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This document is essentially a list of equations. It contains the following sections, each of
which begins a new page. Pages are numbered individually by section. Equations are numbered
sequentially through the whole document. The document is updated periodically as corrections
are made and new results are included.
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1. Basics

o= =@ +ip) r=—=(a+al) wall -1
aT:%(x—ip) pZ—%(a—aT) @l =i
(BoP(Ap)) = ()] = &
ata = %(m2+p2—1) a? = %(mz—szri(:varm))
aal = %(m2+p2+1) (a")? = %( 2—p2—i(fvp+pw))
[a, (a")"] = n(a")"? [a,a"] = —na"?

[, p"] = inp"~ [p,2") = —ina™"!

(Use [A, B"] = nB""[A, B] if B commutes with [A, B].)

la,a’a] = [a,a']a = a
ei@aTaae—iGaTa — ae—i@ eAaTaale—AaTa — ae—)\
6i9aTaaT€—i9aTa — gtei? eAaTaaTe—AaTa — atel
1 1
(USG GABG_A =B+ [A, B] + 5[147 [A, BH + 5[147 [Av [Aa BH] + - )
eifatage—ifala _ o oogp 4 psin @
ibata, —ifa'a

e pe = —xsinf + pcosh

1.1



2. Position and momentum bases

2 |x) = d(x — )

/dx]m)(x] =1

@'lp) =d(p—p")

/dp\p><p! =1

(wle™P ) =

. ISH
Q.Q‘Q

(plely) = i3 (ol 1)

) (position basis)

=l

1 .
(z+ip) &
2 + p) (momentum basis)

) (position basis)

ST i
%I&

hS

— p) (momentum basis)
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3. Displacement operator

Tk . _ . . . . . .
D(CL, Oé) = e’ —a’a _ e%(azx a1p) _ e za1a2/2€za2xe ionp _ ezalaz/Qe ianp iaae

ag = —(a+a”)
. 1 . 2
a=ap+ia; = — (a1 +iag) ;
2 OAQZ—E(Q—Q*)
o_1(9 9 o _rt(o 9
da 2 \Oa;  Oas day /2 \Oa  Oda*
o 1 o0 0\ 9 _i(o B
da* /2 \ Oy Oasy das /2 \Oa  Oa*

D7 Y(a,a) = D'(a,a) = D(a,—a) = D(—a, )

D(a,a)]a:} _ ez’a1a2/26ia2x|x + 041> <JJ|D<CL, Oé) — e—ioc1a2/2eioz2:c<x _ Oé1|
D(a,a)|p) = e~ t@192/2e=10P | 4 05) (p|D(a,q) = e'@192/2e=100P (1) _ o,
(x| D(a,a)|z’) = e7i0102/2g1022 5 (5 _ o/ )

(pID(a, a)|p) = e'®122/2e ™G (p —p — )
D(a, ) = P =B _ J2i(Brar—Prar) — gi(Bza1—Pfraz)
D(a,a) =1 D(a,ra) =1, r real
D*(a, 8) = D(a*, %) = D(a, =B) = D(—«a, 8) = D(B, )
D(a,a) = e~lal’/2gaal ;—a%a _ claf®/2,—a"agaal

(Use BCH: eA+8 = ¢~ 4Bl/2c468 if A and B commute with [A, B].)
D'(a,0)aD(a,a) = a+ a

D'(a,a)D(a, 8)D(a, o) = D(a + a, ) = D(«, ) D(a, )

D(a,@)D(a, B) = ' =" A/2D(a,a + B)
= D(B8,a/2)D(a,a+ 5)
= D(B,a)D(a, B)D(a, )

D(a,a)D(a,B) = D(a,B)D(a,a) <= D(B,a)=1

area subtended by \ 1 X B _
( « and 3 )_Z(aﬁ —o"B) = arfr — arfy =k

( area subtended by
(

ai,ap) and (51752)) = agf — Py = 27k

D(B,a/2) — D*(3,/2) = 2isin (2 M) = —2isin (2 M)

[D(a, ), D(a, 8)] = [D(8,/2) — D*(8,/2)|D(a, & + B) = —2isin (@ M) D(a,a + B)
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D(a,a)D'(a, ) = e_(aﬁ*_a*ﬁ)/zD(a,Oé - B)
= D(B,—a/2)D(a,a — )
= D(ﬁv —O{)DT(CL, ﬁ)D(av 04)

Df(a,8)D(a,a) = e ="O/2D(a,a — B) = D(B,0/2)D(a,a — B)

e D(a,a)e” ' ? = D(ae™", o) = D(a, ae')
T _af _ll? T T _xaf ta —a*a —)\af
6)\@ aD(CL,Oé)@ )\aa:e || /2€>\a apaal , Aa ae)\a ap—a’a, Aa'a

—\a|2/2eaaTe>‘e—a*aef>‘

—\oz|2/2€ozeAaT

=€

kLA * .
—e e~e a62a a sinh A

2 22 * .
— 6_‘04 (1—e )/QD(CI,, O[€>\)€2a asinh \
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4. Number states

n) (a')"10)

a'ln) =vn +1jn+1) aln) = v/nln — 1)

ataln) = n|n)

2~

(n|m) = 6nm
(n|a®|n) =0

njajn) =0
(nlafm) (n|aTaln) =n

(n|z[n) =0 (n|z2|n) = (n|p?|n) = n + 1

2
{(n|p|n) =0 il (@p + pe)ln) = 0
—ata|y S (—a*)* kio\ - (—a*)¥ n!
k=0 Pt
aa " Oék n!
(e =3~ T\ o K
k=0
aal ,—aa " Ozl(_Oé*)k m!n!
m>mn (mle*® e In) :Z k! (m—l)'(n—k)l<m lln—k)
=0 k=0
N~ am(fal)t Vil
_kZ:()(m_n+k)‘k' (n—k)! (Here we use m > n.)

[L%a)(:z:) is the generalized Laguerre polynomial of A&S 22.3.9.]

I'nl
i" 67|a‘2/2amfnL§men)(|a|2) , m>n
(m|D(a,a)ln) = ¢ ' =

m! —Oé2 K\ —M n—m
P lal?/2(_gryn—m )(|a|2), m<n

(m|D(a,a*)n) = (1) "(n|D(a, a)|m)
(n|D(a,a)ln) = e 172 L, (jaf?)
e—z’@aTa‘n> — e—me‘m

—x2%/2

x|0) = ——e

(phase chosen by convention)

> 1 * dx —ipz —x2/2 1 —p?/2
0l0) = [ detpla)(el0) = = [ et o e
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4.2

1 (x _ i)n o—c?/2 (49)

wl/44/2nn) dx
n_x2/2 d" —z2
= (—1) e / dx_"e
—z2/2 n
= —e (—1)n€x2d_e_x2
wl/4y/2nn) dz™
= H, ()

[Use Rodrigues’s formula for the Hermite polynomial H, (z): A&S 22.11.7.]

1 —$2/2 ]_
——¢ H,(z) = H, (z){z|0 50
s (@) = == Ha (@) a]0) (50)

(iln) =



5.1

5. Normal ordering

Normal ordering, denoted by paired colons, applies to functions of creation and annihilation operators,
i.e., expressions written in terms of @ and af. It means to move all annihilation operators to the right and all
creation operators to the left without regard to commutators. It is meaningless to refer to the normal-ordered
form of an operator A, i.e., to write :A:, because the result of normal ordering depends on how A is written
in terms of creation and annihilation operators. For example, if A = aa’ = afa + 1, the result of normal
ordering the first form is a’a, but the result of normal ordering the second form is afa + 1.

(ala)'s = (@)'et

Z [n)(nl(a")*a”|m)(m|

n,m=0

o0

= In)(nl(a")*a"[n)(n]
k

g

-3 i (51)

_Z (n—1)---(n—k+1)n)(n|

—Za ala—1)---(a'a—k +1)|n)(n|

= aTa(aTa —1)-(ala—k+1) = (aTa)® = (-1)*(—ala)p

The final form in Eq. (51) is called a falling factorial. Its expectation value is a factorial moment. The
notation comes from the Pochhammer symbol: (x)r = x(x +1)---(x + k — 1) = (z + k)!/a!, which is the
rising factorial. The falling factorial, (—1)*(—z), = 2(x — 1)--- (z — k + 1), which is what we have here, is
also, confusingly, sometimes denoted by the Pochhammer symbol.

> f(k)
:f(ata): = Z / k!(()) :(aTa)”:

= [00) &
D I AL (52

i
:kzzo( k') nzzzk (n_k)'|n>(n|
= N n)n Y —n' — k
—;I ) Ik:Ok!(n_k)!( A) (53)
= |n){n|(1—A)"
n=0
— (1— )"

_ 1
— eln(l ANa'a
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6.1

6. Antinormal ordering

Antinormal ordering, denoted here, for lack of thinking of anything better, by paired bullets, applies
to functions of creation and annihilation operators, i.e., expressions written in terms of @ and af. It means
to move all annihilation operators to the left and all creation operators to the right without regard to
commutators.

Z ) (nla* (a")*|m)(m|

n,m=0

= In)(nla*(a")*[n)(n|

B ) LAy (55)
—~

=) (n+1)(n+2)- (n+k)n)n]

= ZaaT(aaT +1)---(aa’ + k —1)|n)(n|

=aa'(aa’ +1)---(aa" + k — 1) = (aal)y

The final form in Eq. (55) is called a rising factorial. The notation comes from the Pochhammer symbol:
(X)g=x(x+1)---(x+k—1)=(z+ k)!/z!, which is the rising factorial.

(k)
of(aTa)o = Z 12(0) ° (aTa)ko

k!
k=0
= FF0) = (n+k)!

> n+k
=3 e |Z(k,n,) (0)

o (NP &
= . > (4 1)(n+2)-- (n+ k)n)(n]

=3 ] Y DD D) s

=3 )l — [+ D][-(n+1) —;]---[—(m D—k+1]

= (142"
e~ In(14-A)aat



= D(a, ) <Z (_k);) (aT)kak> D'(a, )

k=0
= D(a,«) e era g D' (a,a)
= (1+ )\)—(G—Oé)(aT—a*)
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7. Coherent states

la) = D(a,a)|0) = e—'a'”?; 77

(nla) = o—laf?/2 &
n!

ala) =ale)  (ala’ = (a|a*
e—i@aTa|a> — e—i@cﬁal)(a7 Ck)|0> — D(a’ae—ie)e—iGaTa|O> — |Oé€_i0>

(ala®|a) = o

B (alatala) = |of?
ielalo) = (al(ata)?]a) = af* + |of?
(ol(Ad’a)?|a) = |af?

(afzla) =1 (al(A2)*|a) = (al(Ap)*|a) = 5
(alpla) = a2 (al(AzAp + ApAz)|a) = 0

e—ialozg/Q
ml/4

s /2

—(m—a1)2/2eia2x

(z]a) = (z|D(a,a)|0) = e~t*192/2¢i022 (1 _ 0 |0) = e

(pla) = {p|D(a, a)|0) = ¢12/%e7 P {p — 5|0 = gm0 e

14
(zle) = (=2|=a)  (pla) = (=p|-a)
(01D (a, a)|0) = (0]a) = e~1oI*/2
(Bla) = (0|D(a, B)D(a, 0)[0) = D(B,a/2)e~ 1712 = =l /2= 17 /208"
|(Bla)[? = e~ loA"

D(a,)|B) = D(a,@)D(a, 3)|0) = D(B,/2)|6 + a)
(BID(a, @) = (0|DY(a, B)D(a,a) = {5 — | D(B, a/2)

(B1D(a, )| 8) = eI/ (gle em¢|3) = 712D (B, )

—laf? aa’ —a*a
(VID(a,a)|B) = eI 2 (7]e** em* 7| B)
—|a? avy*—a*
= I g =B )5
— e lal?/2,=1817/2 =N /2 gav™ —a” B+~

(y|D(a, a)|B) = D(v, /2)D (ﬂ,a/Q) D(v, B/2)e”lotBF=7/2

’)’L
o—Hal oa) = o—lal?/2 Z (cve” €—|a|2(1—e*2*)/2|a6—>\>

e_)‘aTa‘Oz> _ e_)\aTaD(a’ Oé)‘0> _ e—|a| (1—e’2>‘)/2D(a’ oze_A)\0> — e—|a|2(1—672>\)/2‘a6—)\>

<a‘6710a‘ta’a> _ ef|a|2(lfe’i9)

—Xa'a —(1—e Ma'fa —(1—e M) |a)?
(ale™*" % q) = (a|:e™ Jatas ) = e~ el
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iy = —(on +iag) = [ale®®
a=« iy = ay + tag) = |ale
R I \/5 1 2

doq d
d’a = dagpday = il B>

= [oldla] o = sdlaf? o
62(a) = §(agr)d(ar) = 20(a1)d(az)

<n’ (/d2a|a)<a|>‘m> = /d2oz (n|a){a|m)
= \/ﬁ/cﬂae'a'za”(a*)m
= Nﬁ/d!aﬁ d¢e“°‘|2|a|”+mei(n_m)¢

(e e)
T _
= —nm due "u"
n' 0

= T0nm

1= / T2 1) o = / L2 D (a,0)|0){01D (a, )

tr(A)z/dW (o] Aler) = /d7T (0|DT(a, @) AD(a, a)|0)

a 2
T=101=Y Il o lmim = [ T2 T2 oyl 0 9306

n,m

1=2% = Y il il = [ 22T jaysl 0 5
7]4) = 1tr(A)

T(4) =4
lu(4), 14 -

I(4)
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8. Parity

PlgP=—x
— PlaP=—q
PipP = —p

aP|0) = —Pal0) =0 = P|0) =¢?|0) = |0) (choose phase § = 0)

Pln) = <= Pa')"10) = 2@l Pi0) = (1))

= (-7 =P

PD(a,a)P = D(a,—a) = D'(a, a)
Pla) = PD(a,a)|0) = D(a, ) P|0) = D(a, —a)|0) = [-a)

P:/%}MMM /ﬁwaww

Pl = [ £2 Plaaler = [ 2 -a)i-al-2) = [ L2 jajlal-2) = |-2)
P = [ 22 Prajtatn) = [ 22 1-a)i-al-n = [ 22 jajtal-p) =1-n

P:/mm@m:/mwwm

P=/dpP|p><p| Z/dpl—p><p|
w(PD(@.) = [ 22 51PDla.a)lp

2
- [< B 51D(a, 0)|8)

—la dﬁ —afBf—a
=e ||/2/7€ B* ﬁ<_m6>
2
_ e—|a|2/2/Me—m?e—ﬂa*—ﬂ*a

™

1
_ L a2
26
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9. Fourier transform pairs

s m 2
f)= [Liowsa  fo= [ i@l
fo)="0) =GB =P
o _ [ ~
88? N 7Td204 f(a)D(Oé,B) agzjfﬂ _ —/dzTa |a|2f(a)D(a 5)
o= [ Staf@Dla

/d2_6 D(B,a) = / d2_5 OB —a"B _ / dp1 dbs eilazfr—aifz) _ 2w ()0 (ay) = w02 ()
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10.1

10. Gaussian integrals

/ du e b = \/Eeb2/4“ (102)
o a

d? day d .
?a 6_|°‘|2D(a,5) = / % e~ (@i+03)/2 i(Bron—Praz) _ —(Bi+63)/2 _ ,~IBI? (103)
d*a/

™

d20é 2/ 2

e D) = |

e

e 1P Do/, 0B) = e~ 187 (104)

2
o jaf? oy —atp _ / darday _(a21a2)/2 01 (v ~8)/VE gias (v" +8)/VE

T 2w
_ (=B A= (y"+B)? /4 (105)

_ *
— e B

d2Oé 2742 *_x dQO/ A2 Ik Ik _ 2. %
_zela\/oeav "B _ el P’y —a" o _ ,—0" By (106)
o ™



11. Orthogonality and completeness of displacement operators

™

(D)) = [ 2 51p(a.0))8) =72 [ L2 D(g0) = n%(a)
tr(DT(a, B)D(a,)) = D(B,a/2)tr(D(a,a — B)) = 76*(a — B)

[ 2 wDia,a)l) 01D @ a)l) = () ol [ el et e

T
= (ulB) (ylv)e~ ==
— o lnl?/2,—1817/2 ,Bu
x e~ P21 /2wy o= (B=1) (1" =)

1312 a2 * 112 2 *
_ o BI2/2 /287" g Iv[2/2 gl /2 o

= (318) k)
r( (ah)*a! dz—aaa e = dz—@a*kal e
(@l [ 2 apalpta,s)) = [ 2 @) a'Dla,s)
ot d*a
- oy | P
—_—
= 7%(8) = tr(D(a, 5))
B 8k+l _p*a_pat
ooy

_ tr(<a'f)kale—ﬁ*ae,3a1‘)
/dQTa ) (| D(a, B) = e F P’ = ¢=1BF/2 D (q, B)
/dz_ﬁ e 18°/2D(a, B)D(B, @) = |a)(q

d?a

| S5 D@ a)lieiD!@a) = [ Dla,a)Dla, HI0) 01D (0,1) D' (a,)

20[
= D(a.5) ([ 2 Dla-+ B.)) 01D @ +7.0)) Da,n)

= pla.) ( [ la)(alDlas - 1) D'a,)
= e~ "=FF2D(a, B)D(a,y — B)D'(a,7)
= D(v,8/2)e” "= "/12D(a, 8)D'(a, 8)D(a,7) D' (a,)
= (7|8)1
I= / d2_a D(a,a) ® D' (a, ) = / dQ_oz D' (a,a) ® D(a, )

™ s

[Follows from Eq. (109) or Eq. (112)]

tr(A)l =1(A4) = / d2_a D(a,a)AD'(a, )

™

d?a

= / T2 D(a,a)D'(a,0) = / T2 D(a,a)l) (41D (0, 0)
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(110)

(111)

(112)

(113)
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A%«

™

(¥|D¥(a, ) AD(a, 0) )
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12.1

12. Operator ordering

D@ (a,a) = es|°‘|2/2D(a, a) (117)
D@ (a,a) = D (—a,a) = D (a, —0a) (118)
tr(D(S)(a, @) = 762 (a) (119)
tr(D(_S)T(a, B)D)(a, @) =76 (a — B) (120)

2
I= / o D (a,0) ® D) (a, ) (121)

T

s = +1 (normal ordering): D™V (a,a) = el gmela = :D(a, a):
s = 0 (symmetric ordering): D (a,a) = D(a,a) = goe’ —a’a (122)
s = —1 (antinormal ordering): DY (a,a) = e agoal

D) (a, a)
Pk — )
(@)@l = Haraany

a=0

123)
. Oék —a* l (
DO(a,0) = 2 L ganhal
o A
(¥ a'Tian) = (a)d o
[(a")*a'](—1) = al(al)F
2k [, (s—1)aa™/2 n(+1)
[(ah)*at]y = 22 D (@ )]
ook O(—ar*) e =0
k k! 2 §2me—(1—s)aa™/2 82(k_m)D(+1)(a, a)
N 'rnz_:() (m'(kz - m)') da™ d(—a*)m — dak=—m o(—a*)k=m | _ .,
- dme(lfs)m/2 — <a‘r)k—mak—m
’ dxm™ 0
K m (125)
_ Z L ( k! )2 (1 — S) (aT)k_mak_m
= m! (k—m)! 2
k 2 m
1 k! 1—3s
_ . T, (k—m)
=3 atan) (7)o
m=0
k m m
_(1=s kk!Z k! (ata)(m™) 2
2 A= ml(k—m)!  ml 1—s
~ d? d?
DOa,8) = [ DO a)D(,p) = [ 2 D0~ 5.0) =% - )
T T (126)

In general lingo, the operators D(s)(a, «) are frame operators, and the Fourier transform is their expression
in terms of harmonic tensors, which in this case are displacement operators.

D¥i(a,8) = D¥(a, B) (127)



12.2
tr(D™)(a,a)) = 1 (128)

/d% D@ (a, ) = D®(a,0) =1 (129)

(130)
d2
~ [ £ D7)
=m0*(B—7)
> d
I:/TQD( M (a,a) ® D) (a, ) —/TaD(_S)(a»OZ)QD(S)T(av@
2 2
:/dT“m I (a a>@/¥b<s>< .8)D(8,a)
(131)
d? d? !
= [ 2 (] S o aaniam) © Das)
2
:/%D(S)(a B) ® D (a, B)
ak‘+lD(s) (CL, CV)
eI
[(a") a](s) = dak O(—ar)! o
P8~ DB, a)
_/TD (a’ﬁ)\m a=0
e (132)
2 ~
_ / T8 b0, ) (8
;
— ([(aT)lak](s)>
B 2
D™ (a, B) :/dTaD(S)(a,a)D(a,ﬁ)
:/d%ae(s_sl)az/zD(Sl)(a,a)D(aﬂ)
_ [ L -9t r2pa, p) / Y B a,) D3,
T T
o e T (133)
= / a0 DG )(a,'y) —_— 6_(8 —s)lel /QD(OéaB - '7)
T ™ ,
_ 2 2P
s’ — s
B s’ 2_ S / 61277E(Sl)(aa’y)e_ZM_IBIQ/(SI_S) ) S S S/
(D) N o Ay (s) el — (gFYk gl
(D" (a, B)[(a")"d'](s)) —/7 tr(D"(a, ) D (a,7)) (v)"' = (8")"B (134)

-~

= 70%(8 =)



12.3
(D0, )0 0,00) = [ LT (D0, 9DV @) D) = D) (135)
= m6*(6 — )

D(S( 75) /d2 D(S (a_ﬂa )

= D0.) ( [ 2 D90.0)) Difa ) (136)

= D(a, 8)D"*)(a,0)D(a, 8)
D®(a,B+~) = D(a, B +7)D*(a,0)D'(a, B+ )

= D(a, 8)D(a,7)D'(a,0)D'(a,7)D'(a, B) (137)

= D(a, )D'(a,~)D'(a, B)

2
D (a, B) = —2 /d_7[)(5/)<a’7)6—2|~r—6|2/(8’—8)

s’ —s T
S — 8 7T
2 [d%y , ,
= 2 [ DD, D e D
S — 8 T

(@lD9(a,0)13) = [ 2 (@D a)]8)

2
= <a|6>/die(15)|7|2/267a*fy*ﬁ
T

) (139)
= <a‘5>_6—25a*/(1—8) s <1,
1—s
2 t s—1
= —(afe et =
~ 1 t 2 s+1\"* 1—s 1
D (q.0) = —¢ra'a — 7 = = = —coth(u/2 140
(4,0) = e () S = s=—coth(u2)  (140)
As s goes from —oo to —1_, pu ranges over positive inverse temperatures, going from p = 04 at s = —o0 to
p=ocats=—1_. At s=—1, p = v %+ im acquires an imaginary part +im; as s ranges from —1, to 1_, v
ranges over the whole real line, going from v = cc at s=—-1, tov=0at s=0andtov=—-occat s =1_.

At s = 41, u becomes real again; as s ranges from 1, to oo, p ranges over negative inverse temperatures,
going from p = —oo at s =14 to u=0_ at s = oc.



(D©

D®(a,7)D (a, ) = D©(a,7)DV(a, )

204/ 2
~ [ 522 D' —y)D(a.6) Dl(a.@)Dla,)

= D(d/,a/2)D(a,a — )

— [“2D@w [ X DD~ nf2 D+ n/2.5)

2 2y
:/dT’uD(a,u)D(u, (6+'y)/2)/d7D(V7u/2+6—7)

— 40 (i1~ 2(7 - B)

— 4D(a,2(y — B))D(y — B, + )
— 4D(a.2(y - B))D(7,28)
— 4D'(a, ~29)D(a, ~25)

- d2

D(a,0).D(a.8)) = [ “XD(,0)D(a,7), Dla, B)

™

— / djT_V(D(%a — B/2) = D(v, o+ B/2)) D(a, vy + )

= D(a.p) [ ZD@,)(Dlra 5/2) ~ Dloa + 5/2)
D(a, 8)(D©(a,a — #/2) — DO (a,a + 5/2))

2

ISH
2

(a, ), D (a, B)] D(v, 8)[D(a, ), D(a, )]

D(y,8)D(a,7) (D (a, a0 = /2) = DO (a,a +~/2))

QL
)

1 DO (a,a+~/2)(D(v,a — B) = D(y, 8 — )

/ﬁ[;(

% (D(3.2(a = #) D(,26) = D(7.2(8 - ) D(a, ~28) )
- 4[D(a, 2(a — B))D(a, 28) — D(a,2(8 — a)) D(a, —25)]

[D(a,a), D (a, B)] = 4D(a,2(a — B)) D(v,28) — 4D (a,2(8 — a)) D(B, 2cx)

_ 4[D(a, 2(a — B))D(a, 28) — D(a,2(8 — a)) D(a, —25)]

( (a|D©(a,0)|8) = (@|B)2e 2" =2(a|-B) = D(a,0)=2P
DO (qa, B) = 2D(a, B)PD(a, ) = 2PD'(a,283) = 2PD(a, —28)
(a|D™(a,)|8) = 2(~a|D(a, ~27)|8) = 2D(%B—a) (8, a/2)e 2 (@tA)/2F

D5 =2 [ L2 DG, e (-alDM @) =2 [ L2154 0)(6 - alD(a, )

(x[D)(a, B)|a') = (x|2PD(a, —2B)|a’) = 2(—x| D(a, —28)|«")
= BB AT (5 (x4 a')/2)
= P25 (8) — (2 4 2/) /2)

I
— — —
3]

)(a,7)

I
IS
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(141)

(142)

(143)

(144)

(145)

(146)



#1D ) (a, B)lp') = (pI2PD(a, ~28)|p) = 2~p|D(a, ~28)|p')
= 22205 (By — (p+p')/2)
— 58y — (p+1)/2)
( <a|]~)(_1)(a,0)|ﬁ> — <a|ﬁ>6_’8 —lal*/2-1817/2 = = (]0){0]3)
— D(fl)(a,O) = |0)(0]
s==1:§ DCY(a,B) = D(a, B)|0)(0|D'(a, B) = |8)(B|

d2a d*p

G :/d_O‘D(s) (a, )@D(S)(a,a) :/d_O‘D(s)(a o) @D(S)T(a,a)

T T

— d?a eslal? D'(a,a) ® D(a,a) = d?a eslol” D(a,a) ® D'(a, )
2 2

= [L2perae [© 5 B (a, 3)D(8, )

/“?(/7;mwaw< m)@D“<m

/fﬁﬂw 86 D4, B)

™

G®) is the quartic twirl of the frame operators D®)(a, 3).

196l = [ SR e D) ertee = [ER 15 3D(5.0

12.5

(147)

(148)

(149)
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(151)

(152)

(153)

(154)

(155)



13. Operators and associated functions

2
A=1[4) = / @ D) (a,a) tr(AD™(a,a)) = / — = D9 (q, a)Fés)(a)
m

s s)* slal? 0
Fi(0) = Fi"(—a) = 1?20 (a)

= 7762VB — )
-/ L0 p 9 @) ()
™
an- | T2 TP Do, ) D' (o, HFL (@) P ()
= / d;a % D(8,—a/2)D'(a, 8 — a)F" (a)FS (8)
d? d? .
= [ LD ) [ D) E - 2w+ /2
= FIESL)B (1)
A=14) = / dQTﬁ D" (a, ) tr(AD(a, B)) = / d%ﬁ D) (a, S (8)
= F{(8)
E () = Fi ()
2 ~
u(a) = [ C2E )
2 2 5 _ 2 ~ 3
w(a'B) = [ T2 (D90, D a ) FCV DY () = [ L ECT S (9

ap= | T8 LY 50 ()70 () DO (a, DO (a, )

= 4Df (a, 2(fyt 8))D(B,27)

d*u d*v ~ (0)x -
~ [“LDhaw [ S D = O FE o+ /)
= F,E;qr)B (N)

d*p

o= [T wnes @=L @DEe.

13.1

(156)

(157)
(158)

(159)

(160)

(161)

(162)

(163)

(164)

(165)

(166)

(167)



;

\

(s 2 dzfy (s’ - —B1%/(s"—s
7O 8) = ’—s/_F( ) (y)e~ 2B /(5 =)

™

= B [TV @ e sy
T
Fﬁﬁ)B(u)—/—D(u w/2)F" (v = 1/2)FS (v + 1/2)

- / dT D, )" (v = w/4)ES (v + 1/ 4)

F) ) = =1 [ 2 1D015/2) = D/ 2IE /2 = ) (/2 + 1)

a2 -
= T” sin(i %) FO®u/2 = )FQ ()2 + v)

FOpe) = [ LEFO, (0D (0)
- /< s Y D= ) FP 0= /) 0+ )

2 2
—4/d—7d—D ,28) FO (0 + 1) FY (o + 6)

O, (@) = =i [ S0 (D05 25) (3,29 (04 1) PP 0 +9)
=38 % d75 sin[2i(y6" — 4*0)|Fy (0) (o + ')/)F(O)(a +9)
= 5 dQT“ % sm< L ;M*V) ~1£xo)(04+/1/2)ﬁ’](30)(a +v/2)
F{(8) = tr(AD®(a, B))
_ 8/2_3/‘1; tx(AD(a,7) D™ (a, B) D' (a, 7)) e~ 2P/ =)
= tr<(8/ 2_ . / dQTfy D' (a,~ AD(a,’V)e—2IWI2/(S’—s)>D(S’)(a,ﬁ)>
_
=F$B), s<s
A= Zféf)[(a*)’“a’](_s) = Ff me NG
d*p = (+1 ’B = (+1
A= DUV (@, FSV(8) = | —=18)(BIF5(8)
s = +1: / ! / m !

Fi(5) = / T2 B (0)D(e ) = / T2 (4! ) Do)
d
A / WﬁD(O( BYFY (8 _2P/—Da—2ﬁ ) (8)

0 = [ D@D, = [T a(AD(,0) Do)

F(B) = tr(AD(a, §)) = 2tr(APD(a, —28)) = 2/ d%“w — a]A|B + a)D(a, B)

13.2

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)



13.3
FO(B) = 2tr(D(a, —28)) = 2m62(~28) = g52<5)

(177)
idle') = [ P8 FO (o614 i6e) ) (wl2PD(e, 261
/ dﬁ;;l@ <7(5 n 162)) eiﬁz(xfm/)(s(ﬁl (x4 a')/2)
= / dQ—% Py (% ((:z: +a')/2 + iﬁz)) ¢ifz2(z=2)
FO8) =2 / dx (x| APD(a, —28)|z) s
= /da:d:(:' (x| Alz")(«'|2PD(a, —28)|x)
= /d:p dz’ (x]A|:c'>e_wQ(x_w/)5(ﬁl —(z+4a')/2)
_ /dX de (X 1 €/2|A|X — £/2)e65(8, — X)
— [ d g+ ep2ialp - gz
i) = [ B0 (61 +i52) ) (l2PDla 200
/ d%jﬂ2 <\/—(51 + %32)) efml(pfpl)é(@ - (p+9)/2)
= [ LR (G5 (5 + it +2) ) e
FY(8) =2 [ b (plAPD(a. ~2)lp) -
— [ dvdf (41} /2P Dla, ~20)lp)
= /dpdp’ (pl Al )" P=P)5 (B, — (p + ) /2)
_ /dP dip (P + /2 A|P — 1/2)e®115(3, — P)
— [ an(Ba+ /214182 — n2)e
s=—1: { A:/CFTﬁD(H)(a’B)F/g_U(ﬁ) (180)
FiV(8) = tr(AD" (a, B)) = (8 A]8)

ESV(B) = (BIP|B) = (B]-8) = 21" (181)



13.4

Fiille) = el 2R (a)
_ellal2_ 9 pern

I(—a*) A
9 s
= _6(8—1)\042/2%6—(8—1)\042/2}715\ )(a)

0 1—s s
:(_80*_ 2 OC)Fxgl)(a)
S S al? —
Fii(e) = et )
= e(sDlol?/2 9 pen) )

O
_ e(s+1)|a|2/28%6—(s+1)a|2/2F/(18)<a)

0o 1+4+s , s
:(a_a_TO‘)F/S)(O‘)
(182)

s s—1)|al? 1
F,Em)f(o‘) — (s=Dlal /2F§\Jg¢)(0€)
s—1)]a)? 0 +1
= ete-iait2 L (e )
s—1)|al? 0 —(s—1)|al|? s
= ctemlo /2 2 o nlol 2 p) )

o 1-—s , s
= (£+Ta )Ff,>(a)

S s al? —1
FS) () = etetDIel? 2 p(1 ()

a

2 0 _
_ (stD)al?/2 Jace)
€ 8(—&*) A (a)
S 042 6 —(s 042 S
— _estDlel /28a*€ (s+1)|cf /ZFIE;)(Oé)

0 1+s s
= (_0a* +— a) F$(a)



~ 2@
F0) = [ S2FR@D(.s)

/ % (e 1) ] e

o p(a )( 0 _ 1_Sa) D, )

2 0p*
FL 0 /W (@)D, )
S [t
y e At
/er(S) <5* 1+s 3) D(a. f)

o = [ L1019/

G| 4) z/dTaD(S”(a a)tr (D) (a, ) A) :/d_aD(S)T(a @) F$) (o)

™

= [ L2 D0, 0yx(Da,514) = [ 22 DO L 5)

s ™

G (D) (a,a)) = D) (a, ) (_1‘3'&'2/5) - _lD(a,a)elo‘F(l/S“l/Q) = —lD(S/”/S)(a,OZ),
S S S
G4 = -1 [ £ D10, ) @)
S s
d23 o
_ _ = D(2/s s") F(S )
[ (0, AYFS(9)

/% 2 Do, D0, 0010, ) F 9)

B / dQTﬁ D(a, B)(s+1)" “Df (a, B)F}y " (8)

G (D)(a, B)) = —

S

D(s/+2/s) ((L, B)
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(185)

s <0 (186)

(187)

(188)



13.6

aTa
o (81 ala 1 1= s+2/s+1 (189)
g s =1 sl —8—2/s\s+2/5—1




14.1

14. Characteristic functions and quasiprobability distributions

s-ordered
characteristic | = @gs)(oz) = Fés)(a) = tr(pD) (a, @) = @;s)*(—a) = es|a|2/2(1>20)(a) (190)
function

2
p= [ 2D 0 )8 (a) (191)

™

. Oék —a* l
2 (0) = 3 S0 i (il ) (192)
o 1!
aqu)(S)(a)
tk _ p
tr(pl(a)*a ) o) | (193)
) (0) = tr(p) =1 (194)
r(p1p2) /—@( @(s)( ) (195)
/—<I>< ()2 (av) (196)
|26 ()] < eslal®/2 (197)
s _ (s=s))al?/25(s
) () = b=l 29l) () (198)
s-ordered
1 - 1 ~
quasiprobability | = WISS) B) = — és)(ﬁ) = —tr(pD(S)(CL?B)) = Wp(s)*(ﬁ) (199)
distribution T T

p= [ @50 e oW (3 (200)

tr(plla)al)y) = [ @Be(DaB)(ah) i )WE8) = [ B3 SWSE)  (200)

wlpa) = [ LR GED ) = [ @3 EO@WE (202)

1=t(e) = [ @BWP (3 (203)

tr(pps) =7 [ EBWSI(OWS (3 (204)

tr(p?) = 7 / WS (BWE () (205)

9= [T aP@ps o= [EswEEDE.w (206)
W) (8) = Slz_s/di W) (y)e2h=B1/( ~9)



14.2
)(8) = )
W2 (B) =W, '(B) , for s < &', where

2 d2 2 ’
I D]L D =2|y[7/(s"—s3)
p s — s / = (a,v)pD(a,v)e

(208)

G0 = [ D20 0 200w+ 012 00
209

- / @20 D(v, )W) (v — /)W) (v + p/4)

2
B0} 1) = [ X D050 0 = /283 0+ 0/2)
(210)

—x [ d2vD(V,u)W|(J><L|( — WOW gy 1/)

P function

F£+1)(5) — W/§+1)(5) = P(8) = ( Glauber >

3| -

s=+1: 8 p= [ @5DV@HPE) = [ E5PO5)(S (211)

+

P = [ @b s = [ (') Dia )

\

Fxgo)(ﬁ) = Wp(o)(ﬁ) =W (B) = ( Wigr_ler )

function

3=

_ / 25D (. W (5) = 2P [ 5 D0, ~20)W(B)
/ ):/%tr(pl)(a a))D(a, B)
W(8) = ;tr(pD@( ) = Ztx(pDla )PD! (4 §) = ~ix(pPD(a ~29)
<2/m
_ % /d2a (8 — alplB + a)D(a, B)
tr(prpo) = W/dZBWpl(ﬁ)sz(ﬁ) tr(p?) = W/dzﬁwz(ﬂ)

(212)

\

If position #; and momentum (5 are used as the variables in the Wigner function, it is conventional to use
a rescaled Wigner function defined by

1 day da , o i(Bocrs — B vs
W' (B, B2) = iw(ﬁ) :/ (;ﬂ); tr(pe’(o‘”j “’))e (Bzen—Praz) (213)

lola’y = [ L2 ( (o) i85) ) o)
:/d52W((x+x)/2 Ba)e if2(z—a') (214)

W(81, 52) = 3W(B) = [ 55 {51+ €/20plfn — /20



df

<p“ﬂp®::l/“—i—]ﬁf(:;5<ﬁl%—Kp‘%p3/2>)cf”ﬁﬂp—pq

= /dﬁ1 W’ (81, (p+ p/)/z)e*iﬂl(p*p/)
1

W51, 52) = gW(B) = [ 52 {52+ /23 — nf2)e

1=tr(p) = /d26 W(B) = /dﬂl dB2 W' (B, B2)

tr(p1p2) = 27T/d51 B2 W, (B, B2)W,, (81, B2)  tr(p?) = 277/6151 dBa W' (B, B2)

Husimi
Q@ function

LEIE) = W0 =6 = (
p= [ @800

2=

QB) = —tr(pDV(a, 9)) = = (BloB) <

\

) (@) = (41DW (@, a)|7) = e“=DIF2D(y, a)

d’a (s
MMN%:/;yﬂ&AMDmﬁ)

dza s—1)]a|?
:i/?fé DIaP /2D (g, § — )

2 2B/
(1 —s)

s=+1: P(B)=6*(B—-7)

p =7

2

1
s=0. W) =— e W (B, ) = - e~ (B1=m)*~(B2—2)*

1

s=-1 Q@A) = e P = Zi(ap)P

P

(v|D'(a, —B)PD(a,—B)|7y)
(v = BIPly = B)
(v =818 —")

—2|B—7/?

s W(B) =

YooY

= —€
m

The remainder of this section deals with number-state projectors, i.e., p = |n)(n|.

q)(S)(a) — e5|°‘|2/2<n|D(a, a)|n) = e(s—l)|a|2/2Ln(|a|2)

14.3

(215)

(216)

(217)

(218)

(219)

(220)

(221)

(222)

(223)



W(S)(ﬁ /_cp(S) o, )
d?
_/ WQOC e=VIP2L (102) D(a, B)
B=p5") = %/000 dl'e_(l_S)x/QLn(x)%/ﬂ— d¢6_2iﬁﬁsin¢
= 1 /OO dx e_(l_s)”c/ZLn(gc)l /7T d¢ cos(2B+/x sin ¢)
™ Jo mJo _
= 71Jo(26V/x)
(B general) = %/0 d:ve_(l_s)x/QLn(J?)JO(2|5|\/§)
W (B) = 1 /oo dx e 179721, (2).0y(2|8]Vx)
m 0

e e —(1-s)z
Zk'n— ) kl) / da e (1720022 Jy (218 /)

0

2 nl 1 2 \" e 2
:W(l—s)kzzok!(n—k)!ﬂ(s—l) /0 dtet J"(M' l—st>
2 2
el

_ kge—zw/(l—s)Lk(

2 appiame g~ M 2 \" 2
e s L
7T(1—S)e Z/’4:!(71—]4:)! s—1 Pli-
k=0

__ 2 s+HIN" _oppra-sy (4
m(l—s) \s—1 "\ 1 - s2

Equation (225) uses
kle " Ly(z) = / dte "t Jo(2vtz)  (A&S 22.10.14)
0

and

> k!(nni k)!ukLk(x) =(1+ u)nLn(l ’: Mx) (A&S 22.12.7)

s =00 W) = 2{nlPD(a,~26)ln) = 2(~1)"e 27 L, (4]3P)

W'(B1,B2) = g 6_(’8%+B§)Ln(2(ﬁ% +53))
2 d2 2
(-1"e L, @laf) = [ 2 e L (2157) Ds.a)

9 2n
s=—1: Q(ﬁ):%“m >,2:lef\5| ﬂ

5 2n d
18 %:/ WO‘ e 1L, (|af*) D(a, B)
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14.5

82!4}@(3) dF b
Ol el = o, = U e )|
_ / @28 |8 W () = / e WO (2) (228)
0

WE(B) = WO (81) = W (a)

(—1)*RILE) (0 <n“ 11y|n) = (n|(@hFa¥|n) = (=1)*(—n)), = {g!’/(n —k)!, l; i Z

(229)

k:

(nll(a®)*a*)(1)|n) = (n]a®(@)"|n)
k

d —X
= (—1)*&! pmels Ly (x)

. o ) =0
—— d n—+ —x
alJy ©0° (230)

= (n Z!kﬂ =(n+ 1)

ox (0K (=)
—° Z nl k! k:!

k=0

L sDe/2 ()

x=0

k  min(n,k) m
2 m!(k—m)!ml(n—m)! \1—s

- = o (-n kit ) (231)

"1—s
k
2
> k!2F1( —k 1, —— )
1—s
1—s\" s+1\" 9
= ! — ..
( 5 ) (3—1) k.zFl( n,k+1,1,1+8> (A&S 15.3.4)

nakk _nooa:xkemenx
(e ety ) = 2(-1)" [ d L, (42)

(=1~ /OO k-
= “L,(2
S duu®e n(2u)

_ (—21)" 3 (m;'k)!m'(nni m)l(_z)m (232)
o ! !

Il
N
—
o |
®

J/

=kloFi(—n,k+1;1;2)

= 2—,;(—1)"2171(—%, k+1;1;2)



The sums in Egs. (231) and (232) are related by

n

(m+k)! n! A n! "
Z m! m!(n—m)!x  dab W; m!(n—m)!x

m=0

min(n,k)

B Z k! dF=mak dm(1 4 x)”
N m!(k —m)! dak—m dx™

m=0
min(n,k)
k! n!
mz_:o m!(k—171)!771!(71—m)!aC (1+2)
1 [ up (k+m)! n! m
H/o duu®e™"Ly(cu) = Z ol ol n—m)!(_c) =oFi(—n,k+1;1;¢)
min(n,k) m
k! n! c
—(1— )
-0 n;) m!(k —m)! m!(n —m)! (c—l)
1—s\* /s+1\"° 9
-5 S
[(aT)kak](s) = ( 5 ) (s — 1) k!gFl (—a a, k + 1; 1, F)
k k—m 2
= g () () @l
m:()( _m)' m:
"1 (1—s>m< k! )2( oy
= — a
= ! 2 (k —m)!
d (07 2 1—s " 2 4
e~ (Folel*/2r (142D — —2|82/(1+s) (_1\" [,

2 2
[ a2, (o) = s-1)* [ L2 jaftemteer o, (o)
™

N

— / dxxke—(1+s)a:/2Ln(x)
0

2 \Ftt e 2
=5kl(—1)k(1+3> /Oduuke_“Ln(1+Su)

= kLo Fy (—n,k + 1 1;2/(1 + 5))

k+1
—) oF1 (—n k+1;1;2/(1 + 5))

14.6

(233)

(234)

(235)

(236)
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14.7

2 2
/d_ae—(1+s>|a| /2Ln(|a|2)D(a,6)
T
Pa el (14s)al?/2 2
:Z - (—a)"(a”)'e Ly (laf?)
k.l
_ IBI <1+ > 2F1(_n,k:+1;1;2/(1+s))
k=0 5

) ~ (238)
_ s—1 2 ( 1) d —(1 s):r:/2L ( )
s+1 1—s =0
_ 1y L « —(173):10/2[/
(=1) 1+s(1+8> sz!(l ) dak* "
2 (L=s\" —2p/(es)_qyn 1152
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15. Thermal states
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:_—uaa:_ —Hm g g T
p= e Z;::Oe n)(n|,  p=pBhw=hw/k
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r(e ) nz_:oe [
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din
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d(—p)
e“:1+ﬁ: A
n 7 -1
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.
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<[(aT)kal](s)> = 5B » = k! <ﬁ + 1—;8)k Skl

(:(a’a)*:) = ((ala)®) = ((a')*a*) = k! 0"
d*a
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15.3

d%a

B9V e )g) = [ L2 (3Dl a,a)e  Diaa)l) e =

3

2 2
:/ dTaes'a' (8 +ale " "*|8 + a)

J
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— o~ IB+al?/(140)

2 2 . .
_ P/ [ Fo o] (1 aB*+a'8
‘ / m eXp( 1oL s(l4n) fexp o
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1+7 s 1 ]
B 1 <1
1—5(1+n)eXp(1—|—n1—8(1+n) , s(l+m) <
1+77l e ’/8‘2 S e*l/ 1_8ﬁ 771,—1/8
= — X _ e _ _
I—s(l+n) P 1—s(1+n) —s(i+n) n+li—1/s
= (Ble™""*|)
1+ﬁ —VG,TG,
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16. Single-mode squeeze operator and single-mode squeezed states

16.1

For additional information, see C. M. Caves and B. L. Schumaker, Physical Review A 31, 3068-3092
(1985) [CS]; B. L. Schumaker and C. M. Caves, Physical Review A 31, 3093-3111 (1985) [SC]; and B. L.

Schumaker, Physics Reports 135(6), 317-408 (1986) [S].
S(r,¢) = exp(%r(aze_zw - (aT)262i¢)> = exp <z%r[(1’p + pr) cos 2¢ — (22 — p?) sin 2¢]>

S(r,¢+) = S(r,¢)
§7(r,¢) = §'(r,¢) = S(~r,0) = 5(r.¢ +7/2)
e S(r, g)e "' = S(r, ¢+ 6)

_TAT _— * _TAT 1*e29 _ _ _Te29 AT 1*
(T,,d)):eFAegBeFA:eFAeFe AegB gBeFe AeFA

=€

* _ 29 At * _ T * 29 _ T
el" Ae T'e9A GgBIGF AegBe rA :egBeFe A@ rA

1 .
a? B=ala+ 3 I = e*? tanhr g = In(coshr)

N | —

(See Appendix B of [SC].)

ST(% ¢)aS(r, ) = acoshr — a'e?® sinh r
St(r,¢)a'S(r,¢) = a' coshr — ae™ %% sinhr

St(r,¢)D(a,a)S(r,¢) = D(acoshr — a'e*?sinhr, ) = D(a, occoshr + a*e?*® sinh r)
St (r,¢)(x cos ¢+ psin@)S(r,¢) = (xcosd + psing)e "
ST(r,¢)(—zsin ¢ + pcos @)S(r, p) = (—xsind + pcos ¢)e”
ST(r,0)xS(r,0) = ze™" St(r,0)pS(r,0) = pe
ST, ¢')S(r,¢) = e "OPS(R, ®) = S(R,® — ©)e™O”
1
B=a Z
a'a+ 7
¢© cosh R = cosh r cosh 7’ — €21 (=" ginh 7 sinh 7/
¢!2®=9) ginh R = €2 sinh r cosh 1’ — 2’ cosh r sinh 7/

(See Appendix B of [SC].)
S(r',¢)S(r,¢) = S(r+1",¢)

@) (r6) = D(a, @)S(r, 9)[0)
= D(a, @)|0)(r¢)
S(r, #)D(a, o coshr 4 a*e**® sinh ) |0)
= S(r, $)|a coshr + a*e?® sinh r)

e 0) () = lae ™) rg-0)
(acoshr + a'e*® sinhr)|a) (. 4) = S(r, ¢)ala coshr + a*e*? sinh r)

*e2z¢

= (acoshr + « sinh ) \04>(7“,¢)

ST(r,$)D'(a,a)aD(a,a)S(r,¢) = acoshr — a'e?*® sinhr + a

(269)

(270)
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(272)

(273)

(274)

(275)
(276)

(277)

(278)

(279)

(280)

(281)
(282)

(283)



ST(T’ ¢)DT(‘L77)D(G» a)D(a,v)S(r,¢) = D(acoshr — a'e®®sinhr + 7, o @)
= D(vy,a)D(a,acoshr + a*e 2i¢ sinhr)

(o) (alala) g = a

2 12i

2i¢ coshrsinhr = o — 56 ¢ sinh 2r

oy {ala®|a) g = a® —e
1
(r,¢) <a|aTa|a>(T,¢) - |Oé|2 + sinh2 r = |04|2 + E(COSh o0 — 1)

(r) (] Z]a) (r,0) = 11
T¢>)< |p‘ >(r¢> = Q2

1 1
(r,¢>)<04|(Aa;) ) (r,0) = i(cosh 2r — sinh 2r cos 2¢) = §(6—27" cos?é + €2 sin%g)
1 1
(r,¢)<Oé|(Ap)2|a>(r7¢) = §(cosh 2r + sinh 27 cos 2¢)) = 5(6—27" sin?¢ + €2 cos?e)

1
(ro) (|3 (AzAp + ApAz)|a) (s, g) = —7 sinh 2r sin 26

1 1 .
)iy = SO0} = e exp( — 5 a2 tanar ) 0
1 2. (—3€*? tanhr)" ( *)2"!0>
a
\/coshr s n!
=+/(2n)! \Qn
J2id (2n — 1!
\/cosh'r Z ( \/_ tanh 7’) n! 2
[(2n)! = 2"n! (2n — ]
1 [tanh®r\" (2n — 1)! 1
r,$)(010) (r,9) = ( ) = =1
(r.¢) ("9) ™ Coshr nz_‘; 2 n! coshry/1 — tanh?r

(Use (eay 2=y il <_7x)n )

n=0

1 G (tanh®r\" (20— D)
(rey{0la’al0) (1) = § ( 5 ) 2n
=0

coshr n!

B sinh?r (tanh r) (2n + )N

cos.h3 n!
- sinh2r 1
 cosh®r (1 — tanh?r)3/2
= sinh?r

[t ey e 3 B0 ()" )

n=0
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(o) (0lata(a’a — 2)[0) . 4) =

n=

1 X [tanh?r\" (2n — 1!
dn(n —1)———
coshr Z;) ( 2 ) n(n—1) n!

cosh’r

B sinh?r i tanh?r\" (2n + 3)!!
B ~= 2 n!

sinh*r 3

= 3sinh*r

oo

cosh®r (1 — tanh?r)5/2

50 1 2n+ 3! -2 \"
(Use (1+2x) /:ng(7> >

n=0

(r,$) <0’(aTa)2’0>(r,¢) = 3sinh*r + 2sinh?r

() (0[(AaTa)?|0) (. 4y = 2 sinh?r 4 2sinh®r = 2sinh®r cosh?r

o0

1
(2= 00)rg) = ——== >
coshr ~—

= ; i (le%‘z’ tanhr)n (
wl/4y/cosh r ord 2 n!

1

(—3€*? tanhr)"
n!

(2n)z = 0]2n>}

1
= a7z fan(0)

2n — 1!

1

71/4 (coshr

— €29 sinh r)1/2

[Use Hap(0) = (—1)"(20)!/n! = (—2)"(2n — 1) : A&S 22.3.10.]

0 = (z|(acoshr + a'e*? sinh r)[0) ;. 4

1 - - d
= — ((cosh r + €% sinh )z + (coshr — % sinh r)d—> (2[0) ()
x

V2
1 1

<JJ|O> (r,¢) —

1 1

. ex
71/4 (coshr — €24 sinh r)1/2 P

1 coshr + e*?sinhr
2 coshr — €2 sinh r

<$|a>(r,¢) = <£L'|D(a, a)|0>(r,¢)
_ €_ia1a2/26ia2x<$ - a1‘0>(r

1 6—ia1a2/2€7ja2$

1 1+ ¢sinh2rsin2¢ 2)

7l/4 (coshr — €2 sinh r)1/2 P (_5 cosh 27 — sinh 2r cos 2@533

@)

1 + ¢ sinh 2r sin 2¢

71/4 (coshr — €219 sinh r)?

o0

1 2
/2 exp(—§ cosh 2r — sinh 2r cos 2¢(x — o) )

1
(Bl0) (r.g) = — >
n=0

coshr

_1,.2i¢ n
o T nigsien)
! ~—_———
— ef|ﬂ|2/2(ﬁ*)2n

> (—%(ﬁ*ei¢)2 tanh r)n

1 2
_ = —IBI?/2
Y, © nZ:‘B n!

1

1 .
= e 1BI7/2 exp(—i(ﬂ*e“f))2 tanhr)

coshr
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16.4
(Bla) gy = (BID(a, @)|0)r,g)
= D(B,a/2){8 — @|0),4)

- 1 —|B—al?/2 (_1 ok id]2 )
_CoshTD(ﬂ,a/Z)e exp 2[(5 a*)e'?]” tanh r

[(Bla) r.y > = |< — a0) (0 |

— e |- (1= a5 (16 - e 4 (87 - @) ) tanr )|

cosh r

(297)

= [ 51 — a1)?(1 + tanh 7 cos 2¢)

coshr (298)

+ (B2 — a2)*(1 — tanh r cos 2¢)
+2(81 — a1)(B2 — ag) tanh rsin 2¢>]

Pajr,p = ’a>(r,¢) (r,9) <a’ (299)
(b(pi)qu (Oé) = (r,¢) </Y‘D(S) ((l, a)|’y>(r,¢)
= ¢*1°1"/2(0ST(r, $) DT (a,~7) D(a, @) D(a,7)S(r, ) |0)
= D(y, a)es|a|2/2(0|D(a, acoshr + a*e?™® sinh 7)|0)

1 .
= D(v, Oé)e“"o‘|2/2 exp (—§|Oé coshr + a*e?? sinh r|2)
1 1 ) )
= D(v,a) exp{—g (|a|2(—s + cosh 2r) + 5[(@6_Z¢)2 + (a*e'?)?] sinh 27‘)}
1
= D(v, ) exp{—z (a%(—s + cosh 2r + sinh 27 cos 2¢)

(300)
+ a2(—s + cosh 2rr — sinh 2r cos 2¢)

+ 2ai1 g sinh 2r sin 2¢) }
= D(v, ) exp{_i (O‘%(—S + e 2" sin’¢ + e*" cos?¢)
+a3(—s+ e cos’p + e sin’o)
+ 2ai1 g sinh 2r sin 2¢) }
we (&= — ) (@)D(.f)
_ / don oy igra1—praz) y—la? (—s+e?)+ad(—s+e )] /4

2w
2 1 ( i 53 )
exp| — —
T/(—s+ e 2")(—s+ e?r) —s+e 7 —s+e?
2 1 2|5)%(cosh 2r — s) + [8% + (B*)?] sinh 2r
= — exX - Y
T /1 — 2s cosh 2r + s2 P 1 —2scosh2r + s2

(301)

s < e 2I7]



16.5

W) (8) = dzo‘ ol ()D(ev, B)

PO;r, b

- /9 —<1>£‘zr¢<ae ) Dl e

= ‘I’pi)m(a)
- ng(f ) (66_Z¢)
_ 2 1
;\/1 — 2scosh 2r + s2
X exp <_2’5|2<008h 2r — 5) + [(Be="*)% + (8*¢*%)?] sinh 27“) (302)
1 — 2scosh2r + s2
2 1

B ;\/1 — 2scosh 2r 4 s2
—B%(—s + cosh 2r + sinh 2r cos 2¢)
—3%(—s + cosh 27 — sinh 27 cos 2¢)

X exp —231 B2 sinh 2r sin 2¢ <2l

1 — 2scosh 2r + s2

7T2
d*a (s)
= [ —= Ppore (@D, f =)

2 1
B ;\/1 — 25 cosh 2r + s2
o 2I AP leoh 2 =) (5= P [ ) P sar)
P 1 — 2scosh2r + s2
2 1

B %\/1 — 2scosh 2r 4 s2
—(B1 — 71)%(—s + cosh 2r + sinh 27 cos 2¢)
—(B2 — 72)%(—s + cosh 21 — sinh 27 cos 2¢)
X exp —2(51 — 71)(B2 — 7y2) sinh 27 sin 2¢ s < e

1 — 2scosh 2r + s?




16.6

( W(B) = 2 e 218—71% cosh 2r—([(B—7)e™"?1*+[(8" =~")e'?]?) sinh 2r
T
s =0: —(B1—71)%(cosh 2r+sinh 2r cos 2¢)
W/(BlaBQ) = — exp —(B2—~2)2%(cosh 2r—sinh 27 cos 2¢)
T

—2(B1—71)(B2—>2) sinh 27 sin 2¢

1 2_ 1 —i¢12 * *\ 112
= : = —18=" =5 ([(B=7)e” “?I"+[(B" —7*)e"?]") tanh r
P Prr* Q) T coshr (304)
1 *%(,31771)2(1+tanhr0032¢)
s=—1: = 7T cosh exp —1(B2—72)*(1—tanh r cos 2¢)

—(B1—71)(B2—"~2) tanh r sin 2¢

_ 1 2
= ~ (B

2
p=rporo : W(B) = —(r0) (0|PD(a, —28)[0)(r,¢)
2
= — (0)(0|D(a, —=25)|0) (- 4)
T (305)
_ 0
- ;(Dg)o?ryg(_2/6)
_ 26—2|B|2 cosh 2r—[B%+(B8*)?] sinh 2r
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17. Auxiliary formulae

dF f(x)g(z F
F)ola) _ 3~

dxk ml(k —m)! dz™  dak—m
m=0
O f(x,y)g Z Z N 9m f(x,y) 9 g (2, y)
Oxk 8y = m!( k m)! nl(l —n)! Oxm™oyr  dxk—m Iyl—n
f(k — 1 9 f(ay) k
flay) = Z => . (zy)
k=0 k::O (t)? 9z* Oy =y=0
5’(ffy)k _ 12 k—1 _ d(l’@/)k
0xdy R zg) =k d(xy)
0 f (zy)
Z S\ — k1£(F)
oyt |, f(0)

K d"f(@) dmgl)
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