
Problem 1.

(a)

s̃(ω) =

∫ ∞

−∞
dt s(t)eiωt

=

∫ ∞

0

dt e(−β+iω)t

=
e(−β+iω)t

−β + iω

∣∣∣∣t=∞

t=0

=
1

β − iω

(b)

βv(t) =

∫ ∞

−∞

dω

2π
βṽ(ω)e−iωt The Fourier transform of βv(t) is βṽ(ω).

v̇(t) =

∫ ∞

−∞

dω

2π
[−iωṽ(ω)]e−iωt The Fourier transform of v̇(t) is −iωṽ(ω). This is the

d/dt → −iω rule for translating a temporal derivative to

the temporal Fourier domain.

f(t)

m
=

∫ ∞

−∞

dω

2π

f̃(ω)

m
e−iωt The Fourier transform of f(t)/m is f̃(ω)/m.

Equating Fourier transforms on the two sides of Eq. (1) gives

−iωṽ(ω) + βṽ(ω) =
f̃(ω)

m
=⇒ ṽ(ω) =

1

m

f̃(ω)

β − iω
.

(c) One way to proceed is to notice that

ṽ(ω) =
f̃(ω)

m
s̃(ω) ,

and then to invoke the convolution theorem to write

v(t) =

∫ ∞

−∞
dt′

f(t′)

m
s(t− t′) =

∫ ∞

−∞
dt′

f(t′)

m
H(t− t′)e−β(t−t′) =

∫ t

−∞
dt′

e−β(t−t′)

m︸ ︷︷ ︸
= g(t− t′)

f(t′) .

One can also proceed directly, basically deriving the convolution theorem along the way:

v(t) =

∫ ∞

−∞

dω

2π
ṽ(ω)e−iωt

=

∫ ∞

−∞

dω

2π
e−iωt 1

m

1

β − iω
f̃(ω)

=

∫ ∞

−∞

dω

2π
e−iωt 1

m

1

β − iω

∫ ∞

−∞
dt′ f(t′)eiωt′

=

∫ ∞

−∞
dt′ f(t′)

∫ ∞

−∞

dω

2π

1

m

1

β − iω
e−iω(t−t′)︸ ︷︷ ︸

=
s(t− t′)

m
=

H(t− t′)e−β(t−t′)

m

=

∫ t

−∞
dt′

e−β(t−t′)

m︸ ︷︷ ︸
= g(t− t′)

f(t′) .
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(d) When one differentiates v(t), one has to take the derivative with respect to the upper integration limit,
which means evaluating the integrand at t′ = t, and also to take the derivative with respect to the t inside the
integral:

v̇(t) =
f(t)

m
− β

∫ t

−∞
dt′

e−β(t−t′)

m
f(t′)︸ ︷︷ ︸

= v(t)

=
f(t)

m
− βv(t) .
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