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Problem 3: Fermi Psendopotential for s-waves
Note: See lecture notes 21a for a very nice discussion of the pseudopotential.
(2) Qutside the range of the potential, we know that, for an arbitrary partial wave,

P (x) = (k)Y L4(6,¢), where jf")(kr)= A( Jikr) - tané,n,(kr)).

For s-wave (1=0) ¥y = —i-, Jolkr) = sin(kr) , and ny(kr) = _cos(kr), so that
da
Y(x) = _\[{1'“ [sm(kr) an(d,) cos(kr) , where &, is the s-wave phase shift.

(b) Taking form (a) as an Ansatz, we know that excluding the origin, y/(x) satisfies the
Helmholtz equation {V* + k*Jy(x) = 0. Extending the domain all the way to the origin

. 1 . . . .
we can use the relation, V2= = 476 (x) (familiar from Poison’s equation for a point
r

charge)
Vip=-ky+ A (sin(kr) + tand, cos(kr))Vz—l—
| Tan 0 ‘
= —kp~ r(sm(kr)ﬂand cos(kr)) 7 55 (x)
- Ky - 4o 80
and thus,
A tan(é)
v2 4kt =4 5% x
( + )y(x) T ~ommr I (x).
Finally, :/% - :j;[rw(x)] o
(V2 + £t = -4 220 590 2 [ry o))

The Fermi pseudopotential can now be defined

UFenni(x) = _4J:f tan(a ) 6(3)( ) [ ]
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0 (V2 + K2 W(X) = Uy (X)P(X).
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(©) U (P() = =2 20 a@(x)%[np(x)]
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For a partial wave, y(x) = MY; (6.¢), so g—[r w(x)] Y (0,¢).
r r
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All to partial waves, other than /=0 (s-waves) have a vanishing reduced radial wave
function whose derivate vanishes at the origin. Thus U, .(x)y(x) = 0 for anything other

ermi
than s-waves.

(d) From threshold behavior, we know that 8,(k) = —ka + 0[(ka)3] , which defines the

scattering length a.
This is eqitivalent to a hard sphere potential of radius a.

Thus in the very low energy limit, where s-waves dominate the scattering process, we can
replace the exact potential with a pseudopotential of hard spheres, who radius is the
“scattering length”

a= —-lim% .
-0k

For s-waves, g-[u[,(r)] =1= j*(0). Thus, if restricted to s-waves at very low energy,
r r—{
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47eh” tan(8y) = 22 5 0u(0) = ——2 57 (xp(x)
) m m

Ui 0p(3) = = 221 B0 6030 2 [y
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We therefore obtain the most common form of the Fermi pseudopotential.
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UFermi(x) = .4_15.@ 6(3)(X)
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