Physics 566: Quantum Optics I
Problem Set 7 Extra Credit
Due: Thursday, October 26, 2017

Problem 1: Momentum and Angular Momentum in the E&M Field (25 points)

From classical electromagnetic field theory we know that conservation laws require that
the field carry momentum and angular momentum
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(a) Show that when these quantities become field operators, the momentum operator
becomes, P =Y 7kaf ,a, ,; interpret.
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(b) Show that J I, +1]

spin

where J,, = 4_71'c _[ d’x E(x)(xxV)A(x), J,,, = 4%1:6 j d’x (E(x) X A(x))

(c) Show that
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Jopin = hZ(ak N &;_&k’_)ek . Interpret these quantities.

(d) The sp1n of the photon has magnitude S=1, yet there are only two helicity states. Thus
we can map the spin angular momentum onto the Bloch(Poincaré) sphere for S=1/2, via
Jn=Je +Je +e,
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where (a_,,a,_) are the mode operators for positive and negative helicity operators
relative to a space fixed quantization axis.

(di) Show that these operators satisfy the SU(2) commutation algebra for angular
momentum. This relationship is know as the “Schwinger representation” (see Sakauri).
(dii) The mean values of jx ,jy,jz are the “Stokes parameters” in classical optics and the

Bloch vector components on the Poincaré sphere. Explain the relationship between these
operators and the Pauli operators.



