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Homework Problem 2.3

Qubit rotations. An arbitrary unitary operator in a two-dimensional vector space
can be written in the form

U = exp
(
iδ − in · σσσσθ/2

)
= eiδe−in·σσσσθ/2 .

The phase eiδ produces a global phase change, so we can discard it and write the general
unitary operator as

UR = e−in·σσσσθ/2 .

(a) What is the eigendecomposition of UR?

(b) Show that
UR = 1 cos(θ/2)− in · σσσσ sin(θ/2) .

(c) Show that

U†
RσσσσUR = n(n · σσσσ)− n×(n×σσσσ) cos θ + n×σσσσ sin θ

= σσσσ cos θ + n(n · σσσσ)(1− cos θ) + n×σσσσ sin θ ≡ Rn(θ)σσσσ .

Here Rn(θ) is the 3-dimensional orthogonal matrix that describes a rotation by angle θ
about axis n.

(d) Use the result of part (c) to show that UR rotates any state |m⟩, i.e., that

UR|m⟩ = eiϕ(R,m)|Rm⟩ ,

where ϕ(R,m) is a phase.

(e) Show that the unitary operator n · σσσσ produces a 180◦ rotation about n.

(f) The Hadamard transform,

H ≡ ie−in·σσσσπ/2 ,

where n = (ex+ez)/
√
2, rotates by 180◦ about the axis midway between the x and z axes.

Show that the Hadamard transform has the matrix representation

H ↔ 1√
2

(
1 1
1 −1

)
.


