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1. Basics

0= sa+ip x:§§a+a) el 1 .
aT:%(:U—ip) p:_%(a_af) [z, p] =i

(Bx)(A) 2 7 (B[ = o)

a'a = %(372 +p% 1) a’ = %<$2 —p* +i(zp +px)> 5
aal = %(azQ +p? 4+ 1) (ah)? = %(af" —p? —i(zp —i—px))

a,(a")") = n(al)""! ala"] = —na™"! a

fo,p") = iy ") = —ina" ! 6

(Use [A, B"] = nB""1[A, B] if B commutes with [A, B].)
0, ata] = [0, a']a = @ (6)
ei@aTaae—iGaTa — ae—i@

ezea aaTe iba'a _ aTeZG

(Use e“Be " = B+ [A, B] + %[A, [A, B]] + %[A, [A,[A, B]]] +--+)

0ata  —idat .
e’ age=i0a'a — 1080 + psin @

ibata, —ifata

e pe = —xsinf + pcost



2. Position and momentum bases

(x'|x) = 6(x — 2')

(0'lp) =o(p—p)

1
(alp) = —=c"
[aziae=1 [l =1 Vo
e~ PYz) = |z + a) (x|le”? = (x — d
ey =lp+b)  (ple"" = (p -
(wle™P|y) = (z —aly)  (ple"’|y) = (p — bly)
1d - 1d 1d 1d
= - — pa = - — = - — _—
(wply) = § gl =S| =il e pe o
d b d d d
_ Ay i _ . d b _ .4 . d
Blal) = 10l =G| =ipol) e e
1 " (position basis)
— — ition basi
1 | 7 T+ position basis
a= 7(33 +ip) < 4
2 % (% + p) (momentum basis)
1 d
— (.CL’ — —) (position basis)
P . 2 dx
a' = —(z—ip) < .
V2 i d .
— | ——p) (momentum basis)
V2 \dp
3. Displacement operator
D(a,a) = eaaf—a*a — ei(agx—alp) — e—ia1a2/2eia2x€—ia1p — eialag/Qe—ialpeiagx

o _1
o /2
o _ 1
dar /2

D™Y(

(13)



D(a, a)|z) = e'@192/2¢i2T |3 4 () (x| D(a,q) = e~t0102/2i02% (1 _ )|
D(a,a)lp) = e~'*12/2e~Pp £ ag)  (p|D(a,a) = 12/ eI NP (p — ay)
(x|D(a, a)|z") = e*ia1a2/26i°‘2m5(x — 2’ —ay)

(pID(a, 0)|p') = ¢"193/2e=125(p — ' — )
Dl(a, B) = ¢ 8"a — 2i(Bran—Brar) _ ci(Bran—proz)
D(a,a) =1 D(a,ra) =1, r real
D*(a, 3) = D(a”, 8%) = D(e, =) = D(—«, 3) = D(B, a)
D(a,a) = e~lal®/2gaal j—ata _ plal*/2,—a"a aal
(Use BCH: eATB = ¢~ [4Bl/2¢4¢B if A and B commute with [A, B].)
Di(a,a)aD(a,a) = a+ «

D'(a,)D(a, 3)D(a, ) = D(a+ o, 8) = D(a, B)D(a, )
D(a,a)D(a, B) = " =*"B2D(a, o + B)
= D(B,a/2)D(a,a + 3)
= D(B,a)D(a, 3)D(a, @)
D(a,a)D(a,B) = D(a,B)D(a,a) <= D(B,a)=1
(area ?Zﬁ?%ed by) = i.(ozﬂ* —a*f) = arfr — arfBr = 7k

21
( area subtended by
(a1, a2) and (B, B2
D(a,a)D'(a,) = e~ (@7 ="0)2D(q, a — B)
= D(f,—a/2)D(a,a - f)
= D(ﬁa —OJ)DT(CL, 5)D(a7 Oé)

<~

)) =z — a1 B2 = 27k

DY(a,3)D(a,a) = e!*?" =" A/2D(a, a0 — B) = D(B,a/2)D(a, o — J3)

ew“T“D(a, a)e_w“T“ = D(ae™" a) = D(a, ae®)

(31)

(32)



4. Number states

n) = —=(a")"|0)

S

afln) = Vn +1jn+1) aln) = /aln — 1)
a'aln) = n|n)
(n|m) = dnm
(n|a*ln) =0

njajn) = 0
il (n|aaln) =n

(n|z|n) =0 (n|z2|n) = (n|p*In) = n + 1

2

) % (_o*)E n_ o)k o
o “|”>:Z( k!) ak|n>:Z( k!) B

=0 k=0 )
"L o™ (—|a Q)k Tl
:Z (m—é—i—lk‘ykl bl (Here we use m > n.)

[Lq(la)(z) is the generalized Laguerre polynomial of A&S (22.3.9).]

! 2
V ll el /2aminLo(zmin)(|a|2) ; m2>mn

m! _lal? T T (T
He ‘ |/2(_a) Lﬁn )(|a’2), m<n

(m|D(a,a”)n) = (=1)"""(n|D(a, a)|m)
(n|D(a,a)|n) = e 1“2 L, (o)
e—iGaTa|n> — e—in0|n>

4

(40)



—z2/2

1
x|0) = e
0= i) = 75 o+ 3 ) b0 = 0=

(phase chosen by convention)

1 & dx . 2 1 2
_ _ —ipr —x°/2 _ - _—p°/2
wl0) = /_oo da {ple)(l0) = T/t o V21 © e ~ 4t

1 n
<wln>=—m<x\(cﬁ) 10)
1 .
:\/zn_n!@j‘(x_zp) ’0>

1 d\"
. ]_ . d " _x2/2
- rl/4y/2nn) TTax) ¢

g

dm
— (_1)n€x2/2_e—x2

dx™
—x?/2 dm

— 6— (_1)n€m2_6—9:2
wl/4\/2nnl dx"
= Hy(z)

[Use Rodrigues’s formula for the Hermite polynomial H, (z): A&S (22.11.7).]

1 2 1

e PH,(z) = H 0
e nlx nlx){(x

YW T () = o Hn (@) {[0)

(zln) =

5. Normal ordering

:(afa)®: = (a")Fa”

= >~ In)(nl(a")*a*m)(m

n,m=0

= In){n|(a®)*a*n)(n]
n=~k

= n!
= Z mWW

n==k

(45)

(46)

(47)

Normal ordering, denoted by paired colons, applies to functions of creation and annihilation
operators, i.e., expressions written in terms of a and af. It means to move all annihilation
operators to the right and all creation operators to the left without regard to commutators. It
is meaningless to refer to the normal-ordered form of an operator A, i.e., to write :A:, because
the result of normal ordering depends on how A is written in terms of creation and annihilation
operators. For example, if A = aa’ = aa + 1, the result of normal ordering the first form is
a'a, but the result of normal ordering the second form is afa + 1.



6. Coherent states

(x]e) =

(pla) =

e—iGaTa|a> _ e—i@cﬁa])(a7 a)‘0> —

(alz]e) =

(alpla) = az

k _ Z ’n><n|(1 _ )\)n _ (1 . )\)a a _ eln(l—A)aTa

— o—lal?/2 a”
no) = e R ——
(n|a) N
dlo) = ala)  {alal = (aa"
D(a, ae—i@)e—iGaTa|0> — |ae—i9>
(]a|a) = o2
(alalo) = o 2
(ala’ala) = |a
1
(a|(Az)?|a) = (a|(Ap)*|a) = =
(a](AzAp + ApAx)|a) = 0
. . —ia1a2/2 )
<£L"D(a’ a)’O) — 6—2a10¢2/2€za2m<x . Oél’O) _ e 7 e—(x—a1)2/2eza2m
. . ia1a2/2 )
<p‘D(a,a)‘0> _ ewzlaz/Ze—zozlp(p . a2’0> _ e - e_(p_a2)2/2@_w‘1p
T
(z]a) = (—z|—a)  (p|la) = (—p|—a)

(49)



(01D(a, a)|0) = (0]a) = e~lal*/2

(Bla) = (0| D' (a, B)D(a,a)|0) = D(B, a/2)e 12 =FI/2 = ¢lol?/2e=101 /2 op"

[(Bla)[? = e~lo—fl"
D(a,)|8) = D(a,a)D(a, §)|0) = D(8,/2)| + o)
(81 D(a,a) = (0] DY (a, B)D(a, a) = (B — | D(5,0/2)
(BID(a,a)|8) = e 1ol /2(gleve’ e=2"e| gy = e~ 1oI*/2 (B, a)
(7|D(a, @)[B) = e71o1/2 (y]e2 ="  g)
= e7lol*/2g0n" =By 3y
— o—lal?/2,=1817/2 =N /2 gay" —a” B+B7"
(7|D(a,@)|B) = D(v,/2)D(B, /2) D(, B/2)e1otF=1"/2

o —\\n
~Xata —la)?/2 (Oée ) _ —laP(1—em?M)/2 -
(& o) =e — n)=e oe

<a’€—i0afa|a> — e—|a|2(1—e_w)

(ale™2* ) = (afze= 1= Nelayq) = = (- lal’

a=ag+ia; = — (o) +iag) = |ale®

V2

dOél dOéQ

1
= [aldla]d = Sdlaf* ds

(n]( [ #atayial ) m) = [ o talaialm)

1 2
— d2ae—|a| an(&*)m
vn!m! /

d’a =dagdo; =

1 2 ‘

- = dla 2d 6—|a| a n—f—mez(n—m)qﬁ
2\/n!m!/ " dg o]

= lénm/ due "u"
n! 0

= 7T5nm

d’a d’a
= [ jaytal = [ £ Dla.a)0) 01D (0,0

tr(A) :/T<a|A|a> :/d7T (0|D' (a, a) AD(a, a)|0)

T=101=3 o miml = [ T2 ja)alo 50

n,m

1=2% = Y iniml o pmyinl = [ 22 T2 jaysl 0 )

n,m

7



7. Parity

PlaP = 2

ptop — PlagP=—q
b= —p

aP|0) = —Pal0) =0 = P|0) =¢|0) = |0) (choose phase § = 0)

Pln) = = P(a')"10) = (;%” (@) Pl0) = (~1)"]n)
P =Y (=1)"|n){n| = (-1)*'* = P!
n=0

Pz/de|x)(m| :/dx|—x>(m|
Pz/dpP!pMp\ Z/dpl—p><pl

w(PD(a,a)) = [ 22 (81PD(@,0)]5)
= [ 22 pipGe, i
= otttz [ T8 ooy i)

2
_ e—|a|2/2/d B o=2181? j-Ba"—p"a

™

(& J/

1 Vo
_ L lap2
2

N | =

(83)

(84)



8. Fourier transform pairs

/dz_ﬁp 5. / 23 et —ath _ /dﬁ1 P2 i(aspr—aaf) _ = 278(a2)8(a1) = 76 ()

27
23 ~ 2,
f) = [ L op(.a) f9) = [ 2 s@D(a.p)
o) = ffa) = alh) =D
of d’a
o — [ T2 o fa)D(a.5) . .
o s = [ Sl t@Dia)
55— [ Sar@pla.p)
[ 2 r@gapta.s = [ 2 i -
[ 22 (]2 Fas =) ) D) = Fadgta)
[ gt = [ Foat-)
/d_a |f()]*D(a, ):/Cirlf(v)f*(v—ﬁ) (Parseval’s relation)
20& 2
[ in@r= [ R ime

9. Gaussian integrals

oo
2 T 32
/ du e~ ebx — _eb /4a
oo V a

2
/d_o‘ 1o D(a, 3) = / dai dag _(a2402)/2 i(Baca—Pras) _ o~ (B24+62)/2 _ ,~I8I°

T - 27

d [0 dQO/ 72 2|32
al®/o — | —o“|B
—e lal*/o? D(a,p) = / el D(d/;08) =e 1Bl

o

2
/d_o‘ o—lal? gay* —a"8 _ /M o= (03 +03)/2 jor (v*—B)/ V2 yica(v*+6)/v/2

T 2
_ 6(7*—5)2/46—(7*+B)2/4

— e B

2 2 ./

A" o?/o? oy 0B _ / o' ? yo'on —a"0f _ ,—o”By"
2

e s

9
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10. Orthogonality and completeness of displacement operators

w(D@a) = [ L @pais = 2 [ D@0 <o) o9
tr(D'(a, B)D(a,a)) = D(B, a/2)tr(D(a, 0 — 8)) = w0(ox — 3) (99)

[ 2 D)l ID @ a)iv) = ug) ply) [ S el et a0

K3
= (ulB) (y|w)e~ P =)
_ o /21817 /2 "

(100)
o= 22— V12 /207" o= (B—v) (1" =)
_ 182121 /2,,B7" o= Iv1? /2 g |l /2 pois”
= (7|6) (plv)
(@ [ L2 apeina) = [ L2 @ )atlas)
O+l d?a
- 86k8(—ﬂ*)l/ - Dled)
— 75(8) = tr(D(a, ) (101)
akz~|—l _B*a_Bat
— —Gﬁka(—ﬂ*)ltr<e e )
— tr((aT)kale_ﬂ*aeﬁaT)
/ Lo la)(a|D(a, B) = e~ 9eP" = ¢718/2D(a, §)
” (102)

/% e 18/2D(a, BYD(B, @) = |a) (o

[ 2 Do) a1 e a) = [ 2 Dla,a)Dle, HI0) 01D (@,9)D (0,0
= Dfa.p) ([ % Dla+ 8,001 (0 +7.0) ) D(a.)
= pla.p) [ “E 1) alD(ay - 5)) Dla)

_ e—lv—ﬁ|2/2p(a’ B)D(a,~y — B)DT(C% 20)

— D(y,8/2)e”"/2D(a, 8)D'(a, 8)D(a,~) D' (a, )

= (731
(103)

10



I:/dz—aD(a,a)@DT(a,a):/CF—QDT(a,a)QD(a,a)

s s

[Follows from Eq. (100) or Eq. (103)]
tr(A)l =I(A) = / d2_o¢ D(a,a)AD'(a, )

™
2

-/ T2 D(a,a)oD'(a,0) = / T2 D(a, )) (61D (0,

A%«

tr(A) z/—tr(D(a,a)pDT(a,a)A) :/

d?a

™

(| D¥(a, @) AD(a, a)[¥))

™

11. Operator ordering

D®)(a,a) = e*l*"/2D(q, a)
D (a,0) = D (—a,a) = D¥(a, —a)
tr(D®) (a,a)) = 76 ()
tr(D(a, B)D®) (a,a)) = 76(a — B)

2
I= / @’a D (g, a) ® D) (a, )
T

s = +1 (normal ordering): D™ (aq,a) = eralg=ata :D(a,a):

s = 0 (symmetric ordering): D% (a,a) = D(a,a) = ge'—aa

s = —1 (antinormal ordering): DY (a,a) = e agoal
IR D) (a, )
ko1 — )
[(a)"a ](S) = 9akd(—ar)! o

ak(—a*)l
D™ (a,0) =) i [(a)*a"] ()
k

DO (a,a) = / dQTﬂb<s><a,ﬂ>D<ﬁ,a>

D¥(a, 8) = D¥)(a, B)
tr([?(s)(a,oz)) =1

11

(104)

(105)

(106)

(114)

(115)

(116)

(117)
(118)



{/fﬁﬁ@mﬁsz“mumzl (119)

d?o’

™ ™

tr(D(a,7) D) (a, 8)) = / tr(D"*)1(a,0") D) (a,0)) D(o’, =) D(a B)

g

=7mé(a —a')

= [ p(a,p -

=mo(B — )

(120)

I= /d_O‘D( I(a,a) © DO (a,q)

7

:/_D(S)Taa / 5D(s> a)

:/dZ_ﬁ </ﬂp< ) (a,a)D (a,@)> ® D (a, B)

s s

= [ 22 0,50 D,

™

(121)

d2 / d2
22 D, —y)D(a, 3) D9 (a, /) D@ (a, a)

Toow -~
= D(d,a/2)D(a,a — ')

= [ 22 Dtan) [ D20~ /2, )P+ /2.9

D)D) = [

= [t Dawpin @ +02) [T D0p2 -7 a2

a"'g

= 4md(p —2(y — )
=4D(a,2(y — B))D(y — 8,8 +7)
=4D(a,2(y - B8)) D(7,20)
= 4D"(a, —27)D(a, —28)D(y, 25)

Ok D) (a, a)

a=0

_ [ @B 5 MID(B, o)
_/ ™ D®(a, ) Dakd(—a*)!

= (123)

= (38

12



ﬂwmmZ/daD@mw (o 5)

™

d , ,
:/_O‘e<s—s>|a|2/2D<s)(aﬂ)D(@ 9)

™

2
_ [ Fe —9)lal?/2p(q, 5)/61 C7 D a,4)D(y, a)
™

™

2 ~ 7
:/d_VDm(aﬁ)/d @ 9ol 2D (g, §— )

s s

a'e

_ 2 2l )
s —s

S /d T pe’ V(a,y)e 2=AIM/(s"=s) g <

s’ —s T -

tr (D) (a, B)[(a")*a'](s) —/iv r(D91(a, B)D™ (a, ))J(v*)’“vl = (B*)Fp
=7T5(5—"y)

tr(D'"(a, 3)D(a, ) = / % tr(D*(a, 8) D' (a, 7)) D(v, ) = D(5,0)
= 76(8 ~ )

P = [ L0 D) a - )

= 0. ([ L2 D0 00) ) D0,
= D(a,3)D"(a,0)D(a, B)

(
D(S)<a,ﬂ+v) D(a, 3+ v)D*)(a,0)D'(a, B + )

D(a, 3)D(a,v)D'*(a,0)D'(a,v)D'(a, 3)
D(a, 3)D')(a,v)D'(a, B)

2
D (a, B) = L/d_VD(s'>(a,7>e—2w-ﬁ2/(3'—s>

s’ —s T

2 d2 ~ !/ !/
_ /_7 D) (a, 4 B2/ =)
S — S8 T

2 [dn () Fa. o212/ =)
= T D(a,7) D (a, B)D' (a,7)e 2" , s<s

s’ —s T

~
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(125)

(126)

(127)

(128)

(129)



R 2
(@lDa,0)13) = [ X (@D @ I5)
<a,5>/d Y o (1-8) 1?2 70" " B (130)

= (a]f) e 20 <
— S

(a|D(a,0)|8) = (a|B)2¢*7*" = 2(a|-p) = D(a,0) =2P
D (a, 3) = 2D(a, B)PD'(a, ) = 2PD'(a,28) = 2PD(a, —25)

DO(a,8) =2 / P2 b4, B)la) (—al D' (a, 8) = 2 / L0 5 + (B - alD(a, B)
(131)

s=0:

(1D (0, B’y = (e|2PDla, ~26) 'y = 2(~|D(a, ~25) ")
= e‘2iﬂ15262i52x5(51 — (z+2')/2) (132)
= er(x_m/)é(ﬁl —(z+12")/2)
(p| D' (a, B)|p') = (p|2PD(a,—2B)|p') = 2(—p|D(a, —28)|p’)
= e BIRG (By — (p+p)/2)  (133)
= ¢T3, — (p+ 1) /2)
( (a|DV(a,0)]8) = (a]f)e P = e 1ol /27 181/2 = (a]0)(0] 8)
— DC(a,0) = [0)(0

==L ¢ PD(a,5) = D(a, ﬁ>|o><0|D*<a 8) = 18)(4) .

961 = [ SR e D) ete = [CR 155D

12. Operators and associated functions

d*a

A=TA) :/dTO‘D< V1 (a,a) tr(AD®)(a, a))l:/ . D (a,a)F (a) (135)
= Fg)(a)

F{(a) = F (=) = 2 FD (a) (136)

F(0) = tr(4) (137)

F(a) = o 2P (0) = Letlel? (138)

14



S S (139)
- [P @R @)
ato- | L2 D, D DY (@ F ()
= [ £ T8 b, a2t 0,5 - ) FS @RS .
= [ D) [ D 0 w2 42
= F,E;OT,)B(N)
2 dQﬁ - (s)
A=14) = [ 22D 0)u(ab@p) = [ LHD@aEPE)
= F,7(9)
F(3) = ) (8) (142)
wa) = [ TR0 @) (143)
(—s)* s d? ﬁ s)* (s)
wa'B) = [ 22 E w(dO s ) I EY o) = [ TR 0F )
=mo(y = P) "
wp = [ L2 EL R 3 0) DY@ HD D an)
= 4D"(a,2(y — 8))D(5,27) s
d?u

= [ D) [ DB - ) E

™

= F,E;(?B(:u)
s dQﬁ (s
o= [T wnes @=L Eepeg 0o

: 2 [ Ay 2B (s )
() 3y — j2)) o217
Fa'(B) =5 _S/ - (7) )
2 s’ —g
:L/C”F(s (B+)e 2 P/E=) gy

s’ —s T

15



F$(8) = tr(AD®)(a, B))

_ Z_S/ﬂtr(AD( D) (a, B)D (a, 7)) e 21/ /=)
(( /dz DY(a,4)AD(a,)e z|w2/(s'—s>)b<s')(a,5)) (148)
VA
=F@), s<d
A= S e = B0 =31 (149)
B = 1) 2+ o _ [ BBIESD (5)
A= [ DS e = [ F |2>< E (g .
FE) = [ @D, = [ TR u(ae’ e ) Dia )
(4= [ 2250w n i) =28 [ 20 Dia-20)F0 )
F0) = [T @pi,s = [T u(an,0) b9
FAO)(g) :tr(A[)(())(a,ﬁ)) =2tr(APD(a,—20)) = 2/d7a(ﬁaAﬁ+a>D(oz,£)l)
FO(B) = 2tr(D(a, —28)) = 276(—28) = gé(ﬁ) (152)
(wlafe) = [ LT EY) (7@1 f @ﬁz)) (+]2PD(a, ~28)|)
dﬁl dﬁ2 ( ) i eiﬁg(m—x’) L — (z 2
= [0+ (6 — (z+ )2
df32 70 - iB,) | eif2(e—a)
—/% A (\/5<( + )/2+5>)
FO(8) =2 / dz (x| APD(a, —28)|z) .

_ /dw di’ (x| Ale’)('|2PD(a, —20)|z)

_ / dz dz’ (z|Alz")e~ P2 @) §(B) — (x + 2')/2)
- /dX dé (X +&/2|A|X — £/2)e7"56(61 - X)
_ / dg (B1 + €/2|A|Br — &/2)e=P2%

16



plalp) = [ 202 o (iwl ; m) (12PD(a, ~23)|p)
/ a0 dﬂQ (\/—(51 + 252)) eﬂﬂl(pfp/)‘g(@ —(p+7)/2)

&l

2

Z/dﬁl fxo)(f(ﬁl +z(p+p)/2)>€_w“p"’/)
£ (9) =2 [ b (plAPD(a. ~20)lp)

(154)
- / dpdp’ (p|Alp') (¢/|2PD(a, ~28)|p)
- / dpdp' (plAlp")e" )5 (B, — (p+p')/2)
— /den (P +1/2|A|P —1/2)e""5 (3, — P)
N /dﬁ (B2 +n/2|AlB2 — n/2)e
*B = HED F(—1)
s = —1: { 4 / ' ( mFA (5) (155)
FUV(B) = tr(ADS Y (a, B)) = (8]4]8)
FSV(8) = (BI1P|B) = (8]-8) = e 210 (156)

13. Characteristic functions and quasiprobability distributions

s-ordered ,
characteristic | = CDE)S)(CE) = Fﬁgs)(a) = tr(pD(S)(a, @) = @E,S)*(—a) = eslel /QCDE)O)(O() (157)

function
p= [ T2 D) @) (158)
(0 = 3 el (159)
<1;<S>(0) =tr(p) =1 (160)
(o) = [T @l @0l (161)
/Taqﬂ (@) () (162)
04) ()] < eslol*/? (163)
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s-ordered 1. 1 )
quasiprobability | = Wés)(ﬂ) == [gs)(ﬂ) = —tr(pD(s)(%ﬁ)) — Wp(s)*(ﬁ)
T T

distribution

o= / 26D (a, IV (5)

tr(P[(aT>kal](s)> = /d2ﬁtr(l~)(S)(a,ﬂ)[(aT)kal](s)>Wés)(ﬁ) = /d2ﬁ (ﬁ*)kﬁlwp(s)(ﬁ)

wlpd) = [ CL R @EY ) = [ @3 EO@WE

™

1=ti(p) = [ @3WP(B)
tr(p1pz) = 7 / PBW) (B (8)
tw(p?) = / EAW (B)W S (5)

W) (5) = / O 5 (@)D(0, ) 8 (a) = / 26W (5)D(5, )

T2

2 d — —BI1%/(s'—s
W(s>(5):_/ DY g7 ()21~

s’ —s T

> [ ”»
_ / TIWE (4 m)e P10 <

s’ — s >

s _ (s")
WIS () = W, (B) , for s < s', where

2 d2 - 2 s/—s
o= / L DY(a,7)pD(a, y)e 2/ =)

F0 = [ 22 D20 0 /208w + /2
d*v (—s)=* (s)
|w><w(“):/—D<y 1/ 2) @) i (V= /2P (v + 11/2)

= [ @ D WG, v = w0+ /)

(1
s

s 414 po / 2DV (a, B)P(5) = / 026 P(8)|5) (6

F(+1)(5) — WP(H)(ﬁ) = P(3) ( Glauber )

P function

20[ 2()4 *
| PO) = [ @D 8) = [ (e e ) Dla )
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(164)

(165)
(166)
(167)
(168)
(169)
(170)

(171)

(172)

(173)

(174)

(175)
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Wigner )

function

~EOE) =W =w() -
p= [ @50 mW () =2P [ 5D ~20)W(5)
W) = [T a0 @nia,s) = [T u(pniow) b

s=0: 4 g = %tr(p[)(o)(a, B)) = %tr(pD(a, B)PD'(a,3)) = %tr(pPD(a, -20))

(. J/
-~

<2/m
~ % [ @a(s-alpls + @)D,y
| tx(ppa) = 7 / POW, (BW,n(B)  tr(p?) = / P2BW?(5)

If position (5; and momentum (5 are used as the variables in the Wigner function, it is conven-
tional to use a rescaled Wigner function defined by

1 daq da , o i(Boos— B
W/(ﬁ17ﬁ2) — 5I/I/'(ﬁ) :/ (217.‘.)22 tr(pez(ozzw 11?))6 (Baon—Praz) (178)

ole') = [ 22w (ol i) ) el

= [ s W (@ a2 pr) e (179)
(Br.B) = 5W(B) = / % 51+ €/l — €20
lol!) = [ Do (5 (51 + o+ 21y j2) ) e )
/ 4By W' (B, (p + 1) /2) e~ 1) (10)
— 1 — dn 161
(Bu.B2) = W(9) = [ 52 (Bt nf2lpla /2
L=t(p) = [ EBW() = [ b dsa W' (51, ) (181)

tr(pip2) = 27T/d51 dBa W, (B, B2)W,, (01, B2) tr(p?) = QW/dﬂl dB2 W"(B1,82) (182)

- .
—EV(E) =WV (6) = Q(8) = ( Q?ﬁfﬁ;ﬁgn)
s==1 3 p= [ 3DV (0, 5)Q) (183)
- 1 1
QB) = ~tr(pD D (a, 8)) = ~(Bll5) < —

\
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23} 1(@) = (1D (@, a)ly) = V12D (y, 0)
s PPa (s
Wit () :/ 5 B (@) D(@. )
:/‘i_jew—lnaﬁ/zp(a’ﬁ_,y)
_ 2 aslP/a-s)
B 7'('(1—8)6 e
s=+1: P(#)=06(8-7)
p=yl: { =0 W(B) = %e_2|ﬁ_72 . W'(B1,B) = = e—(ﬁl 7)%=(B2—72)?
=1 QB)= e P = ()P
p=h)ol: W) = =D}, ~B)PD(a,~H))
= 2t 8Py - )
= 24818 -1)
_ 2 alpP
s

14. Thermal states

1 1 &
p= Ee_A“T“ =5 Z:: e ' |n)(n

Z:t —)\aa Ze—)\n_l_e/\

1 107 1
= _ T _ —An _ _ ¥4
n—tr(paa)—an_%ne = AN T A1

14
RUREL
n

1
Z =14+n=

=TT

20

(184)

(185)

(186)

(187)

(188)

(189)

(190)

(191)

(192)



S=—tr(plnp)=InZ+An=(1+n)ln(l+n)—nlnn

<“\( / f—f'@"“/"\ﬁﬂﬁl)!m )= [ L5 o 120} 3) (31m)

d? 5 e 1817 (1+n)/ngn(g )™

~7or ]

e~ 181 (14R) /7| gntm i(n—m)¢

_ / | do
2\/n!m! ™™
oo 2
_ 1 dIBE 1o emy/m g2
n' m 0 n

—n %)
) B d —-u, n
O T gy e

o= [ELevrmpye = P(3) = W) = _FD(3) = el

LB/ D(8, ) = ol

() () = els~DIal/2p(H) (o) = e~I+(1-9)/2llal

= s
i) =W = [T e @D,
_ n+(1—s)/2||a
_/7T2 It (1-9)/2laf p(q, g)
_ 1 o= 1817 /la+(1=5)/2]
i+ (1—s)/2]
eIl = g0 ()
= tr(pD(H)(a,oz))
 [— no\"
Hﬁ;(Hﬁ) (DD (@, )l
 [— no\"
— Ln 2
1+nnz:%(1+n) (laf")
67)\afa — :67(1fe_>‘)a]‘a: — :efafa/Z: _ :efafa/(1+ﬁ):
Q(B) = WSD(8) = ~(BlplB) = ———— (Blrea'a/G+m)y gy = L __—18?/0+m)
g u m(1+n) m(1+7n)
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15. Single-mode squeeze operator and single-mode squeezed states

For additional information, see C. M. Caves and B. L. Schumaker, Physical Review A 31,
3068-3092 (1985) [CS]; B. L. Schumaker and C. M. Caves, Physical Review A 31, 3093-3111
(1985) [SC]; and B. L. Schumaker, Physics Reports 135(6), 317-408 (1986) [S].

S(r,¢) = exp<%r(a2e—2i¢ _ (aT)QeQiqb)) (
S(r,¢+m) = S(r,d) (203)
S (r.¢) = 5(r.0) = S(=1,¢) = S(r.¢ + 7/2) (
zGaaS( )*ZQaa: S(r, ¢ + 0) (

_ T * _ T * 029 _ _ _Te29 AT *
S(T,Qb):e FAe gBel"A:e I"Ael"e Ae gB:egBe Te AGFA

* _ 29 At * _ T * _2g _ T
:€F A€ Te®9A egB:eF AegB6 rA :egBeFe A€ rA (206)

s
I1l
DN | —
IS

1 .
2 B=a'a+ 5 I' = e?? tanhr g = In(coshr)
(See Appendix B of [SC].)

ST(r, $)aS(r,¢) = acoshr — a'e?? sinhr

. 207
St (r, ¢)aTS(7’, b) = a' coshr — ae~2* sinh r (207)

ST(r,¢)D(a,a)S(r,¢) = D(acoshr — a'e**®sinhr,a) = D(a,acoshr + a*e*®sinhr)  (208)
ST(r, ¢)(x cos ¢ + psin ) S(r, ¢) = (xcos ¢ + psing)e™"

209
ST(r, ¢)(—xsin ¢ + pcos $)S(r, ¢) = (—zsin ¢ + pcos )e” (209)
ST(r,0)2S(r,0) = ze™" St(r,0)pS(r,0) = pe” (210)
ST, ¢)S(r,¢) = e "BS(R, ) = S(R, & — ©)e P
B=ad'a+ 1
2 (211)
¢'® cosh R = coshr coshr’ — €2 (¢~ ginh r sinh 7/
' 2®=0) ginh R = %% sinh r cosh 7’ — €2*’ cosh r sinh 7/
(See Appendix B of [SC].)
S, ¢)S(r,¢) = S(r+1',9) (212)
@) (r,¢) = D(a,a)S(r, $)|0)
= D(a, a)|0),
(a,)[0) ) 2 (213)
= S(r,¢)D(a, acoshr + a*e?? sinh r)|0)
= S(r, ¢)|a coshr + a*e**? sinh )
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—ifata —1
e @) (r,0) = |ce 0)(7’,(15—0)
(acoshr + ae* sinhr)|a) (. 4) = S(r, ¢)ala coshr + a*e*® sinhr)
= (acoshr + a*e*? sinhr)|a) (. )

St(r,¢)D'(a,a)aD(a,a)S(r, ¢) = acoshr — a'e**? sinhr + «

St(r,¢)D"(a,~)D(a,)D(a,~v)S(r,¢) = D(acoshr — a'e*®sinhr + v, a)
= D(v,a)D(a,acoshr + a*e**? sinhr)
(rg)(@lale) ) = a

) 1 ..
(T,¢)<a’a2‘@>(n¢) = a? — e?? coshrsinhr = a? — §e2z¢ sinh 2r

1
(T,¢)<a’aTa‘a>(r,¢) = ’Oé|2 +sinh?r = ‘04‘2 + §(COSh 2 — 1)

(o) {alzla) e = a1
(r.o){ap|a) (r.g) = Q2

1 1

(r0) (] (Az)?|a) (. ¢) = (Cosh 2r — sinh 27 cos 2¢) = 5 —(e7?" cos?¢ + e*" sin? @)
1 1

(o) (| (AD)?| ) () = §(cosh 2r + sinh 2r cos 2¢) = 5(6’% sin?¢ + e*" cos?¢)

1
(r,0) (] % (AzAp + ApAz)|a)(re) = — 3 sinh 2r sin 2¢

1 1 .
0) () = S(7,$)|0) = m exp (—§(CLT)2€%¢ tanh r) 0)
> —l ¢tanhr
2€ /7o
\/coshr Z (2n)l|2n)

2i "o l@2n — 1!
—coshr Z ( \/_ ¢tanh7’> —( — ) |2n)
[(2n)! = 2"n! (2n — 1)!]

1 X [tanh?\" (2n — 1) 1
r,$)(010) (r,g) = ( ) = =1
(r:9) (n®) = Coshr ; 2 n! coshrv/1 — tanh?r
> 2n— Dt =z \"
U (1 ~1/2 _ _
( se + .73 nE_O 2
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(214)
(215)
(216)

(217)

(218)

(219)
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= 2i¢ tanh r)"

(—ie
<:C = O’O)(T7¢) m Z

(Qn)!(x = O\an

1 Vv
= a7aga anl0)
o 5 () a2
owl/4 coshr 2 n!
1 g
~ wl/4 (coshr — €2 sinh r)1/2
[Use Ha,(0) = (=1)"(2n)!/n! = (=2)"(2n — )!! : A&S (22.3.10).]
0 = (z|(acoshr + a'e*? sinh7)|0)(,. 4)
1 , d
= 7 ((coshr + e*?sinh )z + (coshr — ¢*? sinh ) — o )<x|0>(r )
(2]0) 1 1 1 coshr + €2 sinhr (223)
x = . ex
(r¢) ™ 7174 (coshr — €2i® sinhr)1/2 P\ "2 coshr — e2ié sinhr
—
1 1 1 1+ isinh2rsin2¢ 9
= . exp| —= x
7/4 (coshr — e2i¢ sinh r)1/2 P\ 72 cosh 2r — sinh 2r cos 2¢
(z]c) (r,9) = (2 D(a; @)]0) (r,g)
_ potaran/2 jicx .
e e — a1]0)(rg) B . (224)
1 e ioaz/2gionw 1 14 ¢sinh2rsin2¢ ( )2
= . —= r—a«
ml/4 (coshr — €219 sinh r)1/2 P\ 72 cosh 2r — sinh 2r cos 2¢ !
(—1e%? tanhr)"
(810} (r.0) = v (2n)1(B]2n)
Vcoshr nZO ! —_—
—|ﬁ|2/2(6*)2n
—1pP /2 i (—3(7e “f’) tanhr)" (225)
\/COSh’I“
1 2 .
_ ~1B12/2 gy [ — L (533912 tanh
me exp( 2(66 )“ tan r)
<6|a>(r,¢) = <6|D(a7 a)|0> (r,9)
= D(B,a/2)(8 = a|0) () (226)
1

_ —18-0/2 g [ L10g% _ oF)ei®12
mD(ﬁ,a/?)e exp( 2[(@ a*)e'?] tanhr)
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(B} (| * = [(B = @]0) (.|
= 1 exp {— (|ﬁ —al® + %([(ﬁ —a)e )2 4 [(BF - a*)eid)]Q) tanhr)}

coshr

1 1

— _ N2
~ coshr exp{ 2((51 a1)“(1 4 tanh r cos 2¢)

(227)

+ (B2 — a2)?(1 — tanh r cos 2¢)
+2(B1 — a1)(B2 — az) tanhrsin 2¢>}

Pasrp = ) (r,0) (r,0) (] (228)

q)(pi);,q,d, (Oé) = (r,0) </Y|D(S) <a7 Oé) |7> (r,9)

= ¢*l°1"/2(0|S7 (r, $) D (a, %) D(a, @) D(a,7) S (r, ) 0)
= D(y,@)e’l*"/2(0] D(a, accoshr + a*e*® sinh ) [0)

1 ‘
= D(, a)es|a|2/2 exp <—§]a coshr + a*e?*® sinh T"z)
1 2 1 —i¢)\2 * 50\ 2] o
= D(v,a)exp|—5 | |a]*(—s + cosh2r) + 5[(046 )? + (a*e'?)?] sinh 2r

2
1
4

= D(v, ) exp[— (a%(—s + cosh 2r + sinh 2r cos 2¢)

(229)
+ a3(—s + cosh 2r — sinh 2r cos 2¢)
+ 20 g sinh 27 sin 2gb)}
1
= D(v, ) GXP[—Z <OA%(—S + e 72" sin%p + €*" cos’ )

+ a%(—s +e72r COSng 4 e sin2¢)

+ 20 g sinh 27 sin 2¢>) }
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w0 = [ el @ D,0)

T2

_! / do1don i(s,0,—p1a) (03 (~se™ ) tad(—s+e=>)]/4

T 2
_2 1 ki 33
o e \/ —s+ e 27“ —s+ 62r) exp( —s+ 6721" —s+ 62r (230)
2 1 2|82 (cosh 2r — s) + [82 + (8*)?] sinh 2r
= — exp| —
T \/1 — 2scosh 2r + s2 P 1 — 2scosh2r + s2 ’
S S 6_2|r|
(s) _ [ &« 0] D
Po;r ¢(5) ? PO ¢(a) (a7 )
d’a s
= [ o) (0e®) Dla, )
=) (a)
= WS, (Be™?)
2 1
~ 7+/1— 2scosh2r + s2
e 2|B[*(cosh2r — s) +[(Be™"?)* + (8*'?)?] sinh 2r (231)
X J—
P 1 — 2scosh 2r + s2
2 1

71— 2scosh 2r + s2
—3%(—s + cosh 2r + sinh 27 cos 2¢)
—32(—5s + cosh 2r — sinh 2r cos 2¢)

X oxp —2[31 32 sinh 27 sin 2¢ s <2

1 — 2scosh 2r + s2
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o) _ (P20 (D
pv;vwb(ﬁ)_ o pvmqg(a) (aaﬁ)

2
A%« (s)
= = o) (a)D(a,8—7)
- ngj;)r,¢ (ﬁ - ’Y)
2 1
T /1 — 2s cosh 2r 4 s2

) eXp(_zm —92(cosh2r — ) + ([(8 = 1)~ > + [(8" — 7*)e™]?) sinh 27«)

1 — 2scosh2r + s2
2 1
T \/1 — 2s cosh 2r + s2

—(B1 — 71)?(—5 + cosh 2r + sinh 2r cos 2¢)
—(B2 — 72)?(—5 + cosh 2r — sinh 2r cos 2¢)

—2(B1 — 71)(B2 — 72) sinh 27 sin 2¢ R

X exp

1 — 2scosh 2r + s2

(232)
( W(3) = % e—Q\B—VIQ cosh 2r—([(B—v)e "1 +[(8* —~*)e'?]?) sinh 2r
s =0: —(B1—71)?%(cosh 2r+sinh 2r cos 2¢)
W,(ﬁlvﬁZ) = ; exp —(B2—2)?(cosh 2r—sinh 27 cos 2¢)
—2(B1—71)(B2—"2) sinh 2r sin 2¢

Q(B) = molshre—W—wF—% [(B=)e™ PP+ =) ) tanhr (933

P = Py -

1 —1(B1—v1)*(1+tanh r cos 2¢)
s=—1: = —coshr exp —1(B2—72)*(1—tanhr cos 2¢)
—(B1—71)(B2—2) tanh rsin 2¢

1 2
== 1{B17) (r,0)]

2
p=poro 2 W(B)= p (r,0)(0[PD(a, =20)|0) 1,¢)

2
= — r0)(01D(a, =26)[0) r,9)

_ 2500 (_
=220 (-2p)

PO;r,0

(234)

_ 222 cosh 2r—[82+(8")?] sinh 21
T
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