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Notice that 〈
el

∣∣A†(|ej〉〈ek| )
∣∣em

〉
=

(|el〉〈ej |
∣∣A†

∣∣|em〉〈ek|
)

=
(|em〉〈ek|

∣∣A
∣∣|el〉〈ej |

)∗

=
〈
em

∣∣A(|ek〉〈ej | )
∣∣el

〉∗

=
〈
el

∣∣[A(|ek〉〈ej | )]†
∣∣em

〉
,

which implies that
A†(|ej〉〈ek| ) = [A(|ek〉〈ej | )]† .

Thus we have that

A = A† ⇐⇒ A(|ej〉〈ek| ) = [A(|ek〉〈ej | )]† .

Theorem. A(H) = A(H)† for all H = H† ⇐⇒ A = A†

⇐= : Write H in terms of its eigendecomposition:

H =
∑

j

λj |ej〉〈ej | .

Then
A(H) =

∑

j

λjA
(|ej〉〈ej |

)
=

∑

j

λj [A
(|ej〉〈ej |

)
]† = A(H)† .

Equivalently, since A = A†, one can write A in terms of its eigendecomposition:

A =
∑
α

λα|τα)(τα| =
∑
α

λατα ¯ τ †α .

Then
A(H) =

∑
α

λαταHτ †α = A(H)† .
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=⇒ :

A(|ej〉〈ek| ) = A
(

1
2
(|ej〉〈ek|+ |ek〉〈ej |

)
+ i

−i

2
(|ej〉〈ek| − |ek〉〈ej |

))

= A
(

1
2
(|ej〉〈ek|+ |ek〉〈ej |

))
+ iA

(−i

2
(|ej〉〈ek| − |ek〉〈ej |

))

=
[
A

(
1
2
(|ej〉〈ek|+ |ek〉〈ej |

))]†
+ i

[
A

(−i

2
(|ej〉〈ek| − |ek〉〈ej |

))]†

=
[
A

(
1
2
(|ej〉〈ek|+ |ek〉〈ej |

))− iA
(−i

2
(|ej〉〈ek| − |ek〉〈ej |

))]†

=
[
A

(
1
2
(|ej〉〈ek|+ |ek〉〈ej |

)− i
−i

2
(|ej〉〈ek| − |ek〉〈ej |

))]†

= [A(|ek〉〈ej | )]† .

Therefore, A = A†.

2


