
Phys 366 Mathematical Methods of Physics Fall 2016

Quiz 2 2016 October 4
(100 points)

Problem 1 (40 points) A particle moves along a circular path given in cylindrical
coördinates by

ρ(t) = a and ϕ(t) = π(1− e−γt) and z(t) = 0 .

(a) (10 points) Give the particle’s position vector r(t).

(b) (10 points) Give the velocity v(t) and the speed v(t) = |v(t)|.
(c) (10 points) Give the acceleration a(t).

(d) (10 points) Draw the entire trajectory for t ≥ 0, and on your drawing, draw and
label the position vector, velocity, and acceleration at time t = 0.

Problem 2 (60 points) Let A be the vector field

A = êrLr(3 cos
2θ − 1) + êθMr sin θ cos θ + êϕNr sin θ .

This vector field is given in spherical coördinates, and L, M , and N are constants.

Consider a spherical shell of radius R, which is centered at the origin of a spherical
coordinate system. Let S be the part of the shell defined by θ ≥ θ0. The surface S, with
outward-directed area element da, is shown in the drawing below. Notice that S is shaped
like a goldfish bowl. The boundary of S is the curve C, which is the lip of the goldfish
bowl.



(a) (20 points) Evaluate the surface integral∫
S

∇×A · da

directly in terms of L, M , N , R, and θ0.

(b) (20 points) Use Stokes’s theorem to convert the surface integral into a line integral
along C. Explain your choice for the direction of the integration along C. Show that the
line integral gives the same result as in part (a).

(c) (20 points) Use Stokes’s theorem to convert the original surface integral into a
surface integral over the yarmulke (kippah or skullcap) that caps the spherical shell, i.e.,
the part Y of the spherical shell that is defined by θ ≤ θ0. Show that the integral over Y
gives the same result as in part (a).



Derivatives of basis vectors along a trajectory

Cartesian coördinates

dx̂

dt
= 0 ,

dŷ

dt
= 0 ,

dẑ

dt
= 0

Cylindrical coördinates

dρ̂ρρρ

dt
= ϕ̇ϕ̂ϕϕϕ ,

dϕ̂ϕϕϕ

dt
= −ϕ̇ρ̂ρρρ ,

dẑ

dt
= 0

Spherical coördinates

dr̂

dt
= θ̇ θ̂θθθ + ϕ̇ sin θ ϕ̂ϕϕϕ ,

dθ̂θθθ

dt
= −θ̇ r̂+ ϕ̇ cos θ ϕ̂ϕϕϕ ,

dϕ̂ϕϕϕ

dt
= −ϕ̇ sin θ r̂− ϕ̇ cos θ θ̂θθθ

Formulae for the curl

Cartesian coördinates

∇× F =
∑
k,l
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Cylindrical coördinates
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+ êz

1

ρ

(
∂(ρFϕ)

∂ρ
− ∂Fρ

∂ϕ

)

Spherical coördinates
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