
Physics 522.  Quantum Mechanics II 

Problem Set #7  

Due Monday, April 21, 2008 
 

 
Problem 1:  Scattering in 1D (10 points) 
 
To solidify our understanding of scattering in three dimensions, lets return a problem we 
know well, scattering in one dimension.  Consider the finite square well of depth V0 and 
width 2a.  The unbound stationary states are found in the familiar way by matching the 
solutions to the T.I.S.E at the boundaries, 
 
 
 
 
 
 
 
 
 
 

where   

 

hk = 2mE and   

 

hk1 = 2m(E +V0) . 
 
(a)  Calculate the S-matrix which relates the incoming planes to outgoing ones, 
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Show that S is a unitary matrix. 
 
(b)  If one inputs only a wave from the left (i.e. G=0), then S21 is the transmission 
amplitude.  Suppose now the wave is instead inputted from the right (i.e. A=0).  How is 
the resulting transmission coefficient (absolute square of the amplitude) and phase shift 
related to that of the first case? 
 
(c)  Find the transmission coefficient and plot 

 

T(E) with E in units of 

 

V0.  Please 
comment on its features. 
 
(d)  For 

 

!V0 < E < 0 there are possible bound states.  The S-matrix has information about 
these solutions as well, through analytic continuation into the complex plane 

 

k ! i" .  At 
the bound states, what happens to the S-matrix? 
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Problem 2:  Hard sphere scattering  (10 points) 
 
Consider first the classical problem:  Point particles with momentum p and impact 
parameter b scatter elastically from a sphere of radius a. 
 
 
 
 
 
 
 
 
(a)  Calculate the differential scattering cross section as a function of p, ! , and b. How 
does the cross section vary with respect to the angular momentum of the incident particle, 
measured from the origin of the sphere?  What is the total cross section?  Interpret.   
 
Now consider the quantum mechanical case.  The scattering center is described by a fixed 
spherically symmetric barrier with potential, 
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(b)  Find the differential and total scattering cross section as a function of the angular 
momentum of the incident particle.  Compare to the classical result. 
 
(c)  Find a power series solution for the case where the ÒinÓ state is a plane wave (i.e. the 
solution to the Lipmann-Schwinger equation) 

 

! k
(+)(x) .  Numerically,  plot the probability 

density in the x-z plane keeping as many terms in the series as you need to get a good 
approximation.  Comment. 
 
 
 
Problem 3:  Scattering between two particles (15 points) 
 
Consider two interacting particles whose dynamics are governed by a Hamiltonian, 

 

 

ö H =
ö p 1

2

2m1

+
ö p 2

2

2m2

+V(ö x 1 ! ö x 2) . 

 
(a)  Show that the total S-operator for the two body system can be written 
 

 

ö S = ö 1 
cm

! ö S 
rel

. 
 

It is then clear that the center of mass momentum is conserved and the relative 
momentum is governed by 

 

ö S 
rel

, whose matrix element in relative momentum are, 

 a 
b 

!  



 

 

k ! ö S rel k = ! k k " 2#i$(E ! k " Ek) k ! ö T rel k  
 

From this, one can define the differential scattering cross-section in the Òcenter-of-massÓ 
frame. 
 
(b)  In general, the distribution of scattered particles is measured in the Òlab frameÓ.  
Assuming nonrelativistic energies, show that 
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where 

 

!CM  is the scattering angle in the center of mass frame and 

 

! = m1 /m2. 
 
     Suppose now the particles are identical.  Because they collide, their wave functions 
will at some point overlap, and we must therefore account for exchange symmetry. 
 
(c)  For the case of spinless bosons, show that the differential scattering cross section (in 
the center-of-mass frame) must be 
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Interpret in terms of interference between indistinguishable processes. 

 
(d)  For the case of spherical symmetry, show   
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Apply this to the case of Coulomb scattering.  Sketch this a function of 0<!  <180 and 
compare with the classical Rutherford solution.  Comment on the result at ! =90. 
 
(e)  Repeat (d) for the case of fermions if the two spins are prepared in the same state (i.e. 
the spins are ÒpolarizedÓ in the same pure state). 
 
(f)  Finally consider two spin 1/2 particles that are ÒunpolarizedÓ (i.e. they are in a 
completely mixed state).  Show that  
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Is this different from the case of classically distinguishable particles? 


