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Phys 521 Quantum Mechanics I Fall 2011

Exam #3 (100 points)

Problem 1 (100 points) Consider two identical harmonic oscillators, both with
mass m and and resonance frequency ω. The Hamiltonian of the two oscillators is

Ĥ0 =
p̂21
2m

+
1

2
mω2x̂21 +

p̂22
2m

+
1

2
mω2x̂22 .

The position and momentum operators obey canonical commutation relations, [x̂j , p̂k] =

ih̄δjk for j, k = 1, 2. We will call Ĥ0 the “bare” Hamiltonian because it is bare of the cou-

pling we introduce below, and we will call the operators associated with Ĥ0 bare operators.
The situation is depicted in the diagram below.

If we introduce bare creation and annihilation operators for the two oscillators,

âj =

√
mω

2h̄

(
x̂j + i

p̂j
mω

)
, â†j =

√
mω

2h̄

(
x̂j − i

p̂j
mω

)
, j = 1, 2,

the bare Hamiltonian takes the form

Ĥ0 = h̄ω(â†1â1 + â†2â2 + 1) .

The eigenstates of Ĥ0 are the states with n1 quanta in the first oscillator and n2 quanta
in the second:

|n1, n2⟩ =
(â†1)

n1(â†2)
n2

√
n1!n2!

|0, 0⟩ ,

where |0, 0⟩ is the vacuum state, i.e., the state with no quanta in either oscillator. The
corresponding eigenvalue of Ĥ0 is h̄ω(n1 + n2 + 1). We use an overbar to denote states
associated with the bare operators, and we call the states |n1, n2⟩ the bare number states.

Now we suppose that the two oscillators are coupled in such a way that quanta can
tunnel between the two oscillators. Such a coupling is described by an interaction Hamil-
tonian 1

2 h̄ϵ(â
†
2â1 + â†1â2), where ϵ characterizes the strength of the tunneling in frequency



units. The term â†2â1 describes destruction of a quantum in the first oscillator and cre-
ation of a quantum in the second oscillator and thus corresponds to tunneling from the
first oscillator to the second. The term â†1â2 describes destruction of a quantum in the
second oscillator and creation of a quantum in the first oscillator and thus corresponds to
tunneling from the second oscillator to the first. The total Hamiltonian is now given by

Ĥ = Ĥ0 +
1

2
h̄ϵ(â†2â1 + â†1â2) .

We will assume the tunneling interaction is weak, which is to say that ϵ≪ ω.

You will recall from a course in classical mechanics that it is useful to do a canonical
transformation to coördinates that describe uncoupled oscillators. In the situation we
are considering, this transformation is very simple. We introduce sum and difference
annihilation operators

â± =
1√
2
(â2 ± â1) ,

It is easy to check that these new annihilation operators and the corresponding creation
operators satisfy canonical commutation relations and that the total Hamiltonian takes
the form of uncoupled sum and difference oscillators, with frequencies ω± = ω ± ϵ/2:

Ĥ = h̄ω+

(
â†+â+ +

1

2

)
+ h̄ω−

(
â†−â− +

1

2

)
.

We denote the energy eigenstates of the total Hamiltonian by |n+, n−⟩, where n+ and n−
are the numbers of quanta in the sum and difference oscillators.

(a) (20 points) Give the lowest six of the energy eigenstates |n+, n−⟩ in terms of the
bare number states |n1, n2⟩, and give the corresponding energy eigenvalues. (It should be
obvious how to do this for all the energy eigenstates, but I’m not asking you to do that
here, because it becomes a question of efficient notation.)

(b) (20 points) Derive and solve the Heisenberg-picture equations of motion for the
sum and difference annihilation operators and for the bare annihilation operators. For
both types of annihilation operators, solve in terms of initial conditions at t = 0.

(c) (20 points) Suppose the state of the two oscillators at time t = 0 is a coherent
state with ⟨x̂2⟩0 = A, where A is real and positive, and ⟨x̂1⟩0 = 0 = ⟨p̂1⟩0 = ⟨p̂2⟩0. This
is the quantum version of pulling the second oscillator out to position A and releasing it
from rest. Give the expectation values and uncertainties of the position and momentum
operators at time t.

For the remainder of the problem, we will assume that the two oscillators have one
quantum of excitation. From your work in part (b), you should know that

|1, 0⟩ = 1√
2

(
|0, 1⟩+ |1, 0⟩

)
≡ |+⟩ , |0, 1⟩ = 1√

2

(
|0, 1⟩ − |1, 0⟩

)
≡ |−⟩ .

[If you didn’t find this in part (b), perhaps you should check your work for that part.]
The one-quantum subspace is a two-dimensional subspace, decoupled from the rest of



the oscillators’ Hilbert space, so we can treat it like any other two-dimensional subspace.
We use the shorthand notation, |±⟩, for basis vectors in this subspace and introduce the
standard Pauli operators based on this shorthand:

σ̂z = |+⟩⟨+| − |−⟩⟨−| ←→
(
1 0
0 −1

)
,

σ̂x = |+⟩⟨−|+ |−⟩⟨+| ←→
(
0 1
1 0

)
,

σ̂y = −i|+⟩⟨−|+ i|−⟩⟨+| ←→
(
0 −i
i 0

)
.

(d) (15 points) Give the eigenstates of the three Pauli operators in terms of the energy
eigenstates, |1, 0⟩ and |0, 1⟩, and in terms of the bare number states, |1, 0⟩ and |0, 1⟩.

(e) (10 points) Give the total Hamiltonian Ĥ (restricted to the one-quantum subspace)
in terms of the Pauli operators.

(f) (15 points) Suppose the initial state of the two oscillators is the state with one
quantum of excitation in the second oscillator, i.e., the state |0, 1⟩. This is the one-quantum
analogue of the initial state in part (c). Find the state |ψ(t)⟩ at time t in terms of the
energy eigenstates, |1, 0⟩ and |0, 1⟩, and in terms of the bare number states, |0, 1⟩ and |1, 0⟩.


