
























3.6. The mixed matrix elements ⟨x|Ô|p⟩ ≡ O(x, p) determine the operator Ô through the
expansion

Ô =

∫
dx dp |x⟩O(x, p)⟨p| .

The mixed matrix elements O(x, p) can be regarded as a function of the c-numbers x and p.
The outer-product operator |x⟩⟨p| is actually a product of operator δ-functions. We

can see this from

⟨x′|x⟩⟨p|p′⟩ = δ(x′ − x)δ(p′ − p) = ⟨x′|δ(x̂− x)δ(p̂− p)|p′⟩ ,

which tells us that
|x⟩⟨p| = δ(x̂− x)δ(p̂− p) .

This allows us to write Ô as

Ô =

∫
dx dpO(x, p)δ(x̂− x)δ(p̂− p) = O(x̂, p̂) . (1)

In the final form, I have done the integrals over x and p formally, treating the δ functions in
the usual way; the result is to replace x and p in the function O(x, p) by the corresponding
operators.

We now have Ô as an explicit operator function of x̂ and p̂, but you might not like the
operator δ-functions (what could they mean?), so we can put things in a friendlier form
by doing a Fourier transform in both x and p. Notice that

δ(x− x̂) =

∫
du√
2πh̄

e−iu(x−x̂)/h̄ ,

δ(p− p̂) =

∫
dv√
2πh̄

eiv(p−p̂)/h̄ .

(2)

Plug these into the expression (1) for Ô:

Ô =

∫
dx dpO(x, p)

∫
du√
2πh̄

e−iu(x−x̂)/h̄

∫
dv√
2πh̄

eiv(p−p̂)/h̄

=

∫
du dv

2πh̄
eiux̂/h̄e−ivp̂/h̄

∫
dx dp

2πh̄
O(x, p)ei(vp−ux)/h̄

=

∫
du dv

2πh̄
Õ(x, p)eiux̂/h̄e−ivp̂/h̄ .

(3)

Here

Õ(x, p) =

∫
dx dp

2πh̄
O(x, p)ei(vp−ux)/h̄

is the two-dimensional Fourier transform of O(x, p).
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Comments:

1. You have to keep the operators in the right order in all these expressions, with position
always to the left of momentum. This ordering can be traced back to using the matrix
elements ⟨x|Ô|p⟩ instead of ⟨p|Ô|x⟩. The latter would have worked just as well, but
the ordering would then have been to keep momentum always to the left of position.
This required operator ordering resolves any ambiguities in how to order x̂ and p̂ in
O(x̂, p̂).

2. The use of h̄s in Eq. (2) and the relative minus sign in the Fourier transforms in
Eq. (2) is conventional, in order to get the standard translation operators for position
and momentum, but these things are certainly not required.

3. The final answer (3) is an example of a more general construction. The operators
x̂ and p̂ are the generators of the Lie algebra associated with a Lie group called
the Weyl-Heisenberg group. The product of the two unitary translation operators,
eiux̂/h̄ and e−ivp̂/h̄, of which we will see much more later, is the most general member
of the Weyl-Heisenberg group. What we prove here is that all operators are linear
combinations of the unitary operators in the Weyl-Heisenberg group.
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