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This document is essentially a list of equations. It contains the following sections, each
of which begins a new page. Pages are numbered individually by section. Equations are
numbered sequentially through the whole document. The document is updated periodi-
cally as corrections are made and new results are included.
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In the following, A&S refers to M. Abramowitz and I. A. Stegun, Handbook of Math-
ematical Functions with Formulas, Graphs, and Mathematical Tables (U.S. Government
Printing Office, Washington, D.C., 1964). The numbers after A&S direct you to partic-
ular expressions in Abramowitz and Stegun. As far as I can tell, Wolfram MathWorld
tends to use the notation of Abramowitz and Stegun.



1. Basics

0= (@ +ip) r=—(atal) wal =1
aT:%(x—ip) pZ—%(a—aT) @l =i
(@A) = (] = &
ata = %(:L'2+p2—1) o = %(x2—p2+z(xp+px))
aal = %(:E2+p2+1) (a")? = %( 2—p2—i(fvp+pw)>
[a, (a")"] = n(al)" ! [a',a") = —na""!
[, p"] = inp™~ [p,2") = —ina™"!

(Use [A, B"] = nB""[A, B] if B commutes with [A, B].)

la,a’a] = [a,a']a = a
ei&afaae—wafa — ae—i& eAaTaae—AaTa — ae—)\
6i9aTaaT€—i9aTa — gtei? eAaTaaTe—AaTa — atel
1 1
(USG GABG_A =B+ [Av B] + E[Av [Aa BH + ?[A7 [Av [Aa B]” + - )
eifatage—ibala _ o oogp 4 psin @
ibata, —ifa'a

e pe = —xsinf + pcosd



2. Position and momentum bases

(2|x) = 0(x — ') ('lp) =d(p—1p")

ipT

[aziae =1 [al)el-1 o= e
ey = o t+a)  (zle 0 = (z—dl
¢y =lp+b)  (ple™ = {p—1b|
(xle™™ ) = (x —aly)  (ple""|¥) = (p — b))
Ld e _Lld _ 1d
(old) = @l = Siea)  =iil) e po gL
d - d d
blel) = TG0l )| =G| =il e sei
1 (x + i) (position basis)
a= L(a: +ip) <> V2 d dr
V2 % (d_p + p) (momentum basis)
L (ac i) (position basis)
aT:i(:p—ip)H V2 d dr
V2 % (d_p — p) (momentum basis)
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3. Displacement operator

T . _ . . . . . .
D(CL, Oé) = paa'—a’a _ ez(agx ai1p) —e zalag/Qewzgxe iip ezalag/Qe iop gicox

a —i(a—i—a*)
. 1 . T2
a=agr+ia; = —=(ag +ias) ;
2 &QZ—E(O{—O{*)
9 _1(o 0N 9 1[0 0
oo 2 \ Doy Oay day V2 \Oa  Oa*
0 1 (o 0N 0 _i(o
da* /2 \ Oy Oy dag /2 \Oa  Oda*
0? 1 0? 02
dadar 2 Oa% 80[%

D Ya,a) = D'(a,a) = D(a, —a) = D(—a, o)
D(a,a)|x> _ eia1az/26ioz2x|x+al> <a:|D(a, a) _ e—ia1a2/2€ia2x<x o a1|
D(a,a)|p) = e_w‘l‘m/ge_mlp]p + ag) (p|D(a,a) = eia1a2/26_m1p<p — ag|
(z|D(a,a)|z’) = e7tre2/2eioes (g _ gl — o)
(p|D(a,a)lp') = e 122/~ MPs(p — p' — )
D(Oé,ﬁ) — 6/304*—/3*04 — €2i(/31aR—5R041) — ei(ﬁzoq—ﬁwéz)
D(a,a) =1 D(a,ra) =1, r real
D*(Ck,ﬂ) = D(a*>ﬂ*) = D(Ck, _ﬁ) = D(—Oé,B) = D(ﬁ,O&)
D(a,o) = e~lal’/2gaal ;—a%a _ olaf?/2,—a"agaa
(Use BCH: A8 = ¢~ [4Bl/2e46B if A and B commute with [A4, B].)
D'(a,@)aD(a,a) = a+

DT(a, a)D(a,B)D(a,a) = D(a + «, 8) = D(a, 8)D(a, B)

D(a,)D(a, ) = e =D/ D(a,a + B)
= D(B,a/2)D(a,a + j)
= D(B,a)D(a, B)D(a, )
D(a,a)D(a,B) = D(a, B)D(a,a) <= D(B,a) =1
(area Zuzzeél%ed by) — i(aﬁ* —a*B) = a;Br — arfr = 7k

21
( area subtended by
(a1, az) and (B1, B2

<~

)) = aoff1 — a1 = 27k

D(B,/2) — D*(8,/2) = 2isin <z M) — —2isin (z M)
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af* —a*f

[D(a, ), D(a,8)] = [D(B,a/2) — D*(8,a/2)|D(a,a + ) = —2isin (z 5

D(a,a)D'(a, ) = e_(aﬁ*_a*ﬁ)/QD(a,Oé - B)
= D(B,—a/2)D(a,a — )
= D(B,—a)D'(a, B)D(a, )

D'(a, 8)D(a,a) = " ~"P/2D(a,a - §) = D(B,a/2)D(a,a - §)

. T s T s .
e D(a,a)e "' = D(ae™", o) = D(a, ae')
T _Naf —lal? 1 T ol ta —a*a —\af
e)\a aD(a,oz)e )\aa:e |l /2€>\a agaal Aa ae)\a ap—a’ag Aa'a

f\a|2/2eaaTe>‘efa*aef>‘

—\a|2/2€o¢ekaT e—a*ekaeQa*a sinh A

=e
=€

2 2 P
—lal*(1—e 2 A\ 2a™asinh A
= e~ lal™( )/2D(a, ae)e

3.2

> D(a,a+ B) (31)
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4. Number states

n) (a')"10)

a'ln) =vn +1n+1) aln) = v/nln — 1)

ataln) = n|n)

S

(n|m) = dnm
(nla®[n) =0

njajn) =0
(nlafm) (n|aTaln) =n

(elm) =0 Gola%in) = {alg?le) =+ L
(nlpln) =0 () (zp + pa)|n) = 0

f“wzz“m %=k0m e =

(le™ =27 (n—k)l<n_k|
k=0
= ol (—a*)k m!n!
aa —x a — l k’
e~y = 33 S o (= e =

(Here we use m > n.)

o) Yl
_Z(m—n—i—k)!k'(n k)!

_ n! m—n (n+m_n)' 2
Vo kz_:k!(n—k)!(m—nw)!(_'“‘)k

! -_n m—n
=\ @™ "L (faf?)

[L%a) (x) is the generalized Laguerre polynomial of A&S 22.3.9.]

|
i" ef\a‘2/2amfnL§men)(|a|2) , m>n
(m|D(a, a)ln) = ¢ ' =

m! —la|? s\n—m 71 (n—m
\/He /2 (_gryn—m )(|a|2), m<n

(m|D(a,a”)|n) = (=1)"""(n|D(a, a)|m)
(n|D(a,a)n) = e~ 1*F/2L, (jaf?)

e—z’@aTa‘n> — e—m@ ‘n>
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—x2%/2

1
x|0) = ——e
0=la) = - (o Doy = TV T

(phase chosen by convention)

o 1 > dx ; 2 1 2
_ _ —ipx ,—x° /2 __ —p2/2
010 = [ dotola)(el0) = 7 [ et e

(z|(a")"]0)

{xln) =

-3

= ——(al(x—n)"[0)

_ \/% (x _ %)n (2]0)

1 d\" 2
= (z—= =) e*/?
wl/4\/2nn) dz

-

-~

_ (_1)7163:2/2;_”“6—3:2
a
—.1'2 mn
_ (& /2 (_1)”6932 d_e_m2
wl/4y/2nn) dx™
= Hp(z)

[Use Rodrigues’s formula for the Hermite polynomial H, (z): A&S 22.11.7.]

1 2 1
—x“/2 _
—7r1/4\/m6 H,(x) = —=H,(x)(z|0)

V21

{x[n) =

4.2

(49)



5.1

5. Normal ordering

Normal ordering, denoted by paired colons, applies to functions of creation and annihilation op-
erators, i.e., expressions written in terms of a and a'. It means to move all annihilation operators
to the right and all creation operators to the left without regard to commutators. It is meaningless
to refer to the normal-ordered form of an operator A, i.e., to write :A:, because the result of normal
ordering depends on how A is written in terms of creation and annihilation operators. For example, if
A = aa’ = ata+1, the result of normal ordering the first form is afa, but the result of normal ordering
the second form is afa + 1.

((afa)®: = (ah)ka®

= Z ) (nl (") a” |m) (m|

> [n)(nl(at)*a|n)(n|
n=~k
_ Z —_ flk In)n (51)

—Z (n—=1)---(n—Fk+1)n)(n|

:Za ala—1)--(a'a — k4 1)|n)(n|

= aTa(aTa —1)---(ala—k+1) = (a'a)® = (=D)*(—ala)p

The final form in Eq. (51) is called a falling factorial. Its expectation value is a factorial moment. The
notation comes from the Pochhammer symbol: (z)x = z(x+1)---(x +k — 1) = (z + k)!/z!, which is
the rising factorial. The falling factorial, (—1)¥(—2); = z(x —1)--- (x — k + 1), which is what we have
here, is also, confusingly, sometimes denoted by the Pochhammer symbol.

> f(k)
:f(afa): = Z k!(()) :(aa)®
k=0

x FB0) S nl
:kzof A il (52)

ko

o .
= Z:%]nﬂn\ Z: mf(k)(o)

k=0



> S
k=0 n=Fk

_ 2:‘6 I} (n] kz_o T - i

= 3 a1 = A"

= (11— N\

_ eln(l—k)aTa

©  \\k
e~ MaT—a")(a—a), Z ﬂ(aT —a)fa—a)f
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6.1

6. Antinormal ordering

Antinormal ordering, denoted here, for lack of thinking of anything better, by paired bullets,
applies to functions of creation and annihilation operators, i.e., expressions written in terms of a and
at. It means to move all annihilation operators to the left and all creation operators to the right
without regard to commutators.

o(afa)*e = a*(a)”

= Z ) (nla® (a")*|m)(m|

n,m=0

:Z|n (nla* (a®)*|n)(n|

_y ”;k ' In)(n] (55)
n=0 ’

=) (n+1)(n+2)- (n+k)n)n]

= ZaaT(aaT +1)-(aa’ + k = 1)|n)(n|

=aa'(aa’ +1)--- (aa" + k — 1) = (aal)y

The final form in Eq. (55) is called a rising factorial. The notation comes from the Pochhammer symbol:
(@) =x(x+1)---(x+k—1)= (z+k)!/x!, which is the rising factorial.

k!
k=0
L FB0) S (n+ k)!
:kz_%f kf‘”zo( ;'; L1y (56)




6.2

k=0
In
= " Z[-n+D][-n+1)—=1]---[-(n+1) —k+1 (57)
g ) % ! N
=" [n){n] (1 + 1)~ FY
n=0
=(1+ )\)*aaT
— e In(14+M\)aat
“Aa'—a*)(a—a 2 (=A)F
*¢ B ! o = ;) ( k?') (CLJr — Oé*)k<a — a)k
_ N ()
= D(a,a) <kz_0 k!) (aT)kak> DT(CL, ) (58)

= D(a,a) er'a g Df(a, )
— (14 A)~(ame)(a'=a?)



7. Coherent states

ja) = D(a,@)|0) = e~ 1"/2 37 j—%ym

n
—la)?/2 %
vn!

ala) = ala) (ala’ = (a]a*

(nla) =e

e—iOaTa‘a> — e—iOaTaD<a’ a)‘0> — D(a’ae—w)e—wafa“» — ‘ae—i0>

(afala) = «

(olela) =ar  {ol(Az)]a) = {al(Ap)la) = 7

lalpla) = a2y |(AzAp + ApAz)|a) = 0

—ia1a/2 tasx e—ia1a2/2
(al0) = (2] D@, @)[0) = e 1257 — afo) = ST
. /2 L 61&1&2/2
(pla) = (pD(a, @)[0) = e*12/2e 7P (p — ap]0) = —
s

(z|a) = (—x|—a) {pla) = (=p|—a)
(0|D(a, @)|0) = (0]a) = e lal?/2

(8la) = (01D (a, B)D(a, 0)|0) = D(B, a/2)e 10701/ = Tl /21012 0"

[(Blayf? = e7lo?"

D(a, @)|8) = D(a, @) D(a, 8)|0) = D(B,/2)| + )
(8ID(a, @) = (0|D¥(a, B)D(a, o) = {8 — | D(B, a/2)

(8ID(a,a)|B) = e~lol*/2(glea’ =070 gy = =122 D(8, )

(7| D(a, )| B) = eI/ (y]eve" e="a| g)
= eIl e )

= €7|O‘|2/267|m2/267‘7|2/26a’7**a*ﬁ+,3’y*
2
(v|D(a, @)|B) = D(y,a/2)D(B,a/2)D(v, B/2)e~1o+B8=1"/2

~datalg) = o=lal?/2 Zoo (Oée_’\)n’ ) = elalt(1=em) 214 =2y
e o) = € —N) = € oe
n=0 v TL'

2

e—)xaTa|Oé> — e—)\aTaD(a’ Oé)|0> — €—|Oc‘2(1—5_ )/QD(G,OKG_A)|O> — e_‘a‘2(1—6_2/\)/2|a€_>\>

—iGaTa’a> _ e—|o¢|2(1—e_w)

(ale

—(ac—oal)z/Zeiocgm

o~ (p—a2)?/2 ~ia1p

7.1
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—xata —(1—e Mata —(1—e M) |a)?
(ale™2 % a) = (af:e=C Jatayq) = ¢~ el

, 1 , ;
a=ap+iay = ﬁ(al + i) = |ale’®

doq dog

1
d*a = dagday = = |a|d|a|dé = §d|oz|2 de

62(a) = §(agr)d(ar) = 20(a1)d(az)

(o] ([ #ataria) m) = [ a ia) atm

1 2
d2ae_|a| an(a*)m
\/n!m!/

1
B 2v/n!m!
= Eénm/ due "u"
0

n!

[ dlaf? dgeteFaprmeiom

20[ 20[
= [“2 jatal = [ 22 Dla.a)0) (0D (0,0

d?a

tr(A) :/T<Q|A|Oz> :/T<0]DT(a,a)AD(a7a)|0>

20[ 2
1:1@1=Zyn><n\®|m><m|=/d7¥\a><a|®lﬁ><ﬁl
=2 = ) m| o ) (o] = [ £ Z2 )80 [9)(a

n,m
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8. Parity

PlaP = —2

«— PlaP=-a
PTpP =—p
aP|0) = —Pal0) =0 = P|0) =¢“|0) = |0) (choose phase § = 0)
Pln) = <= Pa')"10) = 2@l Pi0) = (1))

= (-7 =P

PD(a,a)P = D(a,—a) = D'(a, a)
Pla) = PD(a,a)|0) = D(a, ) P|0) = D(a, —a)|0) = [-a)

p:/%}ﬂﬂﬂ /ﬁqaww

™

Py = [ £2 Plaale = [ 2 1-a)i-al-) = [ L2 jajlal-2) = |-2)

d2

Plp) = [ 2 Platalp) = [ 22 1ma)(-al-p) = [ “la)(al-p) = |-»

P:/mm@m:/mwwm

Pz/dpP|p><p| Z/dpl—p><p|
w(PD(a.w) = [ 2 51PDla.a)ly
/ T 81D(a,)|)

= e |/2/7e B* ﬁ<_m6>
2
_ e—|a|2/2/Me—m?e—ﬂa*—ﬂ*a

™

1
_ L a2
26

8.1
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9. Fourier transform pairs

/dQ_B D(B,a) = / dQ_B OB =B _ / dp dfz pilazfri—a1fa) 218 () (ary) = w82 (a)

m m 27
25 ~ 24
f)= [Liowsa  fo - [ i@l
gla)=["() = §(B)=F"(-B)
of d’«
[? - Tan f(OZ)D(Oé,B) agQafB _/dQTa |a|2f(a)D(a ﬂ)
55— [ Sas@pla

9.1
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10.1

10. Gaussian integrals

/ du e eb” = \/Eeb2/4“ (101)
o a

2
& ol D(a, B) = / darday _(a2103)/2 i(Baor—Praz) _ —(B2+62)/2 _ o—IBI (102)
m 27

d*a 2, 2 d?o’ /2 2512

2= e lel/e - —la] ! — o 18l

ke D(a, B) / —e D(d/,op8) =c¢ (103)

2
o jaf? oy —atp _ / darday _(a21a2)/2 01 (v ~8)/VE gias (v" +8)/VE

T 2w
_ (=B A= (y"+B) /4 (104)

_ *
— e B

d2Oé 12742 P d2a/ 2w Ik 24 %
—e lal®/o% gay™ —a™B e—la'l" g’y —aTof _ 0" By (105)
iyea T



11. Orthogonality and completeness of displacement operators

d*B

tr(Dla,a)) = [ ©2 (61D(@,0)}8) = 122 [ T2 D(5,0) = 16%(a)

tr(D(a, B)D(a,a)) = D(B,a/2)tr(D(a,a — B)) = 76* (o — J3)

[ 2 D@,y eID @ a)l) = (ug) ol [ el et a5

s
o lnl/2,-1817 /2 0"
o o= 117 /2= V1212 7" g=(B=0) (" =7")

112 a2 « 112 2 *
_ o BI2/2= 122,87 o= 1v[2 /2 =l /2

= (7|8)(ulv)
(@ [ alnen) = [T @) a'Dla.s)
ak-i—l d2a
- dBFO(—pB*)! / = D(a, )
—_—
= 71'52(5) = tr(D(a, ﬂ))
ak—i—l _B%a_pa
= —8/Bk8(—5*)ltr(e e )

_ tr((a]‘)kalefﬁ*aeﬁ(ﬁ)
/dQTa ) (e D(av, B) = e F e = ¢~ 19°/2D(q, B)
/dZ_/B e~ 1P/2D(a, B)D(B, ) = |a)(al

d?o

| 2 Delg) D! (@a) = [ £ Dla.a)Dla,)0) (01D (@.1)D' (@)

= Dla.) ( [ Dla+ 5.0)/00DY @+ 7.0 ) Da,)

_ D(a, ) ( [ 2 el - B)) D'(a,)

= ¢ =82 D(a, B)D(a,~ — B)D'(a, )

= D(v,8/2)e”1#="/2D(a, B)D'(a, B)D(a,7) D' (a,)
= (v|8)1

I:/dTaD(a,a)QDT(a,a):/dTaDT(a,a)QD(a,a)

[Follows from Eq. (108) or Eq. (111)]
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tr(A)1 =I(A) = / dQ—a D(a,)AD(a, a)

1= [ 2 DDl (.a) = [ 2 Dla.a)lu)wID! @)

d?a d%a

tr(A) = / T2 i (D(a, @)D (0, 0)4) = / T2 (|D!(a,0)AD(a, o)1)

11.2

(113)

(114)

(115)



12.1

12. Operator ordering

D®)(a,a) = es|°‘|2/2D(a, a) (116)
D@1 (a,a) = D¥(—a,a) = D) (a, —a) (117)
tr(D(S)(a, @) = 76%(a) (118)
tr(D(_S)T(a, B)D)(a, @) =76 (a — B) (119)
g ent (s)
I= [ —D (a,a) ® D' (a, a) (120)
T
s = +1 (normal ordering): D™V (a,a) = el gmela - :D(a,a):
s = 0 (symmetric ordering): D (a,a) = D(a,a) = eoa' —a’a (121)
s = —1 (antinormal ordering): DV (a,a) = e agoal
O D) (a, o)
kL — @)
[(CL ) a ](S) - aak a(_a*)l 00
Ozk(—oz*)l ol (122)
D) (a,0) = Z W[(GT) a'] )
k,l
[(a")*a'] (1) = (aT)*d’
k1 L, Tk (123)
[((a")a'](—1) = a'(a)
[(af)kak]( ) = 82k[6(871)aa*/2D(+1)(aaCV)]
dak O(—ax)k o =0
k k! 2 82me—(1—s)aa*/2 82(k_m)D(+1)(a, Oz)
N 'rnz_:() (m'(kz - m)') da™ d(—a*)m —— dok=m o(—a*)k=m | _ .,
m ,(1—s)x/2 _ (,T\k—m k—m
ol dme =(a")""a
dz™ 2=0
"1 BV 1=\ o e (124)
— Z - (a]‘)k m g k—m
= m! (k—m)! 2
k 2 m
_ Z L k! ]_ — S (aTa)(k_m)
m! \ (k—m)! 2
m=0
k k + \(m m
:(1—3) k!z k! (aa)()< 2 )
2 A= ml(k—m)!  ml 1—s
(a8 = [ LY pw o b = ()2
D (aaﬁ): —D (CL,O&)D(O&,B): —D (Q—B,OJ):(S (&—ﬂ)
T T (125)

D®i(a,B) = D) (a, B) (126)



12.2
tr(D(s)(a, a)) -1 (127)

[ #8Da.) = D (a.0) =1 (128)

(129)

(130)

)kal] = ak+lD(S)(a’O‘)
() ook a( a*)l a=0

d ak—i—lD
/ B D@ (a, B) W(—ﬁof))l

a=0
-

= (58 )

/ T8 o) (a, 8)(8) B!

— ([(aT)lak](s)>T

D) (a, B) = / djra D) (a, a)D(av, B)
/d
d

e (s=s")lel*/2 p(s") D(a, 8
els—s )l Ds(a,a)(,)

2 2 2y <oy

2 e~ (=lel/2p(q, 6)/d_7D(s /(a,7)D(7, )
™

. (132)
_/d D) (a,) o s /2D(a, 8 —)

T ™

-~

_ 2 s/

s'—s

2
__? /diD(Sl)(a,’V)e‘z'”‘ﬂ'rz/(s'_s), s< s

s —s ™



_ 2

(D a. Bl(a) i) = [ X (D (@, /D a7) (") = (5745
= 70%(8 — )

tdﬂ@mﬂw@mﬂ»=/%§H@<Wmﬁm@mm»mmsz@m
=768 — )
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— 5
s—1

2 T
= — —Ha'a B —
laleg), e = 2

~ 1 2 \““ 1-— 1
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D (a,7)D(a, ) = D (a,7) DV (a, B)
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s s -

-~

= D(d/,a/2)D(a,a — ')
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™

:/djTJ(D(v,a—B/Q)—D(%a+5/2))D<a77+5)

2
(0, 8) / S Da,y) (D — B/2) - Do + 5/2)
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DOa,8) =2 [ 2 Dla,la)(-alDi(@.5) =2 [ 18+ a)(5 - alD(a,D

12.4

(140)

(141)

(142)

(143)

(144)
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( (a|DV(a,0)[8) = (a]B)e™P" = emIol/2e7181/2 = (a]0)(0] 8)
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13. Operators and associated functions
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s s)* slal? 0
F{(a) = F (—a) = el 2F P (a)
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™ ™

= [ £ D) [ D E 0 - w2 )

™

2
4B
™

A=T|A) = / iD“‘”(a, B) tr(AD®)(a, B)) :/ =) (a, B)FS(8)
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13.3

( d*B =~ o) 70)(
A= / D 0 F 2P/ (B)
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p) =

\
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dp d
ey = [ A 0 (-
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14. Characteristic functions and quasiprobability distributions

function

s-ordered ,
characteristic | = @gs)(a) = Fés)(a) = tr(pD(S)(a, @) = @23)*(—04) = eslel /2<I>£O)(a)

o= [ 4 D e a)

Oék —a* l
2 (0) = 3 S0 (il )

04
r(p1p2) / — B0 () () (o)
7T

/_O‘q>< (a)2) (a)

s sla|®/2
26 ()] < eslel/

—S/ 062 Sl
() (a) = els=1aP /290 (q)

s-ordered 1. 1 )
quasiprobability | = Wés) B) = — p(s)(ﬁ) = —tr(pD(S)(a7ﬁ)) - W/SS)*(B)
0 T

distribution
p= [ @50 oW (3
tr(pllaal)) = [ @3e(DUa )l o'l ) WE8) = [ 26 (38 W(9)
tr(pA) = / dQTBF[S“*(ﬂ)FS)(ﬁ) - / BES (B)W)(B)
1=t(e) = [ EBWP (3
tr(pp) =7 [ EBWS I OWS (3
() = [ EBWSI HWE5)

W) = [ O 40()D(a,f)  8(a) = [ 8w e)D(.0)
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14.2

2 [ d? 82 s
W (8) = / DA 6 ()28 /(6=

P s’ —s T

5 2 , o (193)
- /T’V W (B4 7)e 2/ | <y
ngs)(ﬂ) = ng,sl)(ﬁ) for s < s’, where
2 194
P = S,Q_S/d7T D¥(a,y)pD(a,y)e 27/~ o
FO ) = [ X D209 = /280 0+ 2
(195)
= [ DW= a W + /)
2
L) 1) = / D)8 v “/2)‘5\(2))@\(”*“/2) (196
= [ D)W, 0 = YW 0+ /)
[ LEE0(8) = w8 = P(s) = (P(}flj‘;f;‘.jgn)
s=+1: 8 p= [@5D V@ HPE) = [ E5POI5)(A (197)
« 2 + .
P = [ Cr @b n) = [T (e’ ) Dl )
FO(B) = WO () = W () (ﬁfgﬁ;)
p= [ @50 mW(E) =27 [ &5 Dia.~25)W(5)
a 2
W) = [ L a0 @p,s = [T n(pp(a,0) D0,
(198)

s=0: 9 (g = %tr(po)(a,g)) - %tr(pD(a,B)PDT(a,B)) = %tr(pPD(a, —23))

-

gg/w
~ % [ (s~ alplp+a)Dla.p)
tr(pup2) = / PEW, (AWo(8)  tr(p?) = / P2BW(8)

If position #; and momentum [, are used as the variables in the Wigner function, it is conventional to
use a rescaled Wigner function defined by

\

dal dOéz (

1 ) )
W/(51752) — §W(ﬂ) :/ (2702 tr pez(azx—alp))61(52041—51&2) ) (199)



(xlpl2’) =/7W<%((x+x’)/2+i52)) pifa(@—c')
/dﬁzW’((a:+x)/2 By) eiPa(@=a)

W/, 52) = 5W () = / (61 +£/20011 — /2) 0
(plolp’) = / %ﬁl W(\}_ (ﬁl +i(p +p’)/2)) e~ (p=p)
— [ A5 W (51, 1)) )
W/(B1.B2) = 5W(3) = [ 5 (6o /2182 — n/2)e

| = tr(p) = /dQBW(B) - /d& dBs W' (B, B)

tr(p1p2) =27 1dBa W, (B, B2)W,, (81, Ba tr(p®) = 2m 1dB2 W*(b1, B2
(p1p2) By dBs W (B1, B2)W, (1, Ba) (r%) dpy dBs W' (B, Ba)
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Q@ function

CED(B) = Wi (8) = Q(8) = (

N |~
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s d2a s
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:/_26( DIaP/2 D (e, B — )

™

_ 2 asaP/a-s
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s=-L Q)= e = 2 (g P

(v|DY(a, —B)PD(a,—B)|7)
(v = BIP|y - B)
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o216

p=n0l: W)=
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The remainder of this section deals with number-state projectors, i.e., p = |n)(n|.

) (@) = !X n| D(a, a) n) = eV L, (o)

woE) = [ L2 60(0)D(.p)
:/d;_Qae(s—l)|a|2/2Ln(|a|2)D(a,ﬂ)
1 [eS) 1 0 . .
B=p7) = }/0 da e_(l_s)x/QLn(-ﬂ?)% /_ﬂ dpeTHmEn?
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(6 general) = / da e =72 L (2).00 (218] V)
™ Jo
WOE) = L [ dre 0921, ()0 (21817)
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1< n! o ) LA PR
:%Zk!(n—k)!( k!) /o do e (170022 gy (218 /)
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2 n n! 1 2 \F oo 2
= — dte kg, 2 = ¢
T 2 W A (s—l) / ¢ O(W 1—3)
k=0 Jo

-~

— e/, (2 g2
1—s

!

_ 2 gy b (2 N (2 g
(1l —s) Elln—Ek)! \s—1 1—s
k=0

2 (sH1\" asp/a-s 4 g
— L.
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Equation (211) uses
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0
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= n! " B . "
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s=0: W(B)= 2 (nlPD(a, ~2B)n) = 2 (~1)"e 2 L, (415%)
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(el L (alal?) = [ 2 P 1, o197 D5,
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14.5
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.
= (-1)*kK! —e "L,
(1) i (x) .
1 o0
— n+k _—x
= ; drx" e (216)
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The sums in Egs. (217) and (218) are related by
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15. Thermal states
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P(8) = W (8) = P/
O A 1 — 181/ (7+1/2)
W(B) - Wpo (6) - W(ﬁ+ 1/2)6 g e
= Da L 1 —ata/(Arl), gy — L 18P/t
QB) = WS B) = {BlplB) =~y (Bl /P ] ) = e /0
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16. Single-mode squeeze operator and single-mode squeezed states

16.1

For additional information, see C. M. Caves and B. L. Schumaker, Physical Review A 31, 3068—
3092 (1985) [CS]; B. L. Schumaker and C. M. Caves, Physical Review A 31, 3093-3111 (1985) [SC];

and B. L. Schumaker, Physics Reports 135(6), 317-408 (1986) [S].
S(r,¢) = exp(%r(a%*%q5 - (aT)262i¢)> = exp <Z%T[(l’p + px) cos 2¢ — (2% — p?) sin 2¢D
S(r,¢+m) =5(r, )

S7Hr,¢) = St (r,¢) = S(—r,¢) = S(r, ¢+ 7/2)
¢S (r, g)e= ' = S(r, ¢ + 0)

_ o * _ T *e29 _ _ _Te29 At *
(7,’¢):8FA69B€FA:€FA€F6 Ae gB:egBe Te AGFA

* _ 29 At * _ T * 2g _ T
6F Ae Te®9 A egB:eF AegBe TA :egBeFe A€ rA

1 .
a® B=ad'a+ 5 I =e?Ptanhr g = In(coshr)

N —

(See Appendix B of [SC].)

ST(r, $)aS(r, ¢) = acoshr — afe*? sinhr
St(r,¢)atS(r,¢) = a’ coshr — ae~ %% sinh r
ST(r,$)D(a,a)S(r,¢) = D(acoshr — a'e*?sinhr, o) = D(a, ovcoshr + a*e?*® sinh r)

St(r, ¢)(x cos ¢ + psin ¢)S(r, ¢) = (x cos ¢ + psin e "

ST(r,¢)(—zsin ¢ + pcos §)S(r, ) = (—xsin ¢ + pcos ¢)e”
ST(r,0)xS(r,0) = ze™" ST(r,0)pS(r,0) = pe

SH(r',¢")S(r, ¢) = e 9P (R, @) = S(R, & — ©)e P

B=a'a+ L

2

. - /
¢'© cosh R = cosh r cosh 7’ — €2(®=%") sinh r sinh /
i . Y
e'22=9) ginh R = €2 sinh r coshr’ — €2¢ cosh r sinh ’

(See Appendix B of [SC].)
S(r',¢)S(r,¢) = S(r+1",¢)

@) (r¢) = D(a, @)S(r, $)|0)
= D(a,a)|0)(,¢)
= S(r, ¢)D(a, cccoshr + a*e**? sinh r)|0)
= S(r, $)|a coshr + a*e?? sinh r)

_i0aT i
e ifa a‘a>(r7¢) — ’ae 19>(’r,¢—0)
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(249)
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(acoshr + ae*? sinhr)|a) (. 4) = S(r, ¢)ala coshr + a*e*? sinhr)
= (acoshr 4+ a*e*? sinh r)|a) . )
ST(r,$)D'(a,a)aD(a,a)S(r,¢) = acoshr — a'e?*® sinhr + a
St(r,¢)D(a,v)D(a,a)D(a,v)S(r,$) = D(acoshr — a'e?® sinhr + v, a)
= D(v,a)D(a, a coshr + a*e?? sinh )

(o) (alala) g = a

(r,9) <04|a2|04>(r,¢) = a® — e*® coshrsinhr = a® — 562“15 sinh 2r
1
oy (alalala) ) = |af? + sinh® r = |af? + 5 (cosh 2r — 1)

(r) (] @) (rgy = 11
(r,¢>)<04|]3|04>(r,¢) = Qo

1 1
(r,) (@] (Ax)Q ) (r) = 5 (cosh 2r — sinh 2r cos 2¢) = 3 (eiQT cos’¢p + 2" Sin2¢)
1 1
(r,¢) <Oz|(Ap)2|a>(T’¢) = §(cosh 2r + sinh 27 cos 2¢)) = §(6—27" sin? + €2 cos?e)

1
() <04|%(A9UAP + ApAz)|a) (r,g) = 3 sinh 27 sin 2¢

1 1 :
)iy = SR ON0) = e exp( — 501262 tanar ) 0
1 2. (—3€*? tanhr)" (a")27(0)
= a
Veoshr = n! ——
=/ (2n)!]2n)
R 2i "o (2n — D!
= — *? tanh 2
mn_o( e“'? tan r) py |2n)
[(2n)! = 2"n! (2n — Y]
1 & [tanh®r\" (2n — 1)! 1
0 (010) 01 = (*5) - ~1
) "9 ™ coshr nz_;) 2 n! coshrv/1 — tanh?r

o0

(Use )y BB () )

n=0

1 G (tanh®r\" (20— D)
) (Ola’al0) ¢ g) = Z( 2 ) ST
0

coshr = n!
B sinh?r i (tanhQT)n (2n + 1!
"~ cosh®r — 2 n!
sinh?r 1

cosh®r (1 — tanh®r)3/2

= sinh?r

16.2
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L0 n= oD M—z\"
(Use (1+z) = ZO 3 :
1 & [tanh®r\" (2n — !
() {Olaa(a’a = 2)[0)(rg) = —— HZ:: ( 2 ) dn(n =)=
_sinh’r i (tanhzr)n (2n + 3)!!
~ cosh’r = 2 n!
_ sinh?r 3
~ cosh®r (1 — tanh?r)5/2
= 3sinh’r
_ 1K 2n+3) =z \"
5/2 _ — \elbmJ)- f —4
(Use (1+2) —3;::0 o ( 5 ) )

(r,) (0](aTa,)2|O>(T’¢) = 3sinh*r + 2sinh?r

(r.0)(0[(Ad'a)?(0) . 4) = 2 sinh®r + 2sinh®r = 2sinh®r cosh?r

(2n)z = 0|2n)

> (—%ezi‘ﬁ tanhr)”
n!

1
(2= 010)(rg) = ——= D
coshr =

1v

1 > (1 2id )”(2n—1)!!

— Ly (L, ) Gro DR
|
7r1/4\/cosh7“n:0 2 n!

1 1
71/4 (coshr — e2i¢ sinh r)1/2

[Use Hap(0) = (—1)*(20)!/n! = (—2)*(2n — 1)1 : A&S 22.3.10.]

0 = (z|(acoshr + a'e*? sinh 1)[0) ;. )

1 : ; d
= 7 <(coshr + €% sinh r)x + (cosh r — €% sinh r)%) (0) (r,¢)
(z|0) 1 1 o 1coshr + €??sinhr
= - X
(r®) ™ 2174 (coshr — €2 sinhr)1/2 P

"~ 2coshr — e2i sinh r

1 1 1 1+ isinh2rsin2¢ 9
= . exp| —= x
71/4 (coshr — e2i¢ sinh r)1/2 P\ 72 cosh 2 — sinh 2r cos 20

(@] (r.9) = (2| D(a; @)|0) 1)
— e—ia1a2/2€iazx<x o a1|0>(r7¢)
1 etonaz/2glanw 1 1+ isinh2rsin2¢ )
— expl| —= : (ZU - al)
nl/4 (coshr — e2i¢ sinh r)1/2 2 cosh 2r — sinh 2r cos 2¢
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(269)

(270)
(271)

(272)

(273)

(274)



= (-3 2“75‘5 h
0o = 7o 2 L g
= 7182 g yon
_ 2 (—3(Bre “25) tanhr)"
181%/2 2
\/coshr Z
1

= e~ 1B1P/2 exp(—§(6*6i¢)2 tanhr)

coshr
(Blav) (r,6) = (BID(a, @)|0) (s
— D(8,0/2)(8 — al0) (rs)
1

- —|B—al?/2 L g2
_CoshrD(B,a/2)e exp( 2[(5 a®)e'?] tanhr)

[{Bla) (re) | = (B — @0} )|
S exp {— <|ﬂ —al? + %([(5 —a)e P +[(B* — a*)ei‘ﬁ]z) tanh r)]

coshr

_ ! 1 )
~ coshr exp{ 2 <(51 a1)“(1 4 tanh r cos 2¢)

+ (B2 — a2)2(1 — tanh r cos 2¢)
+2(81 — a1)(B2 — az) tanh 7 sin 2¢)]

Pacr.d = 1) (r,6) (r,) (]
(I)E;i)m¢(a) = (r,¢) <’7|D(S)(a a)h>(r ®)
= ¢*1°1/2(0|8T (r, ) Dt (a, 7) D(a, @) D(a,~)S(r, $)|0)

= D(~, oz)es|°“ /2(0|D(a, o cosh r + a*e?*® sinh )| 0)

= D(%Of)esmw2 exp( —|avcoshr + a*e?™ s1nh7“|2)

_ D(%a)exp[ (yay( s + cosh 2r) + %[(ae—i¢)2+(a*eid’)Q]sinh%)}

»-lklb—‘ l\JI

= D(y,a) exp[ ( 2(—s + cosh 21 + sinh 27 cos 2¢)
+ a(—s + cosh 2r — sinh 2r cos 2¢)
+ 2y avg sinh 27 sin 2¢)]
1 2 —2r (1,2 2r 2
= D(v,a)exp ~1 aj(—s+ e “"sin“¢ + e cos“¢)

+ a%(—s + e 2" cos?p + " sin2¢)

+ 2y avg sinh 27 sin 2¢)]
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(275)

(276)

(277)

(278)

(279)



16.5

_! / Mez’(fml—ﬁm)e—[a%(—s+e2r>+a§(—s+e*2”>]/4

™ 2w
_2 1 B3 B33
- v \/ —8 _|_ e~ 27" —s + e2r) eXp( -5 _|_ 6—27‘ —s _|_ 627- (280)
2 1 o 2BIP(cosh 2r — ) + [ + (87)*] sinh 2r
_“ <ol —
T /1 — 2s cosh 2r + s2 P 1 —2scosh2r + s2 ’
S g 6_2|T|
d2
W/S(i)r,¢(/8) = @l()i)r ¢( ) (Oé B)
/— 9 (0e'®) D(a, =)
‘Ppso)T o (@)
- Wpo r,0 (ﬁe—wﬁ)
_ 2 1
T /1 — 25 cosh 2r + §2
" 2|5|?(cosh 2r — s) + [(Be™?)2 + (3*€'?)?] sinh 2r (281)
X p—
P 1 —2scosh2r + s2
2 1

;\/1 — 2scosh 2r + s2
—B%(—s + cosh 2r + sinh 27 cos 2¢)
_5%(—8 + cosh 2r — sinh 27 cos 2¢)

—231 85 sinh 2r sin 2¢

—2|r
X exp , s<e Ir|

1 — 2scosh 2r + s2



16.6

() P o (oD
pr;rmb(ﬁ) - 2 q)P'v;mzﬁ(a) (Q’B)

T2
= [ —3 20, (@)D(@.f )
= Wi (6-7)
2 !
T \/1 — 25 cosh 2r + s2
A2 _ o —i$]2 * %\ L0012 o
Xexp(_zw 1?(cosh 2r — ) + ([(8 = )e 1 + [(8" = 7")e ])smmr) 252)

1 — 2scosh2r + s2

2 1
T /1 — 25 cosh 2r + s2
—(B1 — 71)%(—s + cosh 2r + sinh 27 cos 2¢)
—(B2 — ¥2)%(—s + cosh 2r — sinh 27 cos 2¢)

< exp —2(B81 — 71)(B2 — ¥2) sinh 27 sin 2¢ s < el

1 — 2scosh 2r + s2

W(ﬁ) — z 6_2|B_’7|2COSh27'—([(,3—7)67”}24-[(,3*—’y*)eid’}z)sinh 2r
T
s =0: —(B1—71)2%(cosh 2r+sinh 2r cos 2¢)
W'(B1,82) = — exp| —(B2—v2)*(cosh 2r—sinh 2r cos 2¢)
m —2(B1—~1)(B2—"2) sinh 27 sin 2¢

1 1 —1 * *\ 1
P = Pryirg Q(B) = moshre—lﬂ—vﬁ—g [(B=7)e™ 12 +[(8" —~v")e'*]?) tanh r (283)
1 —1(B1—71)?(1+tanh r cos 2¢)
s=—1 = 1 coshr €xXp *%(52*72)2(17tanhrcos2¢)

—(B1—71)(B2—"2) tanh rsin 2¢

1 2
=~ (B

2

p=poro : W(B) = — (o) (0|PD(a, —2p3)[0) (r,¢)
2
= — (r,0) <0|D(a7 _26)|0>(r,¢>)
72T (284)
0
= ;‘I’go?r,o(_%)

— 26—2IB|2 cosh 2r—[B%+(8*)?] sinh 2r
o



17. Auxiliary formulae

d* f(z)g(x) i K dmf(x) ()

dxk m!l(k —m)! dz™  dxk—m
m=0
O f(x,y)g Z Z N 9m f(x,y) 95 (2, y)
Oxk 8y = m!( k m)! nl(l —n)! Ox™oyn  Oxk—m Iyl—n
A — 1 9 f(ay) k
flay) = = (zy)
kz:% kZ:O kN2 Oxk oy —y=0
5’($y)k _ 12 k—1 _ d(l’@/)k
0xdy W zy) =k d(xy)
0 f (zy)
= k1f®)
ok =m®0)
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(285)

(286)

(287)

(288)

(289)



