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Problem 2: Hydrogenic Atoms and Atomic Units

The system consists of two particles: a negatively charged particle 1 with charge
q1 = —Z1e and mass my, and a positively charged particle 2 with charge ¢o = Zse
and mass my. They interact according to the Coulomb interaction:

2
— 7
.

and their relative-motion Hamiltonian is that interaction plus a term for relative
motion:

A

N P2
Hyg =74 +V

! 20 +V(r)
mi1me
where f = ———
my + moy

Combining the particles’ masses and charges and the nature of their interaction,
we can figure out the characteristic scales of the system:
h? h? me h? me

Hq192 - W12y Zoe? - <,u21Z2)(mee2> ~ (,uZlZQ

Length [, = )0.53A

mee?

q142 % 2 Y 2
E Ey=—""-= 747 ~ (—(Z£125)%)27.2
nergy £y = 48 = (1 (2:2:)°) () = (X (21272720
me h3 Me

h

— = ~ 243 %1075
Ey (M(Z1Z2)2)(mee4) (M(2122)2>

2

h e
Momentum py = ;- = (mizlzz)(mhe )~ (mﬂzlzg)z.o £107%g % cm /s

Time ty =

. m?2e®
Internal E-Field ¢, = ‘;—g - <£ezlzz>2z2( o)~ ((%)22523)5.7 «10°V/em
LV e? 1
Velocity ?O = Z—i = (lez)(%) = (Z1Zy)a =~ (ZlZQ)—l37
. v m2e”
Internal B-Field B, = %?O = (Z1Z>)ae, = (mie)zzi’zg)( ) (mie)QZfzg)mSG
t 12 o h
Magnetic Moment M, = camemrara _dih _ (m Zqy)( © )
C ty C 1% meC

Moy = <%Zl),UBohr ~ (%Z1)1.85 x 10" %erg/G
[ u

Note that internal E- and B-fields are calculated at particle 1, and the magnetic
moment given is that of particle 1. Also note that vy was calculated assuming
non-relativistic speeds. Now, all that remains is to plug in the values of Z;, Z5,
and p for each particle pair:



1. Hydrogen: Z; = Zy = 1, m1 = Mg, My = My, — [L = M,
2. Heavy (Tin) lon: Z; =1, Zy = 50, my = me, ma = my, — p =~ m,
3. Muonium: Z; = Z5 = 1, my = 200m., me = m, — p ~ 180m,

1

4. Positronum: Z; = Zy =1, my = mg =me — = 5m,

These values give the following numerical results:

lh(A) | EoleV) to(s) | po(g cm/s) | eo(V/cm)
Hydrogen 0.53 27.2 2410717 2x1071 5.7 % 10°
Heavy Ion 0.01 | 6.8%10% | 9.6 %1072 10717 7.1% 10"
Muon + Protong | 0.003 4896 1.8%107% | 3.6 %1077 | 1.8 x 10™
Positronium 1.06 13.6 4.8 %1071 1071 1.4 % 10°

vo/c | Bo(G) My (erg/G)

Hydrogen I 10° 1.85% 10720
Heavy Ion 0.36 101! 1.85% 10720
Muon + Proton % 3.24%10° | 3.3%10720
Positronium = | 24%10° | 3.7%10720
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