' M“QMA%WC%{\% 3.

%@\w&%m Sest



2. C-T H_.3

N Al
<Z¥S’I w<\‘“\‘ - "éﬁ<\’kag &’"ﬂ %Eéﬂ<\”)”§>i
e gl - @\ "y

il
<fq};lt \’hl - ”““”“"’{L&‘

Cey Nawm o, Z 6% vonq

o , o

ey - @;}g) | (g%g)(ﬁfé)& S e I
s \

Nowansed Sty e TRy = = g5 lay+ S la

C \;) "%«) Q QLY Gy o ﬁ’; =NGE IR
AN

P |
1%y

;mm\] - Sl

= A ;:ii: \‘A?\><%‘} e w ,\A \;<\4% '§ e \\%;{})é %%“

A mm || — ”*m!‘k@\)@m) Z;LT‘\’\@:%“&\



\T"’L\% 0l Ve
'S
L
%";ﬂ

R AR 6y

o

N

&
@“&“ % ) Ney

4%%,

xé WL:Z ;Q \)S

‘**W{ |

T v \'\/\@\){\M\ -+ \‘Aa}\’é\&@\>

TTha

A
A
A O

St

V’V\&Tﬁ\?\\y\ V%@‘(%Q%ﬁ”&j&ﬁ e @«‘Q@ %%

O

O

Q

(2%

Ve
-
)

4.

e

R iy gy

5

R et g,

Uy = i@@«‘fﬁ,\;@




zre, C-7 HZEES

A pregestion speclsy s e Heonthon aperator

e,

e S w%'\@’%;\%g P %j::& B = S Q&ﬁ\;é\m\hwﬂy o)\ %§ o,
' y

Q)\% éf:i.( b (“.:Q\ we, 5 g, Q & ng) .

L%ﬂ«% gk | li;am e %\f@ (;) e e Dl Sodes prce g

% CX % &) S 8 ?@f\%(j @, Qm%f ‘53"‘3“%%43 § ‘*’JQ}S (;;) 0 @ EZ?

% % s o ijﬁﬁw&@ 2.0 Yoy .'ﬁ%j’ cnck @M&y P L;‘Z %ij =)

Qwﬂ7 ﬁwg‘ A%\nm@ _ %bi % A PN <Y ) V)\%ﬂ Gnee
% % \\ S \@Ww F‘f’”\‘\'ﬁ%&@m‘g R s l\ O &, o » \\
\
. N N - e
PR (BEY - BlEM ke = IRR]o

%:? anch ﬂ{igé \f\ Goye. R SBimudteneows e 5‘;3}@%@!@ =TS ] ‘R S

MY

\

Yo winieh

. Z N, TN | N Qe A

)

ég | (a @b Ne e Bulkgpoce 8 iﬁox\ﬂﬂf?xj\ @7 @) e =S TN

b, > Swon Ther A (ey e 4




R (Z s \K%X%g [ p< \>
- -

- |
o M I
| o

e, \>\V;§—mv) e QO o A %%@ \S o Prgyaster
ak F\"% @y 8 ot Yhe Svhspe ot Sp cnne

£7 2 yeny echvrs J \\{pm\s Swdy  “Thod \f\;% m AL, Borky
ég% AL %n\\ S Suk Spwce & Fhay  Sebessechien ot
£ end O



{

)
v

Shaol,




34w

34 A - Q\%\7<%ﬁ|wl r ol Ma) - \»\\'{v\, ) - %54“&%@\\3
K- C)U\b@J\] — Iw e o )w“‘%,{x al — N\«@"{‘“’Ww
N o ™

Co- A+ § - 1\;\%)\‘,{%“\@ )\%%%}}%\%%\

(AN

D= l\xbém\‘ + \m§<%@] +olwgvdu, | o \u%\»{m%,

j"L!yC\;;)\) - %‘5’; (\ \mb\) - %Vw%\ﬁ‘ ¥ \\v}g&gb + \ \3‘4;}>>

Ca)
Na Yee W oY

Vo du [+ tusdug) o s, | = NS |

T\?Q \I‘Ws ‘ \\%\3;?) b, = :l'f%’j (\\Ja> " \x\s&"%
\ .
\\LQ - C\ M \> l\k\“;) YA - e (%Nz}; - \x%;;))
g\ P LYW oy ) l\%b
: R
= ;‘?\i "“"\’ém e,

\ ) A s
= <. = -
E‘l TN b ) Loy
\NEB AT \?



P~ Ay
AR

C&Q,Q)§ 4 )\AX Nep

Rac

2 o0
Aa G

. \\’5\3’
=\

] u\%)
\

& N
\\QBW%@:M ST WY

)

8 \
CbY \z%(gb - = C\%\Bﬁ%’ [V \v\%\> " \\&%;*}) = \\&;‘3 e \:T\;?\\,a>\\§%;\\k%>

aﬁ' >
=

=y

A ;
S [ENAY VS \ w\%g | %ﬁ
W‘W e s
\
Nas wo\K e, — m\m
L& NS s s
< A
%ﬂw&a\b 3 . >
N
. NSV bag> haa> U”"?‘>
N e N
)
J
\éwm&m 3 ‘ifé‘” o
AN
C. lw,d o NV P>
N
~ eV 1. QO -~ 4
N, g, L ,%_L -ﬁn\m
[ ¥ 5 o
~ - | i
D e NN W NG
~¢ ash e § A -4
Probe 4 O




N
(o) )':\a, e C = R <\m> | = \ma@}@m%,\l)

2y ] =Lt @g,;yt,
ey = =\ < R L O )“%5)
, w\ ““\,A&!&k \ Lot
i = — Q% ) I 2
ey ' b \ré?\\””“ﬁ SN
(AN
C ba > o, ey by
N
st g | o =\
\ | . | 4
st/i i & ; ﬂ:;l:m %’éi’ éﬁw
KA N \
gb ; ) ‘w\‘\} ‘\!z M) \ W&?) \!%\?
=RV S\ ‘im .
‘Pmb,,g i@ QO

~ N
£ ) o) - = : < | == b h
cy M T A\ @WT\L@ () WL lasdo ) - \m%“?%x&%\ - )%)}{&}%XD

Iy = “‘i( M&)alm\z * éwm)eﬁfwﬁ y Iw N @f&mmi”@)

(ﬁ_k“,w‘___\‘ N I )
¥ \ =ews)e. ‘Luakle,
2. — \ . \ e ; N -
B < NS \~y >,,) % \Q’éw% Q\\!é} \\Lg;\!)

SENE Q@g(m)ﬁ)\\g&‘} - '\,,\(”E} EITN C@ﬁ)é@s) N;@

. %% g, el \Q} = %Qmm; N%} - % Blatust)en) LYy
"o G

) leb)e




VA X

%{{3&:@ 3

[

”%:&M LAE

oy

=)

= S (i)

\ \
WZ;A, ~ ““Z;,A e (e




T - - \
25 C-T7 w%mb\@

] KPR - Sa st LA [vdpl B> ey
PR ' T & e

ég )
‘ @3@2
X<>§‘ = Y —— Qm;t‘ )
{ .

TR P et

L G- W)
= Sé\*& <) ”L})§ S ; P @,JWF .
%W %

N I e )
— S

B [ op e
Ao, eswh @

-

Pﬁ 'gé” g Q}% e ‘% \}\

Lol = Y

e cawfem)

x \XX%WQ I

WMo cen 68 © Sﬁ e e %cﬁ% m"@mm
o ‘ @VIM%
Gl KPS =l Py = » B 2D

o




AP - S Ap S L\ %§w |y

.

¢ L RY N
s p ey T,

\l\% %\7 GR‘\"%“@MW’»% \QNM %
%«%\ziem% Ceoen Vs Thodt = AT 2 Wi 4 20NN m%@r@q

E‘:‘;% I;y\? S@%m %4% «1%%5%% %@%%?ﬁ w0

%a@giﬁ )
° S@}‘% &Gt vl ) ! Qw\igﬁ;

\(\l@; Con oS0 %g&% %hi.:g; %i;:c(\ﬁ)m
SAPUN TP = SARBIRY = & TR P

- ii@ >, (jk M%) %9

Ao [« KQ@%,




3.6. The mixed matrix elements (z|O|p) = O(z,p) determine the operator O through the
expansion

= / dz dp |2)O(z, p) (p|

The mixed matrix elements O(z, p) can be regarded as a function of the c-numbers = and p.
The outer-product operator |z)(p| is actually a product of operator J-functions. We
can see this from

(@'|x)(plp") = 0(z" — z)d(p" — p) = (¢'|6(& — )6 (p — p)p') ,

which tells us that

This allows us to write O as
0= [ dvdpO(a.p)6(a - )55 - p) = 0.1 (1)

In the final form, I have done the integrals over x and p formally, treating the ¢ functions in
the usual way; the result is to replace x and p in the function O(z, p) by the corresponding
operators.

We now have O as an explicit operator function of £ and p, but you might not like the
operator d-functions (what could they mean?), so we can put things in a friendlier form
by doing a Fourier transform in both x and p. Notice that

du

5((17 _ f) — e—iu(m—:ﬁ)/h 7
2mh 2)
d . .

Plug these into the expression (1) for O:

A du . . dv . .
O= [ dxdpO(x, e_““(m—fc)/h/_ezv(p—p)/h
/ pO(z.p) | o= —

dudv - - dx d :
— tuz/h ,—ivp/h P i(vp—uzx)/h 3
/—%h e"the /—%h O(z,p)e (3)

dudv ~ - _—-
— wud/h —ivp/h
/ Sy O(z,p)e e :

Here

~ dz d (oD
Oa.p) = [ Gl O peitreln

is the two-dimensional Fourier transform of O(z, p).



Comments:

1. You have to keep the operators in the right order in all these expressions, with position
always to the left of momentum. This ordering can be traced back to using the matrix
elements (z|O|p) instead of (p|O|x). The latter would have worked just as well, but
the ordering would then have been to keep momentum always to the left of position.
This required operator ordering resolves any ambiguities in how to order & and p in
O(2,p).

2. The use of hs in Eq. (2) and the relative minus sign in the Fourier transforms in
Eq. (2) is conventional, in order to get the standard translation operators for position
and momentum, but these things are certainly not required.

3. The final answer (3) is an example of a more general construction. The operators
Z and p are the generators of the Lie algebra associated with a Lie group called
the Weyl-Heisenberg group. The product of the two unitary translation operators,
e/ and e~"P/"_ of which we will see much more later, is the most general member
of the Weyl-Heisenberg group. What we prove here is that all operators are linear
combinations of the unitary operators in the Weyl-Heisenberg group.
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