How to perform the coherent measurement
of a curved phase space by
continuous isotropic measurement

Spin and the Kraus-operator
geometry of SL(2,C)

Carlton M. Caves
Distinguished Professor Emeritus, University of New Mexico

This is work carried out with
Christopher S. Jackson,

formerly a postdoc at UNM,

now a postdoc at Sandia Livermore.

i
Chris Jackson




C. S. Jackson and C. M. Caves, “How to perform the coherent FOCUS
measurement of a curved phase space by continuous isotropic ON THIS.
measurement. I. Spin and the Kraus-operator geometry of SL(2,C),”
arXiv:2107.12396 [quant-ph].

From the acknowledgments: This article is the first in a series
describing CSJ's vision for understanding curved phase spaces and
their role in physics and quantum information. ... CMC is honored
to be a co-author, provided it takes nothing away from CSJ's
accomplishment.

Destination: What “strong” measurement corresponds to wealk,
continuous, measurement of (noncommuting) observables?
Journey: Exploring the space of Kraus operators and POVMs that
goes with phase space.
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C. S. Jackson and C. M. Caves, “How to perform the coherent
measurement of a curved phase space by continuous isotropic
measurement. Il. The Kraus-operator geometries of complex semisimple
Lie groups,” drafted, but needs retrofitting with present understanding.

Much more.
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Coherent states

Glauber coherent states of a bosonic mode Spin coherent states (SCS)
Lie group: Weyl-Heisenberg Lie group: SU(2)
[?Qa _?P] =1 [_?me _7Jf] — _?:Ekrﬂmlm_

CS are ground states of “easy” integrable Hamiltonians
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Coherent states

Glauber coherent states of a bosonic mode Spin coherent states (SCS)
Lie group: Weyl-Heisenberg Lie group: SU(2)
[?Qa _?P] =1l [_?me _7Jf] = —t€kimIm
A ‘} E>
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o > Phase space >
Ladder operators (Cartan-Weyl basis)
D(a)aD(a)f|a) = (a — a)|a) = 0 D(8)J4+ D(R)'[j, ) = 0
a=(Q+iP)/V?2 J+ = Jo 4 1J,

Tensor miracle (classical limit)
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Coherent states

Glauber coherent states of a bosonic mode Spin coherent states (SCS)
Lie group: Weyl-Heisenberg Lie group: SU(2)
[ZQa _?’P] =1 [_?qu _7Jf] — _?:Ekrﬂmlm_
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The journ&and thpéestination.
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Resolution of the identity (CS POVMS)

1 , " dfsinfde .,
[ alaial =1 (2 + 1) ,8) Gl = 1,
mw Jc g2 41
1 df sinf d
CS POVM: {an |a)(a} SCS POVM: {(23 +1) ¢ 17, 1) (4, ﬁ}
Qo) = <a\p|a> QY (n) = (2j + 1)(j, fplj, B)
Measure by (single-shot) heterodyne: Not too bﬂ? Measure by ?
simultaneous, isotropic measurement so far, Carl Continuous (weak) isotropic measurement
of Q and P. "y of the three spin components.

E. Shojaee, C. S. Jackson, C. A. Riofrio, A. Kalev, and
I. H. Deutsch, PRL 121, 130404 (2018).




Geometry

What's inside? A type-IV symmetric space, in this case a 3-
j,0) = D(n)|j,z) hyperboloid, consisting of concentric 2-spheres of thermal
states with inverse temperature 2a, running from the identity
operator at a = 0 to the 2-sphere of SCSs at a = infinity.
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_/ . .
/ What's inside?

Polar decomposition Cartan (singular-value) decomposition
! |
Overall Kraus operator: K = WVE = WU e" U = IT/e”-J:lTJ
Postmeasurement unitary Premeasurement unitary

POVM element: E = KK = Ute?2¢/-U = D(1)e2*-D(a)t = ¢2e0J
t t

U can be restricted to displacements. Thermal state: inverse temperature 2a

Our analysis of continuous isotropic measurements is Kraus-operator-centric—state-
independent and representation-independent and thus geometric. Kraus operators are
the triple entendre (CSJ) or trinity (CMC) of quantum theory, simultaneously
representing states, measurements (POVMs), and transformations (processes). To
include all Kraus operators, one attaches an SU(2) fiber of postmeasurement unitaries
at every point in the 3-hyperboloid. One is then studying the Kraus-operator geometry
of the complexification of SU(2), which is SL(2,C).



GeOmeTf‘Y What's inside? A type-1V symmetric space, in this case a 3-
hyperboloid, consisting of concentric 2-spheres of thermal
j,8) = D(d)|j,z) States withinverse temperature 2a, running from the identity
operator at a = 0 to the 2-sphere of SCSs at a = infinity.
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This is the 3-hyperboloid of negative constant curvature. Its
metric, coming from the Maurer-Cartan form of the Kraus
operators and thus, ultimately, the Killing form of SU(2), is

ds® = da® 4 sinh?a (d6? + sin?0 d¢?).

The area of the 2-sphere of radius a is 4x sinh?a.
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3-hyperboloid
E = D(fi)e2" D(f)| = e2aJ Radius a
F=1ata=20 Area 4w Sinh2()‘,

E — e2¥]j,n)(j,n

a—0C

To get the geometry right, one must Gt tr e
regard the hyperboloid as embedded in point, Carl. Flat space 3-sphere
— Radius a Radius a

Minkowski space, not Euclidean space.
Area 4ma? Area 4msin?a




What's misleading about @)
conventional g-p phase space? o)

The irreducible tensors used for expanding operators

are identical to the displacement operators. This is not

true for generalized coherent states and the curved phase spaces
of compact semisimple Lie groups.

The near commutativity of g and p gives a nearly trivial operator ordering
for constructing phase-space correspondences and quasidistributions.
For compact semisimple Lie groups, these projects are best approached
In a quite different way.

There is no apparent “inside.” Because there is a single-shot heterodyne
measurement, there is little motivation to consider weak, continuous
measurements. Nonetheless, you should, for the journey it takes through
the “inside” symmetric space of displaced thermal states is transformative.
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Measuring the three spin components
weakly and simultaneously

dW(t)
6) (1) W
AN oo www  1he distinctive feature of our analysis is
- D that it is Kraus-operator-centric.

(1) aw.) I

Gaussian Kraus operator for weak, simultaneous
measurement of three spin components lasting time dt.

Vdp(dW)e T dted V7 dW

~ = (measurement rate)

dW = (vector of measurement outcomes) = (vector Wiener increment)
[tO rule: dWHIWY = oM dt

d(dW*)d(dW¥)d(dW?) dW - dW
exp| —
(27dt)3/2 2dt
J? = J24+ J24 J2 =j(j + 1)1; = (Casimir invariant)

(Gaussian measure) = du(dW) =

A “Kraus operator” Element of SL(2,C)
J 7AW _ _ )
c K(dW) ( for increment dt ) Submanifold closure



Weiner-like path integral
QOVM after time T is a Wiener-like outcome-path integral.
DZ[dW [o.1)] = DpldWio ] e T o K[aW(o 1] © K[dWio 1]
Overall Kraus operator K[dW o] = K(T) = K(dWr_4) - - - K(dWog)
K(dW;) = el V7 W

Semisimple unraveling of trace-preserving, unconditioned QOVM
Hﬂaar measure

Z‘T — /IDZ[dW[O?T)] — (G_WTJQ@'?—WTJQ)O dAu’(K) DT(K)KQKT
SL(2,C)

It is critical to appreciate that we are not dealing with a probability

distribution for outcomes—that would require an initial state—but

rather with a distribution over an ensemble of Kraus operators K,
drawn from SL(2,C) and labeled by outcomes.

When you see a path integral, you should be thinking diffusion
equation and stochastic differential equation (SDE). Deriving the
diffusion equation is hard, but worth it, because it teaches about

the geometry. Deriving the SDESs is straightforward, but instead of
teaching about, is informed by the geometry. Let's do SDESs first.



Stochastic differential equations
QOVM after time T is a Wiener-like outcome-path integral.

'DZ[dW[O:T)] — 'D;L[dw[ojfr)] e_f?"'T(JQGJl—kl@Jz) o K[dw[oj)] © K[dW[OﬂT)]T
Overall Kraus operator K[dW o] = K(T) = K(dWr7_4) - - - K(dWoat)
K(de) — e.]-.\/f?dWr

SDE for K
dK K= K(dW,;) —1=J-,/7dW,+ 1J?ydt
Maurer-Cartan form

dKK ' —2(dKK1)?=J - /47dW

Modified Maurer-Cartan stochastic differential (MMCSD).
Submanifold closure.

To get something useable, one translates the SDE into
SDEs for the pieces of the Cartan decomposition,

K = Ve*-U.



Stochastic differential equations

After a few collapse times, 1/y,
the radial codrdinate moves nearly
ballistically, with mean and variance

proportional to yt,
Radial coordinate

da = ydtcotha + /v dWg
T

T

Ballistic term
Omitted from Shojaee et al.

Diffusion

E = €2aﬁ-J

f

The diffusion of U in
the angular directions
Is overwhelmed by the
area exponentiation.

3-hyperboloid

the premeasurement unitary freezes out,

thereby picking a direction on the 3-hyperboloid,
Premeasurement unitary

dUUY = 2(dUU1)? = (—idy /7y AW JTF iJy\/y dWi) cscha

Diffusion

Radius «a
Area 4xsinh?a

and the postmeasurement unitary moves randomly on SU(2).
Postmeasurement unitary
dV V™I —2(dVV1)2 = —(—ide/y AW qTL iJy\/y dW3E) cotha

Diffusion




Measuring the SCS POVM

After a few collapse times, 1/v, the largest eigenvalue
of a typical POVM element, E = U'e2®:J = 242 dom-
inates the second-largest eigenvalue by an exponential
factor e?¢ ~ e27t,

The continuous isotropic measurement of
spin components collapses to the SCS POVM
“almost always” and “in no time at all.”




Diffusion equations. Advanced course in geometry

Semisimple unraveling of trace-preserving, unconditioned QOVM

ZT — /IDZ[dW[O?T)] — (GWT'P@@WTJQ)O/ dAu’(K) DT(K)KQKT

SL(2,0)

. . : . oDy v
Diffusion equation for Kraus-operator distribution D;(K): —— = 5A[Dt]
Isotropic measurement Laplacian

SU(2) Killing form
v S . o~
Alfl = 87T, TiA| = T[T + 5| Tia| + L[ LLs]]

T
Right-invariant derivatives. Moving basis-vector fields on SL(2,C).

At each K diffusion occurs into a 3-submanifold that looks
locally like the 3-hyperboloid. This diffusion is nonintegrable
and thus explores all of 6-dimensional SL(2,C) because the
local 3-submanifolds do not mesh to form a global 3-surface.



Diffusion equations. Advanced course in geometry
|sotropic measurement Laplacian

Al =67, 300 = L[ 201] + 7 [201] + 7 [ Z17]]

To get something useable, one translates the Laplacian into partial
derivatives relative to the pieces of the Cartan decomposition,

K = Ve*-U.

Cartan expression for isotropic measurement Laplacian

1 : Beltrami form relative to
— j
alrl \/detgv‘“[ detgg V“'f]} 3-hyperboloid metric
— 12 9 {sth 9]
sinh“a da a |
1
o (ValValf] (K) + V419, 1] (X))

Fokker-Planck equation for purity distribution P, (a)

p P (a )——2 {Slnh2 9 { : Pd@)” —’Y—[COthQPf(a)]+_i2Pf(a’)
da | sinh?

Ot 2 0a

Ballistic term Diffusion




Kraus-operator geometry _elt _ght  _g-ha  _ghea  _gha
of SL(2,C)

To draw pictures, suppress two dimen- Orbits \U;
\V constant

sions in the SU(2) postmeasurement-unitary : Orbits of \V: ’
fiber and one dimension in the 3-hyperboloid, N\ L U tant
effectively working in SL(2,R), with L N o 4
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More

Get out of Hilbert space. The arena of physics,
classical and quantum, is the (curved) phase spaces

of compact, connected, semi-simple Lie groups.
What about flat, canonical phase space? It’s for the bosons,
misleadingly special, where phase-space quantum mechanics is

already appreciated, but needs to be recast in our language. y _ o
Chris Jackson

1. The properties of physical systems are the generators of these Lie groups.

2. Weak, continuous, isotropic measurement of the generators limits to measurement in
the (overcomplete) basis of generalized coherent states, thereby identifying the coherent
states. Kraus operators drawn from the (complexified) group describe dynamics; Cartan
decomposition identifies the radial directions on a type-IV symmetric space, the angular
directions in the premeasurement unitaries (displacement operators), and the fiber of
postmeasurement unitaries. The phase space of coherent states occupies the boundary
of the symmetric space, a space of constant curvature, made up of thermal states with
Hamiltonians linear in the generators. Kraus operators are the unifying mathematical
object, the quantum trinity, the triple entendre, encompassing states, transformations,
and measurements.

3. Putting the Weyl-Heisenberg group and its flat space in the language of curved phase
spaces, thus elucidating its universal properties and its special properties.




Much more

Get out of Hilbert space. The arena of physics,
classical and quantum, is the (curved) phase spaces

of compact, connected, semi-simple Lie groups.
What about flat, canonical phase space? It’s for the bosons,
misleadingly special, but where phase-space quantum mechanics is

already appreciated. -
Y PP Chris Jackson

4. Harmonic functions span the space of phase-space functions. Associated irreducible
tensors span the operator space. Phase-space correspondences and “s-ordered”
qguasiprobabilities, which connect harmonic functions to coherent states, are founded on
the “quartic twirl” of generalized coherent states.

5. Quantization is omission of fine-scale harmonic functions (i.e., working in a finite-
dimensional irrep). The classical limit is keeping all the harmonic functions, down to the
finest scales (i.e., working in an infinite-dimensional irrep). Linear Hilbert-space structure
of guantum mechanics arises naturally from the group representation.

6. Dynamical complexity (nonlinear dynamics and chaos) is stepping outside the
complexified group. Complexity should be measured relative to phase space. Linear
evolution, Hamiltonian or dissipative, stays in the group and respects the scales of the
harmonic functions. Nonlinear evolution steps outside the group by mixing large and
small scales, leading to the sensitivity to initial conditions of classical chaos and to
hypersensitivity to perturbation both classically and guantum mechanically.
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