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“Principled” Theories

Einstein’s Special Relativity is beautiful derivable from two principles:

Invariance between inertial reference frames

Constancy of the speed of light c
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Opening Nonlocality H/S P/R

“Principled” Theories

Einstein’s Special Relativity is beautiful derivable from two principles:

Invariance between inertial reference frames

Constancy of the speed of light c

Textbook quantum mechanical axioms tend to be somewhat less elegant...
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Opening Nonlocality H/S P/R

From Classical Mechanics

Most textbooks produce QM axioms to be used (“shut up and calculate”).
Better textbooks sometimes proceed by analogy with classical mechanics:

Classical Mechanics

States are specifications of distributions of
initial positions and momenta ρ(Q,P)

Time evolution by Hamilton’s equations

Physical quantities are functions of {Q,P},
their expected values are obtained averaging
with respect to the distribution:
⟨A⟩ =

∫
dPdQA(Q,P)ρ(Q,P).

Quantum Mechanics

States are unit-trace nonnegative operators
on a Hilbert space ρ ∈ B1(H)

Time evolution by Schrödinger’s
equation or measurement effects

Expected values of physical quantities are
given by their overlap with the state:
⟨A⟩ = Tr(Aρ).
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Why Are We Here

Classical analogies still neither explain

why these particular mathematical changes are necessary

the physical intuition behind these changes
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mechanics from radically different axioms,
gaining insight by comparing equivalent
formulations

CQuIC Summer Course 2024: Reconstructions and Foils
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Why Are We Here

Classical analogies still neither explain

why these particular mathematical changes are necessary

the physical intuition behind these changes

Reconstructions and foils attempt to better
understand fundamental quantum principles:

Reconstructions rederive quantum
mechanics from radically different axioms,
gaining insight by comparing equivalent
formulations

Foil theories describe what quantum
mechanics is not. What can and can’t
emerge from a foil shows what’s unique
about quantum mechanics
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Opening Nonlocality H/S P/R

What Do We Care About?

A clear axiomitization can hopefully shed light on
what advantages quantum mechanics has
over other theories

Probability: to match experiments: we
can’t always know outcomes in advance

Causality: weaker determinism enables
non-definite predictions

Locality: successful theories are often local

Completeness: “physical quantities” (suitably
defined) have counterparts in the physical theory
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What Do We Care About?

A clear axiomitization can hopefully shed light on
what advantages quantum mechanics has
over other theories

Probability: to match experiments: we
can’t always know outcomes in advance

Causality: weaker determinism enables
non-definite predictions

Locality: successful theories are often local

Completeness: “physical quantities” (suitably
defined) have counterparts in the physical theory

We know these principles are at odds within conventional quantum mechanics
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Opening Nonlocality H/S P/R

Spekkens’ Toy Model (Covered Last Time)

Key idea is “knowledge balance”: amount of knowledge of
the ontic state of a system is equal to the information lacked

Reproduces several elements of quantum mechanics:

noncommutativity of measurements

teleportation

no-cloning

However, this toy model does not feature

Nonlocality

Contextuality

Investigating features of nonlocality in models is a
common theme of both reconstructions and foils
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Opening Nonlocality H/S P/R

Einstein 1927: Definite and Indefinite

A single particle diffracting at the hole is associated with some
|ψ⟩ such that p(A|ψ) = p(B|ψ) = |⟨A|ψ⟩|2 = |⟨B|ψ⟩|2 ̸= 0
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Einstein 1927: Definite and Indefinite

A single particle diffracting at the hole is associated with some
|ψ⟩ such that p(A|ψ) = p(B|ψ) = |⟨A|ψ⟩|2 = |⟨B|ψ⟩|2 ̸= 0

Question: are these the probabilities that a particle
is detected at A/B, or that the particle is detected?
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Einstein 1927: Definite and Indefinite

What’s the probability that the particle is detected at both A and B?

Basic probability gives us p(A&B|ψ) = p(A|B, ψ)p(B|ψ)

Locality says p(A|B, ψ) = p(A|ψ) – B shouldn’t know about A

Since p(A|ψ) = p(B|ψ) ̸= 0, p(A&B|ψ) ̸= 0. This contradicts experiment

CQuIC Summer Course 2024: Reconstructions and Foils
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Einstein 1927: Definite and Indefinite

Silly for several reasons: how do measurement devices actually work, conservation
laws, is this really locality, what if we had random basketballs instead, &c.

CQuIC Summer Course 2024: Reconstructions and Foils



Opening Nonlocality H/S P/R

Einstein 1927: Definite and Indefinite

Silly for several reasons: how do measurement devices actually work, conservation
laws, is this really locality, what if we had random basketballs instead, &c.

However, it gives us two flavors to combine:

Interpretation of quantum mechanics
(Non)-locality
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Opening Nonlocality H/S P/R

Harrigan and Spekkens

Primary idea: nonlocality is easier to establish for “ontic” theories
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Opening Nonlocality H/S P/R

Ontic Model

An ontological model posits an ontic space Λ, containing the
ontic states λ specifying the complete properties of a system.

Such a model further produces

p(λ|P), the probability of an ontic state λ given preparation method P

p(k |λ,M), the probability of observing outcome k given λ and method M

Consistent marginalization, such that
∫
dλp(k|λ,M)p(λ|P) = p(k |M,P)
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Ontic Model

An ontological model posits an ontic space Λ, containing the
ontic states λ specifying the complete properties of a system.

Such a model further produces

p(λ|P), the probability of an ontic state λ given preparation method P

p(k |λ,M), the probability of observing outcome k given λ and method M

Consistent marginalization, such that
∫
dλp(k|λ,M)p(λ|P) = p(k |M,P)

For a preparation P producing the quantum state ψ, the last
requires the model reproduce standard quantum probabilities.

CQuIC Summer Course 2024: Reconstructions and Foils



Opening Nonlocality H/S P/R

Locality and Epistemics: Three Ontological Models

a) ψ-Complete: ψ fully and
uniquely describes reality

b) ψ-Supplemental: ψ must be
supplemented with additional
variables to describes reality

c) ψ-Epistemic: ψ is a heuristic:
multiple describe the same
reality
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Opening Nonlocality H/S P/R

ψ-Complete: Beltrametti-Bugajski Model

Recasts “orthodox” spin-12 quantum
mechanics in foundational terms.

ψ is everything, i.e. complete:
Λ = PH – “p(λ|ψ) = δ(λ− ψ)′′

Standard probabilities recovered:

p(k |M, ψ) =

∫
Λ
dλp(k |λ,M)p(λ|ψ),

=

∫
Λ
dλtr (|λ⟩⟨λ|Ek) δ(λ− ψ),

= tr (|ψ⟩⟨ψ|Ek) .

CQuIC Summer Course 2024: Reconstructions and Foils



Opening Nonlocality H/S P/R

ψ-Supplemental: Bell-Mermin Model

Ontic space is a product of two Bloch
spheres Λ = Λ′ × Λ′′ – Hilbert space is
supplemented

Probability factors: p(λ′, λ′′|ψ) =
p(λ′|ψ)p(λ′′|ψ) = δ(λ′ − ψ)× 1

4π

Measure |ϕ⟩ and its orthonorm using
p(ϕ|λ′, λ′′) = Θ(ϕ · (λ′ + λ′′)): 1 if ϕ
is pointing in the same direction as λ
and λ′′.

Measurement probabilities reproduce
normal spin-12 quantum mechanics
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Opening Nonlocality H/S P/R

ψ-Epistemic: Kochen-Specker Model

Ontic space Λ is just the Bloch sphere,
but p(λ|ψ) = 1

πΘ(ψ · λ)ψ · λ.
Distribution over Λ: p(ϕ|λ) = Θ(ϕ · λ)
that is, ψ is epistemic

Measurement outcomes still reproduce
“normal” quantum probabilities
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Opening Nonlocality H/S P/R

Locality and Epistemics: Three Ontological Models

These theories are reconstructions
of spin-12 quantum mechanics

Marginalizations connect them.
Notably, objective indeterminism in
one is merely epistemic in another

Takeaway: axiomitizing indeterminism
or epistemics still reproduces
quantum mechanics with other
suitible structure

Further takeaways from thinking
about “ontic” theories...
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Opening Nonlocality H/S P/R

Locality and Epistemics: Three Ontological Models

ψ-complete and ψ-supplemental both
suppose |ψ⟩ is in some sense real – whether
a complete description of reality, or partial

Such interpretations the authors
refer to as being ψ-ontic
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Locality and Epistemics: Three Ontological Models

ψ-complete and ψ-supplemental both
suppose |ψ⟩ is in some sense real – whether
a complete description of reality, or partial

Such interpretations the authors
refer to as being ψ-ontic

Concretely, ontic means that for any
distinct preparations Pψ and Pϕ
leading to quantum states ψ and ϕ,
p(λ|Pψ)p(λ|Pϕ) = 0 ∀λ.
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Opening Nonlocality H/S P/R

None of these Words Mean What they Should

A model is said to be local if it is separable
and locally causal:

Separable: an ontic space ΛR is the product
of subregions: ΛR = ΛR1 × ΛR2 × ...× ΛRn .

Locally Causal: p(B|A, λC ) = p(B|λC ) for
a region C “screening” J−(A) ∩ J−(B).
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Opening Nonlocality H/S P/R

None of these Words Mean What they Should

A model is said to be local if it is separable
and locally causal:

Separable: an ontic space ΛR is the product
of subregions: ΛR = ΛR1 × ΛR2 × ...× ΛRn .

Locally Causal: p(B|A, λC ) = p(B|λC ) for
a region C “screening” J−(A) ∩ J−(B).

The authors modify another argument of Einstein
from 1935 (not EPR) to show that these definitions
are at odds with an ontic model
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Opening Nonlocality H/S P/R

The Argument

Let Alice and Bob share |ψ⟩ = 1√
2
(|0⟩|1⟩+ |1⟩|0⟩).
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2
(|0⟩|1⟩+ |1⟩|0⟩).

By choosing different measurement bases,
Alice can control Bob’s possible states

On the one hand, p(λ|A01) =
1
2(p(λ|A0) + p(λ|A1))

and p(λ|A+−) =
1
2(p(λ|A+) + p(λ|A−))
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The Argument

Let Alice and Bob share |ψ⟩ = 1√
2
(|0⟩|1⟩+ |1⟩|0⟩).

By choosing different measurement bases,
Alice can control Bob’s possible states

On the one hand, p(λ|A01) =
1
2(p(λ|A0) + p(λ|A1))

and p(λ|A+−) =
1
2(p(λ|A+) + p(λ|A−))

On the other, p(λ|A01) = p(λ|A+−)

Therefore p(λ|A±)p(λ|A0/1) > 0 for some choice of
possibilities, contradicting the ontic assumption
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Opening Nonlocality H/S P/R

Switching the Order

We’ve seen that indeterminism and epistemics are to an extent interchangeable
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Opening Nonlocality H/S P/R

Switching the Order

We’ve seen that indeterminism and epistemics are to an extent interchangeable

We’ve also seen that ontic models are necessarily nonlocal.

Question: what if we took nonlocality itself as an axiom?

Note that a causal nonlocal theory may be indeterministic
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Opening Nonlocality H/S P/R

Popescu and Rohrlich
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Opening Nonlocality H/S P/R

Popescu and Rohrlich

Exactly what it says on the tin

CQuIC Summer Course 2024: Reconstructions and Foils



Opening Nonlocality H/S P/R

How to Define

Two ways:

Nonlocal equations of motion (Aharanov-Bohm effect)

Nonlocal correlations (Bell Violations)
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Opening Nonlocality H/S P/R

How to Define

Two ways:

Nonlocal equations of motion (Aharanov-Bohm effect)

Nonlocal correlations (Bell Violations)

Even assuming just “nonlocal correlations” leads to some surprises...
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Opening Nonlocality H/S P/R

Recall CHSH

Take a system with two parts far from one another with corresponding
pairs of observables A,A′ and B,B ′ taking values ±1

E (A,B) = PAB(1, 1) + PAB(−1,−1)− PAB(−1, 1)− PAB(1,−1)
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Recall CHSH

Take a system with two parts far from one another with corresponding
pairs of observables A,A′ and B,B ′ taking values ±1

E (A,B) = PAB(1, 1) + PAB(−1,−1)− PAB(−1, 1)− PAB(1,−1)

Assuming locality one can show:

|E (A,B) + E (A,B ′) + E (A′,B)− E (A′,B ′)| ≤ 2
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Opening Nonlocality H/S P/R

Recall CHSH

Take a system with two parts far from one another with corresponding
pairs of observables A,A′ and B,B ′ taking values ±1

E (A,B) = PAB(1, 1) + PAB(−1,−1)− PAB(−1, 1)− PAB(1,−1)

Assuming locality one can show:

|E (A,B) + E (A,B ′) + E (A′,B)− E (A′,B ′)| ≤ 2

We know that quantum mechanics permits 2
√
2, violating this bound
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Opening Nonlocality H/S P/R

Recall CHSH

Take a system with two parts far from one another with corresponding
pairs of observables A,A′ and B,B ′ taking values ±1

E (A,B) = PAB(1, 1) + PAB(−1,−1)− PAB(−1, 1)− PAB(1,−1)

Assuming locality one can show:

|E (A,B) + E (A,B ′) + E (A′,B)− E (A′,B ′)| ≤ 2

We know that quantum mechanics permits 2
√
2, violating this bound

If all the correlations were independent the upper bound would be 4 instead
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Opening Nonlocality H/S P/R

Marginality

What does causality actually imply?
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Opening Nonlocality H/S P/R

Marginality

What does causality actually imply?

If the two parts are distant, then the choice of measurement basis
for one system should not affect the probabilities of the other:

pAB′(A = ±1) = pAB(A = ±1) =
∑
s
pAB(A = ±1,B = s)
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Opening Nonlocality H/S P/R

Marginality

What does causality actually imply?

If the two parts are distant, then the choice of measurement basis
for one system should not affect the probabilities of the other:

pAB′(A = ±1) = pAB(A = ±1) =
∑
s
pAB(A = ±1,B = s)

Taking

PAB(1, 1) = PAB(−1,−1) = PAB′(1, 1) = PAB′(−1,−1) = PA′B(1, 1)
= PA′B(−1,−1) = PA′B′(1,−1) = PA′B′(−1, 1) = 1

2 ,

One can show E (A,B) + E (A,B ′) + E (A′,B)− E (A′,B ′) = 4
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Opening Nonlocality H/S P/R

Better Example

Consider a rotationally invariant “superquantum” state of two spin-12 particles:

Rotational invariance means any correlation function of measurement outcomes
depends only on the angle between measurement axes: E (θ)

Rotating by π, P(↑↑) = P(↓↓) and P(↑↓) = P(↓↑)
π − θ corresponds to flipping one of the measurement axes, E (π − θ) = −E (θ)
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Better Example
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Opening Nonlocality H/S P/R

Better Example

Consider a rotationally invariant “superquantum” state of two spin-12 particles:

Rotational invariance means any correlation function of measurement outcomes
depends only on the angle between measurement axes: E (θ)

Rotating by π, P(↑↑) = P(↓↓) and P(↑↓) = P(↓↑)
π − θ corresponds to flipping one of the measurement axes, E (π − θ) = −E (θ)
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Opening Nonlocality H/S P/R

Better Example (continued)

Take the “superquantum” correlation function on the left, and let the
measurement axes A′,B,A, and B ′ be separated by π

12 all in a plane
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Opening Nonlocality H/S P/R

Better Example (continued)

Take the “superquantum” correlation function on the left, and let the
measurement axes A′,B,A, and B ′ be separated by π

12 all in a plane

One finds

E (A,B) + E (A′,B) + E (A,B ′)− E (A′,B ′) = 3E ( π12)− E (π4 ) = 4.
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Opening Nonlocality H/S P/R

Better Example (continued)

Take the “superquantum” correlation function on the left, and let the
measurement axes A′,B,A, and B ′ be separated by π

12 all in a plane

One finds

E (A,B) + E (A′,B) + E (A,B ′)− E (A′,B ′) = 3E ( π12)− E (π4 ) = 4.

E (θ) is silly, but it shows that correlations stronger
than quantum mechanics can be imagined
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Opening Nonlocality H/S P/R

Takeaway

We see that just assuming nonlocality and relativistic causality isn’t enough

More constraints are necessary to recover standard quantum mechanics
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Opening Nonlocality H/S P/R

Takeaway

We see that just assuming nonlocality and relativistic causality isn’t enough

More constraints are necessary to recover standard quantum mechanics

One might envision that superquantum phenomena possess further advantages...
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Opening Nonlocality H/S P/R

(Pass to Robby)
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How Foils and Reconstructions (attempt to) Work

Robert Kramer’s follow up to Cole Kelson-Packer

July 17, 2024



Outline

1 Scalar “Quantum” Theory

2 Modal “Quantum” Theory

3 Generalized Probability Theories (GPTs)
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Real-Vector
Space Quantum
Theory

“The principle of generating small
amounts of finite improbability by
simply hooking the logic circuits of
a Bambleweeny 57 Sub-Meson
Brain to an atomic vector plotter
suspended in a strong Brownian
Motion producer (say a nice hot
cup of tea) were of course well
understood” ... “Many respectable
physicists said that they weren’t
going to stand for this, partly
because it was a debasement of
science” - Douglas Adams
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Turning Hilbert Space into A Real-Vector Space

1 A pure state is represented by
a unit vector in a Hilbert space
over the complex numbers.

2 An ideal repeatable
measurement is represented by
a set of orthogonal projection
operators whose supports span
the vector space.

3 A reversible transformation is
represented by a unitary
operator U

4 A composite system has as its
state space the tensor product
of the state spaces of its
components

1 A pure state is represented by
a unit vector in a Hilbert space
over the real numbers.

2 An ideal repeatable
measurement is represented by
a set of orthogonal projection
operators whose supports span
the vector space.

3 A reversible transformation is
represented by an orthogonal
operator O

4 A composite system has as its
state space the tensor product
of the state spaces of its
components

Wooters, 2013 arxiv:quant-ph/1301.2018
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The “Real” Schrödinger Equation

The -iH operator in the Schrödinger Equation can be replaced with an
antisymmetric real operator S:

i h̵
d

dt
∣ψ⟩ = H ∣ψ⟩→ d

dt
∣s⟩ = S ∣s⟩ (1)

So for a time-independent S, the state evolves according to

∣s(t)⟩ = eSt ∣s(0)⟩ (2)

Wooters, 2013 arxiv:quant-ph/1301.2018
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Optimal Information Transfer

Unlike standard Quantum Mechanics, real vector quantum theory
features optimal information transfer.

Consider an initial state ∣ψ⟩ where Alice performs a unitary to transfer
the state into U ∣ψ⟩ and then sends it to Bob.

For Hilbert spaces of dimensions 3 or greater, the SIC-POVM
measurement does not give Bob the maximum information about
Alice’s unitary.

In real vector quantum theory, Bob always can find a universally optimal
measurement regardless of the dimension of the space.

Wooters, 2013 arxiv:quant-ph/1301.2018
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Modal Quantum
Theory

“such a machine is a virtual
impossibility, then it must logically
be a finite improbability. So all I
have to do in order to make one is
to work out exactly how improbable
it is, feed that figure into the finite
improbability generator, give it a
fresh cup of really hot tea ... and
turn it on!” - Douglas Adams
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Intro to the Mobit

Unlike the probabilistic theory of actual quantum physics (AQP), modal
quantum physics (MQP) is a possibilistic theory, only able to
distinguish between possible and impossible.

The simplest example of a model system is the ”mobit,” which we can
define on a two-dimensional vector space V on the field F = Z2, which
has three unit vectors: ∣0), ∣1), and ∣σ) = ∣0) + ∣1).
The dual space also has three unit vectors, giving the outcomes:

(a∣0) = 1 (a∣1) = 0 (a∣σ) = 1
(b∣0) = 0 (b∣1) = 1 (b∣σ) = 1
(c ∣0) = 1 (c ∣1) = 1 (c ∣σ) = 0

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Modal Entanglement

Like AQP, MQP demonstrates entanglement phenomenon in joint
systems. Consider the ”singlet”

∣S) = ∣0,1) − ∣1,0) (3)

for any effect (e ∣

(e, e ∣S) = (e ∣0)(e ∣1) − (e ∣1)(e ∣0) = 0 (4)

Just like the actual singlet state, identical measurement outcomes on
the modal singlet are anti-correlated.

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Modal Measurement

Any effect (either time evolution or measurement) is just assigning any
subspace M of V into possible or impossible.

E(M) = { posible, if (e ∣m) ≠ 0 for some (e ∣ ∈ E , ∣m) ∈M
impossible, if (e ∣m) = 0 for all (e ∣ ∈ E , ∣m) ∈M

For some generalized measurement Ea, we expect at least one result to
always occur, so we have the ”normalization” condition

⟨⋃
a
Ea⟩ = V∗ (5)

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Modal Evolution

In AQP, we can rewrite any evolution (channel) on a quantum state as
continuous measurement of some Kraus operators:

E(ρ) = Tr(E)U(ρ(S) ⊗ ∣0⟩ ⟨0∣(E))U† =∑
k

AkρA
†
k

The same rewriting is possible in MQP:

E(M(S)) = R(E)(T(SE)(M(S) ⊗M0(E))) = ⟨⋃
k

AkM(S)⟩

Where

Ak ∣ϕ(S)) = (ek (E)∣T(SE)∣ϕ(S),0(E)), ⋂
k

kerAk = ⟨0⟩

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Possibility Tables

● Possibility tables
illustrate which
measurement outcomes
are possible on a given
modal state.

● X’s indicate a possible
outcome, while blank
squares indicate
impossible outcomes

The possibility table for our modal
singlet state

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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No Signaling

● The measurement
performed on one
subsystem should not
be able to affect the
measurement outcomes
on the other.

● In this case, that means
if an X occurs in the
table, at least one X
must occur in
corresponding sub-rows
and sub-columns.

The possibility table for our modal
singlet state

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Modal PR Box

● Possibility tables also
feature a PR box that
agrees with
no-signaling.

● However, one can prove
that no mobit state
produces this possibility
table. The possibility table for the mobit PR

box. (X’s are replaced with 1/2 in the
probabilistic setting)

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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MQP Summary

MQP does not have

● Probabilities

● Continuous sets of states and
observables

● Inner products, outer products,
orthogonality

● Convexity

● Hermitian conjugation

● Density operators

● Effect operators

● CP maps

● Unextendable product bases

But MQP does have:

● Distinct ”classical” and
”quantum” theories

● Superposition, interference

● Complementary measurements

● Entanglement

● No local hidden variables

● Superdense coding, teleportation

● Mixed states, generalized effects,
generalized evolution maps

● No cloning theorem

● Nonclassical computation models

Schumacher, Westmoreland, 2012 arxiv:quant-ph/1204.0701
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Generalized
Probability
Theories

“He did this, and was rather
startled to discover that he had
managed to create the
long-sought-after golden Infinite
Improbability generator out of thin
air. It startled him even more when
just after he was awarded the
Galactic Institute’s Prize for
Extreme Cleverness he got lynched
by a rampaging mob of respectable
physicists who had finally realized
that the one thing they really
couldn’t stand was a smart-ass” -
Douglas Adams

16 / 27



How does one Generalize Probability?

● One can think about GPTs as the convex-operational approach to
the foundations of quantum mechanics.

● The key difference between GPTs and standard probability theory
is we do not assume the ability to perform simultaneous
measurements.

● “The resulting post-classical probability theory, while in some
respects rather conservative, presents a vast, poorly explored, and
rather wild landscape, within which even quantum probability
theory seems rather tame.” 1

1Barnum, Wilce. 2012 arxiv:quant-ph/1205.3833
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Axioms of State Space

State space is

● a set of points

● convex

● closed in some physically motivated topology

● bounded

● a subset of a real, finite-dimensional vector space with Euclidean
topology.

Plávala. 2021. arxiv: quant-ph/2103.07469
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State Space

● Let x be a state in the state space K . x is a pure state if
x = λy + (1 − λ)z Ô⇒ y = z . (y , z ∈ K ).

● Let x be a state in the state space K . if x is not a pure state (i.e.
x = λy + (1 − λ)z for some y ≠ z), then it is a mixed state

● Theorem: For a state space K , say ext(K) is the set of pure states
of K . Then K = conv(ext(K))

Plávala. 2021. arxiv: quant-ph/2103.07469
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Effect algebra

● Let K be a state space, then the effect algebra over K will be
denoted E(K). E(K) is the set of all affine functions
f ∶ K → [0,1]:

0 ≤ f (x) ≤ 1, f (λx + (1 − λ)y) = λf (x) + (1 − λ)f (y) (6)

● 1K ∈ E(K) is the constant function giving 1K(x) = 1 for all x ∈ K
● Proposition: Let A(K) be the vector space of affine functions on K
and let A(K)+ be the cone of positive affine functions on K .
● Then A(K) = span(E(K)) and A(K)+ = cone(E(K))

Plávala. 2021. arxiv: quant-ph/2103.07469
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Classical Theory

A classical theory is one containing n independent pure states, each a
distribution over the probabilities (p1, ...,pn). Of course, ∑i pi = 1.

This tells us that the state space of a classical theory is a simplex Sn:

Sn = conv({s1, ..., sn}) (7)

The effect algebra E(Sn) can be generated by the functions b1, ...,bn
such that ⟨si ,bj⟩ = δij . It is easy to see:

1Sn =
n

∑
i=1

bi (8)

Plávala. 2021. arxiv: quant-ph/2103.07469
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Sn for n = 2

S2 and the effect algebra E(S2)

Plávala. 2021. arxiv: quant-ph/2103.07469

22 / 27



Sn for n = 3

S3 and the effect algebra E(S3)

Plávala. 2021. arxiv: quant-ph/2103.07469
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Sn for n = 4

S4 on the w=1 plane

Plávala. 2021. arxiv: quant-ph/2103.07469
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Boxworld Theory

Consider the boxes with one input and one output bit sij with the
following input-output relations:

The extreme points of the simplest boxworld state space

sij are not affinely independent, but we have:

s00 + s11 = s01 + s10 (9)

Plávala. 2021. arxiv: quant-ph/2103.07469
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Boxworld State Space and Effect Algebra

The state space S and effect algebra E(S) for the scenario presented in the
last slide

Plávala. 2021. arxiv: quant-ph/2103.07469
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Final Thoughts + Bibliography

● Optimal Information Transfer and Real-Vector-Space Quantum Theory.
William Wooters. 2013. Quantum Theory: Informational Foundations
and Foils

● Almost Quantum Theory. Benjamin Schumacher, Michael D.
Westmoreland. 2012. Quantum Theory: Informational Foundations and
Foils

● Post-Classical Probability Theory. Howard Barnum, Alexander Wilce.
2012. Quantum Theory: Informational Foundations and Foils

● General probabilistic theories: An introduction. Martin Plávala. 2021.
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“‘Ford!’ he said, ‘there’s an infinite number of [pseudo-quantum theories]2

outside who want to talk to us about this script for [adjacent realities]3 they’ve
worked out.’” - Douglas Adams

2monkeys
3Hamlet
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