UNM Physics 452/581: Introduction to Quantum Information,
Solution Set 5, Fall 2007

5.1 Exact Grover for 1 in N Ordered Search

e (a) For N =1 and 4, k is an integer.

N|  E=g-
1 0
2 3
_1 i ~
3 2 4ArcSin[%] 0.776
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e (b) In order to B to be unitary, BTB = I. We will assume N and a are real and
non-negative.

1 = (0]0) (1)
= (0|B"B|0) 2)
— <\/1 “Nal(0| + m<1|> <\/1 ~Nal0) + Mm) (3)
= [[//(1 = Na)[*(0]0) + || Na|[*(1]1) (4)
1 (5)

For this last equality to hold, Na must be between 0 and 1. This can also be seen
by noting that the amplitudes must give probabilities that are between 0 and 1. For
instance, ||(0|B|0)||*> = Na and [[{1|B|0}||> = 1 — Na must be between 0 and 1. Thus,
a should be between 0 and % If a were possibly negative, then —% <a< %

e (¢) Symmetry suggests

B|1) = —V/'Na|0) + v1 — Nal1) (6)

We then check
1= (1]1) (7)
= (=VNa(0] + VT=Na(1]) (~v/Nal0) + V1= Nal1)) (8)
= Na(0]0) + (1 — Na)(1]1) (9)
=1 (10)

and

0= (0]1) 11

= —VNav1l— Na(0|0) + VNav1 — Na(l|1)
=0
That (1|0) = 0 follows from this last result.
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e (d) Calculating explicitly (and using W1[0)*" = /1 — 1/N|w!)++/1/N|w) from earlier
in the problem)

W/|0>®(n+1) = B® H®n|0> ® |0>®n (15)

:[m|o>+mu>]® 1——|w \/>|w] (16)

= S0 Mo oty VRa el + & - a0 (7

N J/

:=cos a’|w L)

+ vall)|w) (18)
—ai /l /)

= cos o |w'™) + sin o/ |w) (19)

= ') (20)

where we have simply lumped the terms orthogonal to |w') = |0)|w) into an orthogonal
term |w'*) with the appropriate phase.

e (e) We write ,
Zx =T =2luw)(w'| =1 =2[1){1] @ |w){w] (21)

If the first qubit is in the state |0), then Zy = I. If it is in state |1), then Z performs
Zx on the remaining qubits. By definition, this is the controlled gate, A(Zx).

e (f) Using the definitions given in the problem, we calculate

a = sin? o/ = sin? 4(}{%:_ 5 (22)
< sin? —— 23
AR 1 2 (23)
= sin’ (24)
1
=N (25)

e (g) In order to yield |w’) with certainty, we need sin((2k+1)a’) = L or (2k+1)a’ = 7/2.
Setting k = [k], we find

( Uﬂ 2) 22[k]+1) 2

5.2 The phase estimation algorithm

e (a) At the beginning of round j, the input state is |0)|u). Passing through the first
Hadamard gives

[|0> + D] u) (27)
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The controlled U2 gate gives the state

i U()) + exp(27ri¢2kj)’1>] |u)

V2

(28)

Since the |u) can be factored out for the rest of the circuit, we omit it for the rest of
the calculation. Noting that exp(—i#Z/2)|0) = exp(—if/2)|0) and exp(—ifZ/2)|1) =

exp(i6/2)|1), we find

e_iejz/zi “0) + exp(27ri¢2kj)|1>}

V2
[e7%/2)0) + exp(2mig2% +i6;/2)|1)]

Sl

> [10) + exp(2mig2" +i6;)|1)]

where in the last step we have factored out an irrelevant overall phase e

second Hadamard transforms the state to

% [H|0) + exp(27rigz52kj + iej)HH”
- % [10) + [1) + exp(2mig2" +i6;)(|0) — |1)]
- % [(1 + exp(2migp2s +i6;)) [0) + (1 — exp(2migp2"s +i6;)) [1)]

The

(33)
(34)

(35)

The probability of measuring z; is given by the norm of the coefficient of each |j) term

above. Thus the probabilities are
1 , ,
P(z = 0) = 7|1 +exp [i(2m 2% +60,)] ||

P(z;=1)= i”l — exp [z’(?wqﬁkj + Qj)} I&

(b) Recall that

1 1 1
= 0. O = = = e aled 58
¢ G192 .- @ 2¢1 + 22% +oeeet 2n¢
Taking ky =n — 1, we have

2n71¢ = ¢1¢2 s (bnfl'(bn

Expanding the exponent into products, we have

n—1
H eiQ"’mmﬁm eiﬂ(bn +1601
o m=1

J/

-

=1
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Setting ; = 0, the probabilities are then
1 .
P(z =0) = 1”1 + exp [ime,] || (41)
1 :
Pz = 1) = Z[11 = expim,]||” (42)

So that if ¢, = 0, P(z; = 0) is one and P(z; = 1) is zero. If ¢,, = 1, P(2; = 0) is zero
and P(z; = 1) is one. Thus with probability one, z; = ¢,.

(¢) Inspired by part (b), we proceed in a similar manner by choosing ks = n — 2 so that

2n72¢ = ¢1¢2 cee ¢n72-¢n71¢n (43)

Expanding the exponent into products again , we have

n—2
(H 6i2"m17r¢m) eiﬁ¢n71+i§¢n+i91 (44)

N m=1 J/
-1
Since we know ¢, with certainty, we choose 6; = —7¢,, giving probabilities
1 .
P(z=0) = ZHl + exp [imdn_1]|? (45)
1 .
Pz =1)= ZHl — exp [iTdn_1]|* (46)

As in part (b), these yield zo = ¢, with certainty.

(d) Given the last two steps, the general procedure is as follows. On step j, choose
kj = mn — j so that '
2" =1 Ppj i1 On (47)

Expanding the exponent into products again, we have

n—j
R ) X LT .
( | | 622 (4 1)7r¢>m> exp |:Z7T¢n7j+1 + Z§¢nfj+2 + ...+ Z21—_j¢n + Z(gj:| (48)

m=1
A g

~~
=1

Since we know ¢,,_; o through ¢, at stage j, we choose

Pn—ji2 | Pn—j+3 On
ej:—w[ 5 Tt to (49)
to cancel out all but the ¢,_;;1 exponential. This gives probabilities
1 .
P(2 = 0) = 2|1 + exp [imdn—j ] (50)
1 .
Pz =1) = 7|1 — exp[imdn—j ]| (51)

so that z; = ¢,,_; 41 with certatinty.



