
Physics 522.  Quantum Mechanics II 

Problem Set # 8 

Due Wednesday, April 30, 2008 
 

 
Problem 1:  Threshold behavior  
 
(a)  For potential with range r=a (after which the potential is zero), show that partial 
wave S-matrix eigenvalue, for angular momentum l can be written 
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is the logarithmic derivative of the radial wave function. 

 
Now consider the spherically symmetric step-potential of radius a and depth V0. 
 
 
 
 
 
 
 
 
 
(b)  Show that the partial wave scattering amplitude is 
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(c)  Show that,

 

f l (k) ! " al k
2l  as 

 

k! 0, and that 

 

f l (k) ! 0 as 

 

k ! " . 
 
(d)  Consider s-waves.  Show that as a function of V0, there are special values at which 
the zero-energy amplitude becomes infinite, 

 

f l = 0(0) ! " , and that these correspond to 
depths at which a new bound state appears in the well. 
 
(e)  At low energies s-waves dominate, 

 

f ( ! k " k) # fl=0(k) .  In contrast, calculate 

 

f ( ! k " k)  using the first Born approximation.  Show that the Born result is good at low 
energies only for a sufficiently shallow well (how shallow?). 
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Problem 2:  s-wave scattering from a repulsive shell 
 
Consider a Òpaper lanternÓ potential 

 

V(r) = U0! (r " a), i.e. a shell of radius a, and 
strength 

 

U0.  This is a crude model for a nucleus with binds protons and neutrons. 
 
(a)  Calculate the s-wave scattering phase shift (Hint:  Look back at Exam II) 
 

Now let 
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(b)  Show that if 

 

tan(ka) is not close to zero, the phase shift resembles that of a hard 
sphere. 
 
(c)  Show that if 

 

tan(ka)  is close (but not equal to) zero, resonance is possible (i.e., the 
cross section reaches its maximum value   

 

! 0 = 4" D2).  Compare the resonance energy 
with that of a bound state of the spherical shell with an infinitely impenetrable wall.   
 
This is an example of a Òscattering resonanceÓ, when the incident energy matches a quasi 
bound-state. 
 
 
 
Problem 3:  Fermi Pseudopotential for s-waves 
 
For very low energies (such as in a Bose-Einstein condensate), s-wave scattering 
dominates the collision cross section and all other partial waves can be neglected.  
Because the deBroglie wavelength 

 

2! /k  will be much larger (as 

 

E ! 0) than the range 
R of the interaction, we can treat the potential as approximately zero range (i.e. a delta 
function).  The appropriate delta-function interaction is known as the Fermi pseudo-
potential and is the subject of this problem. 
 
(a) Show that a s-wave solution outside the range where the potential is effectively zero is 
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, where 

 

! 0 is the s-wave phase shift. 

 
(b) Let us extend this solution to all space even though the true wave function is different 
inside the potential.  The term proportional to 

 

tan(! 0) ÒfeelsÓ the potential and becomes 
singular Ð this is the origin of the delta-function.  Taking form (a) as an Ansatz, show that 
the T.I.S.E (including r=0) is 
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and thus, 
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(c)  The Fermi pseudopotential can now be defined  
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Show that this is potential has no effect on partial waves with l>0. 

 

(d) From threshold behavior, we know that 

 

! 0(k) = " ka+ O ka( )
3

[ ] , which defines the 

scattering length a.   
 
How does this compare to hard-sphere scattering?   
 
Show that in the zero energy limit, if restricted to s-waves, we obtain the most common 
form of the Fermi pseudopotential. 
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