Physics 522.Quantum Mechanics Il
Problem Set #3
Due Wednesday, Apr80, 2008

Problem 1: Threshold behavior

(a) For potential with range=a (after which the potential is zero), show that partial
wave S-matrix eigenvalue, for angular momentdirman be written
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where!, = Mr @y _(kr), is the logarithmic derivative of the radial wave function.
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Now consider the spherically symmetric sfaggential of radiug and depth/,,
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(b) Show that the partimlave scattering amplitude is

( =L K@il dil(aa)i (3)
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(c) Show thatf, (k)! "ak?® ask — 0, and thatf, (k) - 0 ask!

(d) Consides-waves. Show that as a function\gf there are spedigalues at which
the zereenergy amplitude becomes infinité, ,(0)! " , and that these correspond to

depths at which a new bound state appears in the well.

(e) Atlow energies-waves dominatef (k!" k) # f,_,(k). In contrast, calcate
f (k’« k) using thdirst Born approximation Show that the Born result is good at low
energies only for a sufficiently shallow well (how shallow?).



Problem 2. s-wave scattering from arepulsive shell

Consider &paper lanter® potential/(r)=U,/ (r" a), i.e. a shell of radiua, and
strengthU,. This is a crud model for a nucleus with binds protons and neutrons.

(a) Calculate th swave scattering phase sHifint: Look back at Exam Il)
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Now let /, :?UO. Assume!/ >>5,k

(b) Show that itan(ka) is notclose tozerq the phase shift resemblestlof a hard
sphere

(c) Show thaif tan(ka) is close(but not equal tozero,resonance is possiblee., the
cross section reaches its maximum valye= 4"D?). Compare the resonance energy
with that of abound state of thepherical shelvith aninfinitely impendrable wall.

This is an example of @scattering resonafiZehen the incident energy matches a quasi
boundstate

Problem 3: Fermi Pseudopotential forswaves

For very low energies (such as in a B&$estein condensatey,wave scattering

dominates the collision cross section and all other partial waves can be neglected.
Because the deBroglie wavelengh/k will be much larger (a&! 0) than the range

R of the interaction, we can treat the potential as approximately zero range (i.e. a delta
function). The appropriate deltanction interaction is known as the Fermi p$eu
potential and is the subject of this problem.

(a) Show that a-wave solution outside the range where the potential is effectively zero is

A $sin(kr) cos(kr)' . .
! =— +tan(#,)———=, where! th h hift.
(x) WW an(#,) " 2 where! Is thes-wave phase shi

(b) Let us extend this solot toall spaceeven though the true wave function is different
inside the potential. The term proportionatan( ,) OfeelsO the potential and becomes
singularbthis is the origin of the dekfunction. Taking form (a) as an Ansatzpshthat
the T.I.S.E (including=0) is

A tan(%)
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and thus,
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(c) The Fermi pseudopotential can now be defined

U =1 21 1E060) #3>() [r ]

r%o0

Show that this is potential has effect on partial waves witk0.

(d) From threshold behavior, we know thig(k) =" ka+ O[(ka)s], which defines the
scattering lengtia.

How does this compare to hasghere scattering?

Show that in the zero energy limit, if restrictedstwaves, we obtain the most common
form of the Fermi pseudopotential.

4/h%a ,
U Fermi(x) = (3)(X)
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