for the two particles.
If the state of the two particles is a mixture represented
by the density matrix (6) with p described by Eq.(7), the
Lorentz transformation changes the density matrix to

1
§|PA17PBl>AA<pA17PB’1| ® |1><1|

1
+§|pA27sz>AA<pA27pB2| ® |2><2| (15)

which for the spins gives the density matrix p® described
by Eq.(12). If the state of the two particles is a pure
state represented by a state vector (5), which for the
spins gives the density matrix p described by Eq.(7), the
Lorentz transformation changes the state vector to

1 1
ﬁ|pA17pBl>A‘1> + ﬁ|pA27pB2>A‘2> (16)



which for the spins gives the density matrix p® described
by Eq.(12) again.

The transformation of the density matrix for the mo-
menta is different for the different kinds of states. When
the two particles are in a mixed state, the density matrix
for the momenta is

1 1
5 ‘pA1 ’ pB1><pA1 yPB,y ‘ + 5 ‘pAz ’ p32><pA2 ) sz‘ (17)

before the Lorentz transformation and

%|pA1 ) pB1>A A<pA1 yPB; |
+%|pA27sz>AA<pA27sz| (18)
after the Lorentz transformation. The Lorentz transfor-
mation does not change the amount of entanglement in
the state of the momenta of the two particles. Both be-
fore and after the Lorentz transformation, the state of
the momenta is a separable state that is a mixture of
just two products of pure states.

When the two particles are in a pure state, the density
matrix for the momenta after the Lorentz transformation
is described by Eq.(18), the same as for the mixed state,
because the vectors |1) and |2) are orthogonal, for the
case where ¢ is m/4 that we are considering. Before the
Lorentz transformation, the density matrix for the mo-
menta is that of the pure state represented by the vector

1 1
E\pAl,PBJ + \ﬁ|pA2’pBZ>. (19)

For the pa, = —pB, = —PA, = PB, being considered,
this can be chosen to be a maximally entangled state, a
Bell state, represented by

T5laa18)s £ 1B la)s (20)

where |a) represents a state for the momentum of a par-
ticle with values concentrated around p 4, and |3) repre-
sents a state with momentum values concentrated around
—pa4,. This choice makes the entanglement of the mo-
mentum states the same as that of the spin states. Before
the Lorentz transformation, the state described by the
vector (20) for the two momenta is maximally entangled.
After the Lorentz transformation, the state of the two
momenta is represented by the density matrix (18) with

|pA17pBl>A = ‘OK)[A ‘ﬂ>g
|pA27sz>A ‘B)ﬁ |Oé>% (21)

The state of the momenta is a mixture of two products
of pure states, just like the state of the spins described
by the density matrix (11). The Lorentz transformation
removes both spin entanglement and momentum entan-
glement, and the inverse Lorentz transformation restores
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FIG. 1: Values of the velocity v of the Lorentz transformation
and the momentum/mass ratio |p|/m that give w/4 for the
angle ¢ of the Wigner rotation.

both. Previous examples [1] suggested that a change in
the entanglement of the spins might always be accompa-
nied by a change in the opposite direction of the entan-
glement of the momenta.

The options we have described are flexible enough to
apply to indistinguishable particles. The particles are
assumed to have spin 1/2, so if the two particles are in-
distinguishable, for example if both are electrons, the
state of the particles can combine the Bell state for the
momenta that is symmetric under interchange of the two
particles only with the spin state that is antisymmetric,
and the antisymmetric momentum state only with the
symmetric spin state.

Changes between separable states and maximally en-
tangled states are not made here by going to limits. They
are made with finite Lorentz transformations of states
for finite momenta. Fig. 1 shows values of the velocity
of the Lorentz transformation and the momentum/mass
ratio for the particles that give the /4 Wigner rotations
that we use. The calculations were made with the formu-
las from Halpern [15] that we have described [13, Section
V]. In previous examples [1], maximally entangled states
are obtained only in the limit where the velocity of the
Lorentz transformation is ¢ and the particle momenta are
infinite.

The change of entanglement is smaller if ¢ is not 7 /4,
but it is still the same for the momenta as for the spins.
The state of the spins after the Lorentz transformation is
described by one of the density matrices p} in Eq.(10),
which we can write as

1 - = =
pi = E[l + (2151 +22:2) COs 2¢+ (21:1)(22:2)]. (22)
This shows that for both pﬁ and p? the eigenvalues are

(1 4 cos 2¢), %(1 —c0s2¢), 0, 0 (23)

N |

because ¥1=1 and Y9Z=5 each have eigenvalues 1 and —1
and together they make a complete set of commuting



Cp™)
1

0.8
0.6
0.4
0.2

02 04 06 08 1

FIG. 2: The concurrence C(p”) as a function of v for |p|/m =
10.

operators: their four different pairs of eigenvalues label
a basis of eigenvectors for the space of states for the two
spins. The Wooters concurrence [16] is a measure of the
entanglement in a state of two qubits. It is defined by

Clp) = max [0, V21 = Ve = Vs = VAl (29)

where p is the density matrix that represents the state
and A1, A2, A3, A4 are the eigenvalues, in decreasing order,
of pYo=s p* Yo=s, with p* the complex conjugate that is
obtained by changing >3 and =5 to —¥5 and —=3. From
Eq.(22) we have

Pt BoZo (ph)* $aZs = pht (p2)* (B2Z2)? = (p)? (25)

so for p4 the \/); are the eigenvalues of p} and the con-
currence is

C(pk) = |cos29|. (26)

The concurrence as a function of the velocity of the
Lorentz transformation is shown in Fig. 2 for the case
where |p|/m = 10 for the two particles.

A zero value of the concurrence (26), the mark of a
separable state, occurs when ¢ is /4. We know that a
state of two qubits is separable if and only if a positive
matrix is the result of taking the partial transpose of the
density matrix, the transpose for the states of one of the
qubits [17, 18]. For p, this means changing X5 to —Y5 in
the last line of Eq.(10). The result, with —33=3 written
as (2151)(2252), is

1 - - - =
1[1 + (X15] — XoE0) cos2¢ + (X151)(B222)].  (27)
For either pi‘ or p", this matrix has eigenvalues

1 1
5 cos 29, — cos 2¢, (28)

[N

b

DN | =

so the state of the spins after the Lorentz transformation
is separable only if cos2¢ is zero.

We can think of a qubit formed by the two momentum
states for each particle and use the concurrence of these
qubits for the two particles to measure the entanglement
of their momenta. We use Pauli matrices ¥, 3o, X3 to
describe the momentum qubit for particle A and Pauli
matrices =1, Zp, Z3 for the momentum qubit for particle
B, taking |p4,), |pPa,) to be the eigenvectors of X3 for
the eigenvalues 1 and —1 and taking |pp, ), |PB,) to be
the eigenvectors of Z3. From Eqs.(16) and (14), we find
that when the state of the two particles is a pure state,
the density matrix for the state of the momenta after the
Lorentz transformation is
YA

1
§|pA17pB1 pA17pB1|

1
+§|PA2, p5.)" (P4, PB, |
1
+ i‘pA1 ) pB1>AA<pA27sz | COS 2¢

1
+§ ‘pAza sz>A A<pA1 yPB; ‘ COS 2¢

1 ~
—(14+=

2(+3)
1 -1, =~

51— 53)5(1-Es)

+

1 ~
—(1+X
2(+ 3)

DN =

Sal= =
(31 + 122)5(:1 + i=2) cos 2¢

1 S = S = S =
= 1[1 + (2121 — E2E2) cos 2¢ + ¥3Es] (29)
which we can write as
1 S = S = S =S
1[1 + (Z15] — XoE0) cos2¢ — (X151)(2222)].  (30)

We can see that this density matrix has the same eigen-
values (23) as the density matrices p} for the spins, so it
has the same Wooters concurrence (26), which is shown
in Fig. 2 as a function of the velocity of the Lorentz
transformation for the case where. By this measure, the
change in entanglement for the momenta is the same as
the change in entanglement for the spins.

We can also see that the partial transpose of this den-
sity matrix for the momenta, changing ¥ to —%5 in the
last line of Eq.(29), gives a matrix that has the same
eigenvalues (28) as the partial transpose (27) of the den-
sity matrix for the spins. For the momenta, as well as for
the spins, the state is separable only if cos2¢ is zero.

Both before and after the Lorentz transformation,
there is no entanglement or correlation between any mo-
mentum and any spin. The density matrix for one mo-
mentum and one spin is always the product of a density
matrix for the momentum and a density matrix for the



spin. There are no two-qubit entanglements or correla-
tions that increase as the entanglement of the spins and
the entanglement of the momenta decrease. To see this,
we write out the state vector (16) as

25104 1912 Datpa) Do (p)
xg%wwﬂﬂBir»M+m>
=194 |0} Da(pas) D(om.)
xg%wwuﬂBir»A+m>
- %\@ﬁ 18)% (e [+)al=) B £ €|=) al+)B)
i%ungkwg<a¢H»Ar»Bie*Wr»AH»B)(30

using Eqs. (20), (21) and (13) and writing out the Bell-
state vector |0) in terms of the eigenvectors |+) 4 of X3
and |£)p of Z3 for the eigenvalues +1. For example,
the density matrix for particle A, obtained by taking the
trace over the states of particle B, is

(l)k (el +18)4 4(31)
@(+H)aal+[+=)aal=). (32)

o~ =

A
PA =

The density matrix for the momentum of particle A and
the spin of particle B, obtained by taking the trace over
the spin states of A and the momentum states of B, is

oA — L (1a)8 Aol + 18)4 248))

momentum- Bspin ~ 4

@ () B+ + =) (=) (33)
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