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Consider two quantum systems, A and B. System A is described by a d 4-dimensional
Hilbert space Ha, and system B is described by a dp-dimensional Hilbert space Hp.
What we want to do is to construct the Hilbert space that describes the composite system
consisting of both A and B.

The composite space certainly must have a way of describing the situation where A
has the (pure) state [¢) and B has the (pure) state |¢). We denote the corresponding
composite state by 1) ® |¢), and we call such a state a product state. For the present, the
product symbol ®, read as “o-times,” is simply a way of separating the state of A from the
state of B, with the state of A on the left and the state of B on the right. More generally,
of course, we can apply this product to unnormalized vectors from A and B, and we do
so freely in what follows without paying much attention to whether we are talking about
normalized or unnormalized vectors. The set of all product states is not a vector space;
it is the Cartesian product of H4 and Hp, i.e., the set of all ordered pairs consisting of a
vector from H 4 and a vector from Hp.

Now suppose we write [¢)) as a superposition of two other states of A, i.e., |[¢) =
alx) + bl§). It is certainly reasonable to write

[¥) @1¢) = (alx) +b[E)) @ |¢) = alx) ® [¢) +blE) ©[¢) , (1)

since all this is saying is that superposing two states of A and then saying B has state
|¢) is the same as saying B has state |¢) and then superposing the corresponding two
composite states. This innocuous assumption, along with the same considerations for B,
already says, however, that the o-times product is bilinear in both its inputs.

We can see that the Cartesian product is not a vector space by noting that a linear
combination of two product vectors,

aly) @[¢) +blx) @ [€) , (2)

is not generally a product vector. It being a general principle of quantum mechanics
that systems are described by complex vector spaces, we now assume, in accordance with
this principle, that the appropriate state space for the composite system is not just the
Cartesian product, but rather the entire vector space spanned by the product states. This
is a fateful assumption, because it leads to the phenomenon of quantum entanglement,
entangled pure states being precisely the composite states that are not product states.
The vector space spanned by the product states, denoted by H4 ® Hp = Hag, is called
the tensor product of Ha and Hp. The o-times symbol is now read as “tensor product.”
The inner product on ‘H 4 p is defined by defining the inner product of two product vectors
as

(Dl @ (2D (Ix) ® 1€)) = (¥Ix)(2[€) (3)

and extending this definition to all vectors in H ap by the complex bilinearity of the inner
product.



We often use capital letters to denote vectors in the tensor-product space, as in |¥),
and when confusion threatens, we use subscripts (or superscripts) to indicate to which
system a vector belongs, as in [¢4) for a vector in H4 or |V 4p5) for a vector in H 4p.

Any vector |U) in H4p can be written as a linear combination of product vectors, all
the vectors in the products can be expanded in orthonormal bases, |e;), j =1,...,d4, for
A and |fx), k = 1,...,dp, for B, and the bilinearity of the tensor product can then be
used to write |¥) as a linear combination of the orthonormal product vectors |e;) ® | fx),
showing that these product vectors are a basis for H4p. The number of these vectors is
dadp, which means that the dimension of the tensor-product space is dadg. We often
leave out the inner-product symbol in these basis vectors, writing, in increasing order of
omitting redundancies, such things as

lej) @ | fr) = lep)| fi) = less fx) = 13, k) = Lik) - (4)

The expansion of an arbitrary vector in H 4p looks like

(@) = lej, fidles, ful®) =Y ciules, fi) =D cikles) @ | fi) - (5)
7,k
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The expansion coefficients ¢, = (e;, fx|V) can be written as a matrix, or in accord with
our usual notation for representations of vectors, they can be written as a column vector:

C11

Cldp
C21 C1

Codp Cd,
Cdal

Cdadp
In the second form, we introduce dg-dimensional column vectors
le
Cj = ) (7)

Cjdp

thus showing how we can think of a vector in the tensor-product space as a d 4-dimensional
vector whose components are themselves dp-dimensional vectors. One should recognize
that Egs. (6) and (7) are simply the column-vector version of the following way of writing

|W):
Wy =Y ey ® (Z cjk|fk>) . ®)
7 k
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The expansion coefficients of a product vector |¢)) ® |¢) are the outer product of the
expansion coefficients for [¢) = > axlex) and [¢) = 37} bi|fi), i.e

cik = (&5, fil(1V) @ [8)) = (e;[¥) (frld) = a;b , (9)
which means that the column vectors in Eq. (7) are A-dependent multiples of the column
vector for |¢):

b1
c; = a; . (10)
by
Once we have the tensor product under our belt, we realize that we can make sense
of what might be called the “partial inner product,” (¢p|¥ 45). This is defined to be the

ket in H4 whose inner product with any vector |¢4) in H 4 is the same as the complete
inner product of |[4) ® |¢p) with |V 4p), i.e

(Wal((¢B¥an)) = ((Ya| ® (¢B])|Van) - (11)
Working this out explicitly in the product basis |e;, fx), we get

(¢B|VaB) = chk|63 (9B fr) = Z l€5) (Z blzcjk) : (12)
3.k k

The final form on the right makes clear that the partlal inner product is the inner product
of b, with the second (system B) index of ¢;j, with the first (system A) index left over to
form a vector for system A. The partial inner product with a product state is obviously
Epl(Jva) @ o)) = |Ya)p|op). We can, of course, define in the same way a partial
inner product (4|Vap). It is worth noting that the partial inner product (e;|Vap) =
>k Cik|fr) is the vector in Hp that is represented by the column vector c¢;. Thus another
way of thinking of the partial inner product is that it is a way of generating the column
vectors c;.

We’re now ready to go on to operators acting on the tensor-product space. The basic
operators are outer products

[¥) @ 1) (x| @ (€] = |[¥) (x| @ |9){El - (13)

The first form is in standard outer-product notation in the tensor-product space; we know
how to handle this form because we have defined the inner product on the tensor-product
space. The second form re-arranges the outer product as a tensor product of outer-product
operators for A and B. This innocuous re-arrangement defines the tensor product of
operators. Equation (13) defines the definition of a tensor product of outer products; the
definition is extended to the outer product of any two operators by assuming that the
operator tensor product is bilinear, i.e.,

Ao B— (2 Aslegel) & (zﬂ; Bunl £

= 37 AuBenles){el © 1)l (14

j7k7l7m

= Z Alekmyej,fk><elafm"
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Once we’re working in the tensor-product space, we really should write an operator
A acting on Hp as A® I, i.e.,

AIp=>Y Ajlej)ed @ |fe)(frl =Y Ajles, fr)ler, fil - (15)
gk g,k

Likewise, an operator B acting on ‘Hp should be written as Iy ® B. We usually ignore
this nicety unless doing so causes confusion. It is easy to verify from Eq. (14) that (4; ®
B1)(As ® By) = A1 Ay ® By Bs.

An arbitrary operator O acting on the tensor-product space can be expanded as

O= Y Ojuumles, fi)er, fml = D Ojrimles)ler] @ [ fi) (fml - (16)

j7l7k7m j,k,l,m

Using our usual notation for representing an operator as a matrix, we write

O1101 + Oty -+ Otrdar o Oil,dads
OldB,ll OldB,ldB OldB,dAl OldB,dAdB
O N . .
OdAl,ll OdAl,ldB OdAl,dAl OdAl,dAdB
' : ' ' (7)
OdAdB,ll T OdAdB,ldB T OdAdB,dAl T OdAdB7dAdB
O -+ Oidy
OdAl Tt OdAdA
In the second form, we introduce (dp x dp)-dimensional matrices
Ojiin - Ojidg
Ojaga1 +++ Ojdg,ldp

thus showing how we can think of a matrix in the tensor-product space as a (d4 x da)-
dimensional matrix whose components are themselves (dp x dp)-dimensional matrices. One
should recognize that Eqgs. (17) and (18) are simply the matrix version of the following

way of writing O:
0= lesel @ (X Ol il ) (19)
7,0 k,m

This realization should cure one of wanting to write the explicit matrix forms ever again,
but it is useful to able to look at Eq. (19) and to be able to reconstruct the matrices (17)
and (18) in your head.



Using the partial inner product, we can go on to define a “partial matrix element” of
a composite operator O,

(@8101¢s) = X les) et Y Onanloml i fnlés) ) (20)
7,0 k.m

which is an operator acting on system A. It should be obvious that the partial matrix
element of a tensor product is (¢pp|A @ B|¢g) = A{¢pp|B|{p). Nearly as obvious is that

(¢B|(A® I)O[E) = A(¢p|O[¢p) and (¢pp|O(A @ Ip)|E) = (#5|O[EE)A. In the same
way, we can, of course, define a partial matrix element (1)4|O|x4). It is worth noting that

(ejOler) = Y Ojteml fi) (fin (21)
k.m

is the operator that has the matrix representation (18).
We have all the ingredients now to define the partial trace of a composite operator O.
The partial trace of O with respect to system B is an operator on system A:

trp(0) = ka!OIfk ZOﬂclk\ey {er] - (22)

The partial trace on B is a linear map from joint operators to operators on A. The partial
trace of O with respect to A is similarly defined as

tra(0) =D (e;l0le;) = 3 O jm| fi){(fml - (23)
7 k.m
Notice that the complete trace can be obtained by doing two partial traces:
0) =Y Ojpjr = tra(trp(0)) = trp(tra(0)) . (24)
3.k

In the same way as the complete trace, the partial trace is linear and independent of the
orthonormal basis used to calculate it. It should be obvious that trp(A ® B) = Atr(B).
Nearly as obvious is that trp((A® I5)0) = Atrg(O) and trp(O(A® Ip)) = trp(0)A.

It is not generally true that trg(NO) = trg(ON), as one discovers by trying to
duplicate the proof for the complete trace:

trg(NO) =Y (filNOIfr) =Y (flN|fm)(fmlOlfr) - (25)

k k,m

When dealing with the complete trace, one can switch the order of the matrix elements,
since they are complex numbers, thus changing the order of the product. In contrast,
the partial matrix elements in Eq. (25) are operators on system A, and these operators
generally don’t commute. It is true, however, that

trp((Ia ® B)O) = trp(O(1a ® B)) , (26)
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because in this case the partial matrix element (fi|I4 ® B|fm) = Ia{fx|B|fm) is a multiple
of the unit operator, so it does commute with (f,,|O|fk). In the same way, we can also
show that

trp(O(Ia @ |¢8)(EB) = Y _{fxlOlfm){fm|68)(€n] fr)

k,m

= (&1 fi) (Fil Ol fon) (fm|oB) (27)

k,m

= ({8]0|¢B) ,

so that the partial trace with respect to B does turn an outer product on B into a par-
tial matrix element with respect to B. The main thing to be alert to in performing
these manipulations is which objects are operators and which are complex numbers—in
Eq. (27), (fx|O|fm) is an operator on system A, whereas (f,,|¢5) and ({p|fi) are com-
plex numbers—since we use the same notation that, in the case of a single system, made
everything a complex number.

We use the partial trace for a lot of things—we really couldn’t do without it—but
it receives its main justification from the notion of a marginal density operator for a
subsystem of a composite system. If the composite system has the density operator pap,
a measurement in the basis |e;) on system A yields result j with probability

pj =Y vk =Y (ej. fulpasles, fi) . (28)
k k

In writing this expression, we imagine that in addition to the measurement in the basis
lej) on system A, a measurement in an arbitrary basis | fx) is made on system B. To find
the probability for j, we sum the joint probabilities over the results of the measurement
on B, in accordance with the rules for classical probabilities The probability for result j
can be put in the form

€y|( > (felpaslfr) )|€j> = (ejlpale;) - (29)
k:

J

~

=trp(paB) = pa

where ps = trp(pap), obtained by taking the partial trace of pap with respect to B, is
called the marginal density operator of system A. We use this terminology because as far
as measurements on A are concerned, all probabilities are calculated as though ps were
the density operator of system A.



We can put p; in other useful forms through the following manipulations:

p; =Y _tr(pasles, fu){es, fil)
k
=Y tr(pasles)e;| @ [ fi)(frl)
k

= tr B|€j><€j’® ‘fk><fk:| )
(PA <Z]€: > (30)

= tr(pa(P; ® Ip))

=try (trB (pap(P;® IB)))
= tra(trp(pas)P))
=tra(paly) .

In the last form, we get back to Eq. (29). In the middle, we find that when we are working
with the composite state pap, the projection operator that goes with a particular result

on Ais P; ® Ip = |e;)(e;| ® Ip, which is a multi-dimensional projector with rank dp,
corresponding to the fact that result j is degenerate, with dp different possibilities for
system B.

Let’s put this machinery into action in a particular case. Suppose we have two qubits

in the pure state
|W4p) = cos0]00) +sinf|11) . (31)

The corresponding composite density operator is
pag = |V ap)(Vap| = cos?0]00)(00| +sin®6|11) (11| + cos # sin 6(|00) (11| + |11)(00]) . (32)
A measurement of Z4 = |0)(0] — |1)(1]| on A yields +1 with probability
p+1 =tr(papPe, @ IB)
= (VaB|Pe. ® Ip|Vag)
= (Pap|(|0)(0] @ (10){0] + [1)(1])) |V a5) (33)
= (V45/(|00)(00] + [01)(01])[ ¥ ap)
= cos?f .
We can get the same result by calculating the marginal density operator
pa =trp(pan)
= cos*0 trp (]00)(00|) + sin®6 trp (|11)(11|)
+ cosesine(tr3(|oo><11\) +trB(|11)<00|)> (34)
= c0s6(0)(0[(0]0) + sin®*@ [1)(1|(1]1) cos O sin 6(|0)(1|(1]0) + |1)(0[(0[1))
= c0s%00)(0| + sin?@ |1)(1] ,
from which we calculate

pi1 =tra(paPe.) = tra(pal0)(0]) = (0](cos?@ |0)(0] + sin®6 [1)(1])|0) = cos®d .  (35)



