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Phys 522 Quantum Mechanics II Spring 2010

Exam #1 (100 points)

Problem 1 (45 points) Consider two systems, the first with angular momentum
j1 = j and the second with angular momentum j2 = j − 1

2 . Find the total-angular-
momentum state |J = 1

2 ,M = 1
2 〉 in terms of the states |j, j − 1

2 ,m1m2〉.

Problem 2 (55 points) Consider N spin-1/2 particles, each with Sz eigenstates
| 12 ,m = 1

2ε〉 ≡ |ε〉. The total angular momentum is

J =
N∑

l=1

Sl =
1
2
h̄

N∑

l=1

σσσσl .

There is one subspace of (maximal) total angular momentum J = N/2; the Jz eigenstates
in this subspace are given by

|JM〉 =

√
(J + M)!(J −M)!

(2J)!

∑
ε1,...εN

M=(n+−n−)/2

|ε1, . . . , εN 〉 ,

where the sum is restricted to those strings ε1, . . . , εN that have

1
2

N∑

l=1

εl =
1
2
(n+ − n−) = M .

In such a string, the number of particles with spin up is n+ = N/2+M = J +M , and the
number of particles with spin down is n− = N/2−M = J −M .

(a) (15 points) Suppose the particles are in the state |JM〉 and that a measurement
of Sz is performed on the first particle. What is the probability for finding spin up? How
would this answer change if the measurement of Sz were performed on the lth particle?

(b) (10 points) Explain why there are 2J − 1 = N − 1 subspaces of total angular
momentum J − 1 = N/2− 1.

(c) (15 points) Let’s concentrate here on the particular subspace of total angular
momentum J − 1 that arises in the following way: start with N − 1 particles in the
symmetric subspace of (maximal) total angular momentum J − 1

2 ; then add the final
(Nth) particle to get two angular-momentum subspaces, one the symmetric subspace of
(maximal) angular momentum J and the other of angular momentum J − 1. Let’s denote
the Jz eigenstates in the latter subspace by |J − 1, M〉N , where the subscript N means
that we added the Nth particle to the symmetric space of the previous N − 1 particles.
Use the Clebsch-Gordon coefficients below to find the states |J − 1,M〉N in terms of the
product states |ε1, . . . , εN 〉.

(d) (15 points) Suppose the particles are in the state |J − 1, M〉N of part (c) and
that a measurement of Sz is performed on the Nth particle. What is the probability for



finding spin up? What is the probability for finding spin up if the measurement is instead
performed on the first particle?

Clebsch-Gordon coefficients for adding spin j and spin 1
2

〈
j 1

2 ,m± 1
2 ,∓ 1

2 |j + 1
2 ,m

〉
=

√
j ∓m + 1

2

2j + 1

〈
j 1

2 ,m± 1
2 ,∓ 1

2 |j − 1
2 ,m

〉
= ±

√
j ±m + 1

2

2j + 1


