UNM Physics 452/581: Introduction to Quantum Information,
Solution Set 6, Fall 2007

6.1 Quantum division

e (a) |GHZ) = \/% (|000) 4 |111)) and |W) = \/% (|001) + |010) + |100)). In the follow-
ing, I take A,B,C to represent the first, second and third qubit respectively.

— First consider |GHZ).

1

P ? =tee |GHZ)WGHZ| = o(i|GHZ)(GHZi)c (1)
= GOIGHZ)(GHZI0)0 + (IGHZYGHZ 1) 2)
= % C<0|<|000>(000] +]000) (111] + |111){000| + |111><111|)]0>C (3)
+% C<1|(|000><000| +1000)(111] + [111)(000] + |111><111;)|1>C (4)
= 2 (100y{00] + 113111 5
and

p? =tec |GHZ)WGHZ| =Y aplilGHZ)(GHZ|i) an (6)
= ip (00|GHZ><GHE|00>AB + 4501 GHZWGHZ|01) 45 (7)
+ ap(10|GHZYGHZ10) ap + ap(11|GHZ)Y(GHZ|11) 45 (8)

- %AB<00| <|000><000| +1000)(111| + [111)(000| + |111><111|> 100) 45
(9)

+ %AB<11| (|000><000| +[000)(111] + |111){000| + |111><111|) 111) A
(10)
= 2 (101 + ) (1)

Where in going to (9), I have omitted the |01) 45 and [10) 45 terms which go to
zero.

— Now consider |[W). Since we are starting to get the hang of the partial trace,
I will begin to drop more intermediary terms. In particular, I will immediately



drop terms from the density matrix that will go to zero.

1

e =tre (W) (W] = Z ciIW) (Wi (12)
:% 41 C<¢|<|oo1)<001| +1010)(010[ + [100){100] + [010)(100| + |100>(010|>|i>c
= %(Tc?oxom o+ 101)(01] + [10){10] + 01)(10] + |10 (01 ) (13)
and
pe) =teap W)W = ZO%AB iIW)(Wli) ap (14)
:‘ZAB (\001 001\+\010><010|+|1oo><1ooy)|> (15)
= < (1411 +200)0]) (16)

e (b) While we could work out the singular value decomposition explicitly, the structure
of these two state make it easy enough to write the Schmidt decomposition directly.

— AB|C partition for |GHZ).

(GHZ) = )as|0)o )as[1)e (17)

\/_|oo \/5111

So the basis B¢H2) for AB is BE‘%HZ) = {]00),|11)} and for C is B(CGHZ) =
{]0), [1)} with Schmidt coefficients {2, %=}.

V2' V2
— AB|C parition for |W).

Y = % (J001) + [010) + 100)) (18)

= 000 a11)c + = (101) a5 -+ 10).45) ) (19

= =0l + NETE (20)

(21)

where [W*)45 = 25 (01) +]10)). The Schmidt bases are By = {|00), [¥*)}

and B, o) = {|1),]0)} and the Schmidt coefficients are {\/g, \/g}

* (9



— For the |GHZ) state, both reduced density matrices are already diagonal in the

computational basis. We read off the eigenvalues of pE‘GBHZ) as {%, 0,0, %} Simi-

Z) 11

larly, for p(CGH , we have {3,5}.

— For |W), only p(CW) is diagonal in the computational basis. We can read of the

cigenvalues for it as {3, 2}. p(AW;) is a bit trickier, but we can use the Schmidt

composition to calculate the diagonal form. If we let |i) 4 and |i)¢c represent the
i-th element of the two different Schmidt bases and A; the corresponding (real)
Schmidt coefficient, we have

Pl = D clilW) (Wi (22)
= ic@'\(ZA?AB\j>c|j><jrAB<jrc) Yo (23)
= ;A?ABrj;<j|AB\|c<z'u>cH2 (24)
= X]) A asli) (il asdi; (25)

0,
so that, in the basis BY5 defined in part (b), we have
1 2
pity = 3100000045 + Z[U )W 4y (26)
Thus the eigenvalues are { %, %, 0,0}.

From this last calcuation, we notice that both reduced density matrices have the same
non-zero eigenvalues, which are just the Schmidt coefficients squared.

6.2 Quantum tintinabulation
e (a) From class, recall that the depolarizing channel acts as
p
E(p) =1 =plo+ 35 (XpX +YpY +ZpZ) (27)

Clearly, the (1 — p) term will leave the input state unchanged; it remains to see what
the Pauli terms do to the input state.

X[ (O] X = %X(\om + |11>) ((00| + (11|>X (28)
— %(uo) + |01>> <<10| + <01|) (29)
= U (30)
and
Y|+ (@F]Y = %Y<\00> + \11>> (<00| + <11|)Y (31)
- %<i|10) - i|01>> <—z<10| +i(01|) (32)
= [U7)(v| (33)



and

2|0 (D] Z = %Z(|OO) + |11>> (<ooy + <11])Z (34)
= 2 (100y — 1)) (100] — (1)) (35)
= [®7)(®"| (36)

Therefore,
E(|27)(@T]) = (1= p)|2T)(T[ + 3 (\@ HOT[+ [T + !‘I’*><‘If*\> (37)
so that FF =1 — p.
e (b) Note that

I ® 1 =|00)(00] + [01)(01] + |10)(10] + |11)(11]
= [@TNQT[ + [@TNQT[ + [TTN(TT] + [UTN(T| (38)

pr = PO (@] = (J0)(@ |+ U+ e l) (39
- oo+ 1o e "
Reading off, we see that \ = T*I

6.3 Holy Schmidt!

In the following, I will use the result from question 5.3¢, where we found that the reduced
density matrix (p4) for a Schmidt decomposition >, \;|i) ali)p is simply > A2 4]2) (i|a

e (a)

1

E(|00> 11)) = \/—|0> l0)s — 7|1>A|1> (42)
The two basis are {|0)4,|1)4} and {|0)5, —|1)p} and the coefficients are {\%,\%}

Finally .
pa = 5(0){0[+[1)(1]) (43)

e ()

%(!00> +101) +[10) + [11)) = %(!0>A(|0>B +0s) +Da(l0)s +1)5)  (44)
= 2 00+ 1)) ® (0)5 + 1)) (15)
= [+)al+)s (46)



Since this is a pure state, we have only one element in the Schmidt decomposition,
which is the |+) state for both sub-systems. The corresponding Schmidt coefficient is
1. Finally

pa = Y CH = S0)0] + [1{0] +10) 1] +[1){1) (47)

(0
£100) +101) + 110) — [11)) = (10} a(0)5 + [1)5) + [0a(10)5 — D)5))  (48)
= 50008+ 51Dl (49)

The basis for system A is then {|0)4,|1)4} and for B is {|+)s,|—)p} with Schmidt
coefficients {\/LE’ \%} Finally

pa = 5(10) (0] + 1)) (50)

(d) Unfortunately, I don’t see an easy way to group terms, so I will resort to calculating
the singular value decomposition of the matrices. The matrix we look to decompose is

-5

which encodes the state \%(!00) +]01) 4+]10)) in the computational basis. Calculating
the decomposition in Matlab, I found

(0.8507 0.5257> <0.9342 0 ) (0.8507 O.5257> (52)

~ \0.5257 —0.8507 0 0.3568 /) \ —0.5257 0.8507

Vv Vv Vv
u d v

We then define the basis for system A by [i) 4 = >, w;i|j) 4. This results in {0.8507]0) 4+
0.5257|1) 4, 0.5257]0) 4 — 0.8507|1) 4 }. We define the basis for B by |j)p = >, vik|k) B,
giving {0.8507|0) 5 + 0.5257|1) 5, —0.5257|0) g + 0.8507|1) 5 }. The Schmidt coefficients
are just the diagonal entries of d, {0.9342,0.3568}. Calculating p4 directly (omitting
matrix elements which clearly drop out)

pa=trpp=- ZB (100 00]+101><01|+]10><10|+]00)<1o|+]10><00|)|>

=§@mw+umwwmu+mw0 (53)



e (e) First, we calculate the final state (recall Y_o./3 = I cos § + 1Y sin %)

CNOT(H @ Y-33/3)[00) = CNOT(H|0)4 @ Y-05/0) ) (54)
= ONOT[ (04 + 10 ® (G0l = 0a] 69

- %\ a® (1\0>B - @!%) s (%ms : ?l%)
Q\f [|00> V3(01) — V/3]10) + |11>} (56)

Again, we calculate the SV D of

which encodes the state in the computational basis. Using Mathematica, we find

S R V2+V3 S
p=( 2 )| T N (58)
w ~ v

Following part (d), we see that the basis for Ais {|—)a, —|+)a} and for Bis{|—)5,|+)5}

with Schmidt coefficients {~ 2; \/g’ v 22_ \/g} Notice that I have been able to eliminate
an overall minus sign for the first basis elements, but not for the second set. Lastly,
we calculate the reduced density matrix directly to find

pa = 2+f\—><—\ + *f|+>< 1] (59)
1 V3 V3 1
:§|0><0|‘T'O><1|_T“><O|+§|1><1| (60)

6.4 Trace distance

e (a) Let A= p — o which is diagonalized as A =), \;|¢)(i|, then the trace distance is

1 1
D(p,o) = 5llp = ollu = —IIAIItr

1
=gt ATA— ZM Z\J (J1x;

5”

_ %trzx/|)\i|2|2’)<z
L (61)



e (b) Given the previous result, we find the difference of the two matrices
p—azZ|O><O|+i|1><1|—§|+><+|_%|_><_| (62)
= 210)(01 + 11411 = 5 (10)(0] +10)¢1] + [1)(0] + 131
— (1001 = 11001 ~ 10) (1] + 1)1 (63)
= 2000~ {11~ FI0) (1~ £ )0 (64

XE

The eigenvalues are +1/13/12 so that the trace distance is v/13/12.

s [=Oy [=

e (c) Define ¥ = sinf/2|eg) + cos6/2]e;) and ¢ = —sin/2|ey) + cos/2]e1). Again, we
first calculate the difference of the density matrices.

00wl — [6){0] = sin® & |eg)(eol + 5 sinBleo)er| + 3 sinBleo)ex] + cos” T er)er| (66)

0 1 1 0
— sin? §|eo><eo| + 5 sin f|eg) (e1] + 5 sin fleg)(e1| — cos® §|61><€1| (67)
_ sin9<|eo)(61| + |el>(eg|> (68)
The eigenvalues are +sin 6, giving a trace distance of sin 6.

e (d) Using the definitions above, we have

.0 . o0
[~ 0l = fl2sin & feg)|* = 4sin® 7 (69)
Thus [y —¢|| = ZSing and comparing to part (b), we find that sin 6 < 2sin g, indicating
D([) @1, [)(o]) < [l — .

e (e) Using our examples, consider § = 7, in which case the two states have different
phases, e.g 1) = |0), ¢ = —|0). Under the quantum norm, we have |||0) — (—[0))|| = 2.
However, the trace norm is 0. Thus, the quantum norm for the difference of states
(which is not necessarily a quantum state), picks up the non-physical phase difference,
while the trace norm does not.

6.5 Double Amplitude

—t/Tl

The amplitude channel A, with p=1—e , has Krause operators

) 40 0)



e (a) First, we calculate the action

of the channel on |+) =

1:(10) + 11).

A ) = ZAG})“
36 =) G )6 ) 260 6
2 i) o grsg) 3 (0 0) (G )
3l )6
(¢— C)
Since the initial state is a pure state, the fidelity (squared) is
WMHmmwm<|%}¥%{;)m
=it (5 ) 6)
-0 0 (5
= 1@ +2y/T7p)
= S+
= 21+ e



Fidelity through amplitude—damping channel with T, =1
1 T
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We see (and can calculate) that lim; .o, f(t) = %

(b) We know that a general qubit state can be written as [1)) = cos £]0) + € sin £|1).
The amplitude-damping channel changes the state to

1 cos? & eiesind
G = 3 4 (g “aed ) Al (52)
_( 3(0+p+ (1 —p)cos) e T —psing (83)
2¢%/T—psinf s(p—1)(cos — 1)

Again, the fidelity for an initial pure state is just (| A(|v)(¢])|¥)], which gives

1
()], Al) () = ﬁ (3+ V1=p—p+2pcost— (~1+/T—p+p)cos20)
(84)
To minimize, we take the derivative with respect to 6 and solve when the derivative
is zero. There are several roots, but checking the second derivative indicates that the

minimum occurs for 6,, = 7 with the minimizing initial state [¢,,) = |1). Plugging
back in, we have
F(|9m) (U], A(|¢om) (¢ + ml)) = (1 = p)!/2 = 7T (85)

In the limit ¢t — oo, the exponential decays to 0, so that f(¢) also goes to 0. This should
corroborate the discussion in class, where we noted that this channel pushes the state
to |0), or pointing up on the Bloch sphere. Consequently, the fidelity minimizing initial
state is the orthogonal |1) state.



Worst-case fidelity through amplitude—damping channel with T=1

()

e (c) Let |¢) = cos 2]0) + €' sin ¢|1). The action of the amplitude-damping channel is
given by

A Alg) (o] = Z(Ai ® Aj)|o)(91(Ai @ Aj)' = Z Bijl¢)(¢|B]; (86)

where B;; = A; ® A;. There are four such combinations to worry about, which we work
through step by step.

10 0 0 0 0 00
0 vI—p 0 0 0 cos?? < sind 0
B B]L _ ; 2 2
00|®) {®| Byo 0 0 Vi—7p 0 0 e; sinf  sin® g 0

0 0 0 1—p 0 0 0 0
1 0 0 0
0 1—p 0 0

“lo o vi=p o 57
0 0 0 1-p
0 0 0 0

[0 (1—-p)cos®? Le?(1—p)sind 0 (88)

=1 o %ei‘b(l —p)sinf (1 —p) sm2g 0
0 0 0 0

= (1-p)lé)(g] (89)



0 p 0 0 0 0 0
0 0 0 0 0 cos2? £sind
BOl‘¢><¢’B$1: ei® 2 2
0 0 0 V1I-pyp 0 5-sind stg
0 0 O 0 0 0 0
0 O 0 0
o VP 0 0 0
0 O 0 0
0 0 Vi-pyp O
peos’? 0 0 0
B 0 0 00
N 0 0 00
0 0 00
00 p 0 0 0 0
00 0 I—py/p 0 cos?? Zlsing
Buo|¢) (6| By = go 2o 2
00 0 0 0 < sind s1an
00 0 0 0 0 0
0 0 00
o 0 0 00
N/ 0 00
0 I—-py/p 0 0
psin2g 0 00
B 0 0 00
N 0 0 00
0 000
00 0 p 0 0 _¢0 0 0 0
i 0000 0 cos®% Srsinf 0 0 0
Bll|¢><¢‘Bll_ 0000 0 %Sln@ SiIng 0 0 0
00 0O 0 0 0 0 p 0
=0

Summing over these gives a final result

A A(lg)(¢])

(1~ p)I6) (6] + peos® 5]00)(00] + psin® 7[00} (00
(1~ p)I6) (o] + pl00)(00

11

o O O O

(90)

o O O O

(92)

o O OO
o O OO

(94)



We now verify that this is the same as apply the E; operators to [¢).
DB WIE = (1= p)) (Y]

+ p[00)(01] (|01) + 5]10)) (" (O1] + 57(10]) [01)(00]

(
+p[00)(10[ («]01) + 5]10)) (@ (01| + 57(10[) [10)C00[  (97)
= (1 =p)[) (W] + p(laf* +[B8]*)]00){00] (98)
= (1 =p)|) (&[] + p|00)(00] (99)

which is the same as the action of A ® A.

e (d) Again, since we start with a pure state, the fidelity is

(¢l A @ A(l9)(d])|o)] =[] [(1 = p)l@) (4] + pl00)(00[] |§)| = /1 —p (100)

This is independent of the encoded qubit, i.e. this is the fidelity independent of the
choice of the angle 6 and phase ¢. This is the same as the worst-case fidelity calculated
in part (b).

e (e) If we measure ZZ, the probability of obtaining |00) (ZZ = +1) is just the coefficient
of 100)(00| above, which is p. If this outcome is not obtained, the state is |¢), which
has outcome ZZ = —1. Clearly, this has fidelity 1 with respect to |¢) independent of
time. We call this an error-detecting code because if we obtain the outcome +1 when
measuring ZZ, we know an error occurred. Similarly an outcome of —1 tells us that
no error occurred. However, we do not have the ability to correct; the process of taking
an unknown, arbitrary initial |¢) to |00) is irreversible.

6.6 Extra Credit:High Fidelity

e (a) Letting p=1 (I +7-7)

B Li1+r, ry—iry
det p = det 3 (Tx tir, 1—r1. ) ‘ (101)
1 . .
=12 (L =r) (X +7,) — (ry +iry)(ry —iry)) (102)
1
oo (103)
1
il ) (104)
which means |7] = /1 — 4 det p.
e (b) Consider
a b
A= (C d) (105)
trA=a+d (106)
det A = ad — bc (107)

12



The eigenvalues of the matrix are given by the characteristic equation

det(A—AX)=(a—A)(d—X) —bc=0 (108)
=N —(a+dX+ (ad—bc) =0 (109)
=M —trMA+detA=0 (110)
which indicates that .
A= [trAi\/(trA)Q—éldetA (111)

So that Ay + A =tr A and A\, A\_ = det A.

(¢) We look to diagonalize p'/20p'/2, with p associated with Bloch vector 7 and o with
§. We will use the results from part (b) to determine the eigenvalues.

Recalling from problem set 3 that (- &)(5- &) = (7- §)I + i(7 X §) - &, we can easily
calculate the trace.

tr pt/20p"? = tr po (112)

1

= el +7- I +5-] (113)
1

= QU7 G+ 5 G+ (-8 +i(7x 5) -]

= [+ () (114)

where we have also use the fact the the Pauli matrices are traceless. Turning to the
determinant, we have that det(AB) = det(A)det(B), which allows us to rearrange
det(p/20p'/?) = det(p'/?) det (o) det(p/?) = det(p) det(c). Then

e I
= (- (116)
= i(l ) (117)
so that det o = (1 — 5%). Thus,

det(p0p'"?) = 2 (1 = )(1 — 57 (118)

Let Ay represent the eigenvalues of p'/20p'/2, then
F(p.0) = (ir Vi Pop ) (119)
(V) 120
=M A+ 20000 (121)
= tr(p20p"?) + 24/ det(p/20p!/?) (122)
:%[1+(F-§)+(1—7ﬂ)(1—§9)} (123)

13



where in going to (120), we have taken the trace in the diagonal basis.

e (d) As stated in the hint, we want to show that ABBA and BAAB have the same
eigenvalues. Suppose that ABBA has eigenvalue ); associated with eigenvector |i).
Then,

N(BAJi)) = BA(A) (124)
— BA(ABBAi)) (125)
= (BAAB)(BAl1)) (126)

We see that BAAB then has the same eigenvalue \;, but with eigenvector BA|i). Thus

|AB|ler = || BA|sx
trVBAAB =trvABBA (127)

since the trace can be taken in the diagonal basis, in which case it is just the sum of
the eigenvalues.

6.7 Extra credit: Miscellaneous channel problems

e (a) First, note that

XuZi= Y (1P @ a) i) = Y (-1 i@ a (128

so that an arbitrary matrix element |l)(m/| is transformed as

2n—1 2n—1
Y XaZll)(ml(XaZ)t = Y (1)@ a){ill)(mlf)(j @ al(=1Y"  (129)
a,b=0 a,b,i,j=0
2n—1
= > ()i a)mea (130)
a,b=0
2n—1
= Z Sm|l ® a)(m & al (131)
(132)
Now, given that p = )", o |l)(m|, we see that
21 1
Z QTnXaZb)O(XaZb)T = Z 2Tnal7m5l’m‘l SY) CL> (m SY) CL| (133)
a,b=0 a,l,m=0
21
=> Fanoull @ a)(l @ al (134)
a,l=0
1 1
=Y el = ot (135)



where in going to the last line, we note that sum over [ just cycles through the diagonal
elements out of order and since ),y = 1, we get an overall factor of 2" from this
sum.

(b) Again, a general pure state is written is [¢)) = cos £|0) + e?sin §. Using Mathe-
matica, we can calculate the action of the Krause operators to find

9 .S

_ A t_ 151(13 + 3cosb) 53¢ ¥ sinf

pou = 3 Ail) (1] ( _ e @sing  L(37 — 27 cosh) (136)
If the output state is pure, then p?,, = pout- Again, in Mathematica, we find
81((13+3C059)2+49672i¢ sin? 0) 9 _ib .-
Pout = ( 2 (37 27_%)23(2:9111 26‘¢> 20 > (137)
ou 9 —id —27 cos e~ “'?sin
— e sinf 53716

Given that the off-diagonals are unchanged, we can set ¢ = 0. Solving either diagonal
pair, indicates that 6. = £ cos™! (%) Plugging into our general equation for v, we see
that the input pure/output pure state pairs are

s = = (1) £ vaID) = =

So two different input pure states are taken to the same output pure state.

(3|0> + \/5\1>) (138)

(c) We can generally write two distinct non-orthogonal pure states as |¢1) and |¢)9) =
|41) + [1i). Under the map &, each state is preserved, i.e. &(|¢1)) = [¢1) and
E(|1h2)) = [19). But using our definitions

E(lth2)) = E(|v1)) + E(lvi)) (139)
ltha) = [1) + E(|¥7)) (140)

which requires €|¢i) = [¢f). Restricting attention to the two-dimensional subspace
spanned by [¢;) and [1i), we immediately see that the only quantum operation which
results in the above relations is the identity map on this subspace.

(d) The phase-damping channel Krause operators are

m=\1-2 mi= b= B - ) (141)

and the amplitude-damping channel Krause operators are

Ao =10)(01 + VI =PI Ar=/p[0)(1] (142)

Transforming under the phase-damping channel, followed by the amplitude channel

A(B(p)) =Y A;B;pBl Al (143)
1,J
requires calculating each A;B;:

15



AoBo = <|0 0| + /1 — p/|1)¢ 1|>,/1—— (144)
= /1= (I0)0l+ vI=p)) (145)

2.
Ao = (0 + VI= P ) B o=y o
:\/7<|0 0] = v/T=I1)1]) (147)

3.
A1By = /p|0)(1] 1-%1 (148)
= V1= El0) (149)

4.
A = V)l 5 (o)1 = 11D (150)
= —Vi/bol (151)

We see that A; By and A;B; are proportional to |0)(1]| and that
(ABo) (A1Bo) + (ABYNABY) = /(- Byl + o2y =/l (152

An equivalent 3 component Krause map is then { A By, AgB1, vP'|0)(1]}.
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