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Problem 1.2 (4 points) Number-state wave functions. Consider a simple
harmonic oscillator that has mass m, angular frequency w, position operator £, momentum
operator p, and annihilation operator

e [T (502,
a= 9K 2 mw

(a) Use the fact that the annihilation operator annihilates the ground state, i.e.,
a|0) = 0, to derive a differential equation for the ground-state wave function. Show that
the solution of this differential equation is

0 = (22)"" o (- 325

where you must use normalization and a choice of phase to determine the constant in front
of the Gaussian.

(b) Use the raising condition af|n) = v/n + 1| n+1) to derive a (differential) recursion
relation for (z|n + 1) in terms of (z |n), and use your result to derive explicitly the wave
function (z|1) for the one-quantum state from the wave function in part (a).

(c) Use the definition of the n-quantum state,

In) = \/—(aT)”I(J)

to write the wave function of the n-quantum state in the form

_ 1 mw 1/4 d " _%52
e = () (6 3) e

Use this result to write the wave function of the n-quantum state in the conventional form

1 /4 1.
<m|n>=7ﬁ(%) HHL (), £=4/5

where H,(¢) is the nth Hermite polynomial. You may use the following definition of the
Hermite polynomials:

d" e
den

Ha(€) = (-1)"et
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