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A linear operator A on a real vector space is antisymmetric if (¢|A|) = —(|A|¢p) for
all |¢) and |¢). In the complexification, —iA is Hermitian and thus has an orthonormal
set of eigenvectors |e;) with real eigenvalues:

—iAlej) = Ajlej) ,  Aj=Aj. (1)

This implies that
Alej) =ijle;) . (2)

Complex conjugating this equation gives
Alej) = —iAjles) , (3)

The upshot is that the eigenvectors of A come in complex conjugate pairs, with pure
imaginary, complex conjugate eigenvalues. Only for zero eigenvalues can the eigenvector
be real and thus not have a complex conjugate partner.

We can summarize these results in the following way. Denote the eigenvectors by
lej i), where p = £1 for eigenvector pairs and p = 0 for the single eigenvectors that have
zero eigenvalue. Then we can write

Alej ) = piXjlej ), lej—w) =540 (ejulers) = kb - (4)
Associated with the (complex) eigenvectors are pairs of orthonormal real vectors |a ),

o = %1, defined by

1
|aj 1) = —=(lej 1) +lej-1))
V2 lej 1) = %(’%ﬁﬁ +ilaj,_1)) . (5)

1

laj—1) = _ﬁ(|ej’“> —lej—1))

Extending this definition to the single eigenvectors by defining |a; o) = |ej o), we can
summarize as follows:

Alajo) = —oXjlaj—o) s, (@jolarr) = jkor - (6)

The antisymmetric operator A has the following forms:

A=Y pinles el = D id(lesaa) el — lej—1){es 1)

Ve {jln#0} (7)
=Y —oXlajo)ajel = D Aj(laga){aj 1] = lej—1){(aj11l) -
J,0 {jlo#0}

1



Notice that the real, symmetric operator A2 becomes

Zﬂz)\Z 2‘72)‘2‘%0 ol ; (8)
Jstt

i.e., the quantities \; are the square roots of the eigenvalues of the positive operator — A2
We can write the forms in Eq. (7) as expressions for the matrix elements of A in the

two bases:
Ajper = (€5, ulAlerw) = Ajdjripdyn

9
AJU,kT = <aj,a|A|ak,T> = /\j(;jk:mscr,fr = )\j5jk:€a7- . ( )

For the eigenvector pairs, 410, is the two-dimensional diagonal matrix,

. 1 0

and €, = 004, is the two-dimensional antisymmetric matrix,

el = (5 (1)

The connection between the matrix elements in the two bases can be summarized as

€or = Z<aa|€u>iﬂ5uu<€u|a7> - Zufwzﬂéuvuif - izﬂuaﬂuiu ’ (12)

TR 8% %
where

u=oaledll = = (1 1) (13)

is the unitary matrix that connects the two bases. In matrix language, the connection is

(_01 é):u(é _OZ>uT (14)

After multiplying by —i, the reader will recognize this matrix equation as
09 = uaguT . (15)

Another way of stating our result is that a real, antisymmetric matrix can be brought
to the lower form in Eq. (9) by an orthogonal transformation. Moreover, if two real,
antisymmetric matrices commute, then they can be brought to this form by the same
orthogonal transformation.



