1. ProBLEM #1

We are asked to detect the presence of a bemb given the interferometric setup
shown below. :

The upper conliguration is just a balanced Mach-Zender interferometer, which
was demonstrated in class, To quickly review, the first beamsplitter acts Lo unitarily
transform the states [u} , |4}, which represent photons coming from above and helow
the benmsplitter. In particular the input state jd), will be transformed into an equal
superposition of photons on the upper {X), and lower (Y) paths. In bra-ket notation
its state is then

i, ;
) > T8 e (1XDY + 1Y)
)= = 1)+ i)
Where the ¢ results fromi reflection of the photon off of the beam splitter, The
probability of being in any particular path is

ot 1
HX or Y 2 = 7,

as required for a 50 — 50 beamsplitter. Without the presence of a bomb both

vhotons travel the same distance along path X and ¥, and so pick up the same

phase, which can be ignored (global phases are ignorible). Then at the final beam

splitter the plotons are again unilarily transforrned, in the same way as before, so
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that
X) — —}—2- 1Dy + D)1,
¥} % (DY) + Do),

with |1} being the path that leads to detector ¢, Substituting this into the equation
for |¥) we find that

() = 3 11D3) + (D) o 71Da) = D)) = 1D0).

Thus without a homb the photon is always detected by Dy,

When the bomb is present ¥ acts to measure the field in the lower arm of the
interferometers Y. In other words, if the bomb explodes then you have no doubt
that the photon was in the lower arm {at least for the short amount of time during
which such problerns still concern you). We can calculate the probability for an
explosion (measurement in lower arm) as
i
P(explogion) = | (X| 1) |* = 3
If there is no explosion then the photon rust be on path Y, or equivalently in state
{Yh. Given this stale we can caleulate the probability of detection as

P(detection by Dy[Y) = | (D] 1Y) 1 = m;n

Which is the same for both detectors. Since the detectors only register when the
homb does not go off, the total probability for detection in detector i will be

- : 11 1
P{D;} = P({Diino explosion)P(no explosion) = 3371
Now can we detect & bomb without setting it off. Yes, as we note that P{Dy|no bomb} =
0, while P(Dylhomb} = 1/4, so that i detector 2 detecis, there must be & bomb.
Further we see that if there is a homb detector 2 detects with 25% probability.

2. NIFTY EXTRAS

You may note several shortcomings in the above bomb detection apparatus.
Firstly there is o 50% chance that the bomb kills you, which is somewhat undesir-
able, as dotecting the bomb by setting it off is a suboptimal solition. Alse, 25% of
the time when there is a bomb you receive an inconclusive result{detection by )}
. This second problem can be overcome by sending through more photons unzil a
conclusive result is reached, unfortunately this results in the bomb exploding 2/3
of the time, and detection only 1/3 of the time. So it seems like we are stuck dying
at least 50% of the time.

What we need to do to solve the first problem is consider a beam splitter that
is not 50 — 50, such that the arm in which the bomb resides will net have a 50%
probability of eontaining a photon. To do this consider the apparatus depicted on
the next page. A single photon is initially input from the lower left, through a
shutter. The shutter is then closed and the photon cireulates around the cavity A
times, at which point the shutter is opened again to let the photon cut. At which
point it is traveiling upwards towards the detection Dj.
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Shutter Cycle M Times

First we will consider a single pass through such that M = 1. The photon
will be initially polarized in the horizontal direction, and so its initial state will
be 1) = |H}. Upon entering the apparatus, it passes through a § wave plate,
which rotates the polarization by an angle #. {What Is actuslly happening is that
hoth horizontal and vertical polarizations are linear combinations of right and left
circalar polatization as discussed in class. The wave plates have different indices
of refraction for right and left circular polarizations, and so induce a relative phase
hetween the two. This the causes interference, and rotates a linear polarization. )
The state of the system then becomes

By == cos(d) 1H) +sin(f) [V}

The two gray dashed lines represent polarizing bea splitters, which reflect one
polarization, and transmit the other. The leftmost one reflects the vertically polar-
ized light towards the bomb as indicated, while passing the horizontally polarized
light. Now if there is no bomb both paths will induce the same phase shift, as the
interferometer is perfectly balanced. Then at the second polarizing beam splitter
the two heams will recombine so theta the state will be the same as before the first
PBS, up to a global phase.

|9 = cos() | H} + sin(@} [V} .
This state will then tefiect off of the remaining mirrors, and exit towards the de-
tector.

If, on she cther hand there is a bomb, then all of the vertically polarized light
shall be absorbed, ic. the photon will be detected if it is on this path, selting off
the bamb with probability

Plexplode) = | (V] |¥) |2 = sin(#)

If no explosion occurs {probability cos®#) then after the second PBS the photon
must be horizontally polarized

na bowmb

ilI"}i)omb = If{)

This state will then also propagate until it reaches the shutter and heads for the
detector.

Now i we insert a polarizer in front of the detector, as indicated by the solid gray
bar, and only let it pass Hght polarized at an angle # /2 + 6, then the probahility of
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detecting a photon will be

P(detection) = P(no explosion)|(cos & (Vi —sin§ {(H]) W) %,
Then we have that

(cos§ (V] — siné (H]) W) 0

which can be easily shown by inserting the above result for this state. Then
P{detection|no bomb) = 0, so we have the same result as in the original problem,
that a detection indicates the presence of a bomwb. The probability of detection
with a bomb can then be calculated as

P{detection|bomb) = cos®(#) sin®(8).

no bomb 7

This hasn't really gotien us anywhere, as this probability is still less than the prob-
ability of exploding the bomb gin® ¢, We still explode more often than we detect,
so that if we send through photons until we get a definite result, the probability of
exploding will be greater that 50%.

However, all is not lost. Up till now we have considered only classical repetition
of the experiment, which we had hoped would boost our chances of detection. This
method was obviously doomed to failure, as it increased our chances of exploding
the bomb at the same rate as the detection probability. One possible way around
this problem is to consider letting a photon run through the apparatus multiple
times. The idea s that the borb acts as a classical detector each time the phaton
passes through, and so the probability of explosion should increase only linearly
{roughly} in the number of passes M, whether or not the same photon is used. On
the other hand, the photon will not reach detector [y until completing all of its
M passes, and so the probability amplitude for bomb detection shouid be linear in
the number of passes, not the probability.

We can see this more rigorously hy considering the state of the system after N
passes. When there is no bomb present, the upper part of the apparatus {polarizing
interferometer) has ne effect, and so the final state will just be due to the N passes
through the ¢ wave plate, an so will be

BN = eos(NO) LH) + sin(NG) [V} .
In the presence of the bomb the vertically polarized component will always be

absorbed on passing through the interferometer. The state of the system given
that the bomb has not exploded will then be

iqj)homb = ilf) *
independent of N. Uising this the probability of the bomb expioding is
N1
Plexplode) = sin® ¢ Z cos® 0.
4==D)
Now if we insert a polarizer that passes angle M6 -+ n/2, then the detection
probability becomes

nG bomb

P(detectibomb) = sin®(M#) cos”™ (#)

if we take the limit M — oo, while holding M¥ = # /2, then this probability limits
to 1, smplying 100% detection. As a check we may take the same limit of the
explosion prebability to find that

Plexplode) — 1 - cos? ™M=V (g) = 0



(&}
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Such that we can achieve near unit detection efficiency with vanishingly small prob-
ability of explosion.

Just as we initislly hypothesized, the coherence of the system allowed us to
inerease the detection probahility more quickly than the probability of explosion.
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