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Quantum	Measurement	Theory	



Quantum	system	

ψ S = cm m S
m
∑

“Classical 
  Meter” 

Ô = m m
m
∑ m

Meter	measures	observable	

Textbook	Quantum	Measurement	



Quantum	system	

ψ S = cm m S
m
∑ Ô = m m

m
∑ m

Meter	measures	observable	

X ∝m

Textbook	Quantum	Measurement	

“Classical 
  Meter” 



X ∝m

“Collapse of the wave function” 

Quantum	system	

Ô = m m
m
∑ m

Renormalize ψ S = m S

Probability of finding m: 
         Born Rule  

Pm = m ψ
2
= cm

2

ψ S ⇒ m m ψ S = cm m S

Meter	measures	observable	

Textbook	Quantum	Measurement	

“Classical 
  Meter” 

Post- 
Measurement 



Von	Neumann	Theory	of	Measurement	

Quantum	system	
ψ S = cm m S

m
∑

Quantum	Meter	(ancilla)	
Φ0 A

Ψ SA
in = ψ S⊗ Φ0 A

“Quantum 
  degrees of  
freedom" 
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Von	Neumann	Theory	of	Measurement	

ψ S = cm m S
m
∑ Φ0 A

Ψ SA
out = ÛSA Ψ SA

in = ÛSA ψ S ⊗ Φ0 A = e− iχÔs⊗P̂A ψ S ⊗ Φ0 A

= cm
m
∑ m S ⊗ e− iχmP̂A Φ0 A

Quantum	system	 Quantum	Meter	(ancilla)	
ÛSA = e

− iχÔs⊗P̂A



Von	Neumann	Theory	of	Measurement	

ψ S = cm m S
m
∑ Φ0 A

Meter is displaced by an amount proportional 
to the eigenvalue to be measured.    

Ψ SA
out = ÛSA Ψ SA

in = ÛSA ψ S ⊗ Φ0 A = e− iχÔs⊗P̂A ψ S ⊗ Φ0 A =

= cm
m
∑ m S ⊗ e− iχmP̂A Φ0 A = cm

m
∑ m S ⊗ Φχm A

Quantum	system	 Quantum	Meter	(ancilla)	
ÛSA = e

− iχÔs⊗P̂A



Von	Neumann	Theory	of	Measurement	

m0	

m1	

0	 1	

If		 Φχ ′m Φχm = δm ′m then	meter	states	are	perfectly	disGnguishable	à	Projec'on	

“Find”	meter	in	state			Φχm A à	Collapse	system	state	as	well	

Post-Measurement	(Unnormalized)	

 
ψ S

out = Φχm USA Ψ SA
in = cm m S = m m( ) Ψ S

in

Probability	

 
Pχm = ψ s

out 2
= cm

2

Example: 
Atom is in  
superposition of 
two eigenstates 

ÛSA = e
− iχÔs⊗P̂A

Ψ SA
out = ÛSA Ψ SA

in = ÛSA Ψ S ⊗ Φ0 A = cm
m
∑ e− iχÔs⊗P̂A m s ⊗ Φ0 A( )

= cm
m
∑ m s ⊗ e− iχmP̂A Φ0 A = cm

m
∑ m s ⊗ Φχm A

= c0 m0 s ⊗ Φχm0 A
+ c1 m1 s ⊗ Φχm1 A



If		 then	meter	states	are	not	perfectly	disGnguishable	à	POVM	Φχ ′m Φχm ≠ δm ′m

General	Theory	of	Measurement	

m0	

m1	

0	1	

Example:	Measure	meter	observable	X	à	(weak)	backacGon	on	system	state	

Example: 
Atom is in  
superposition of 
two eigenstates 

Weaker coupling 

Ψ SA
out = ÛSA Ψ SA

in = ÛSA Ψ S ⊗ Φ0 A = cm
m
∑ e− iχÔs⊗P̂A m s ⊗ Φ0 A( )

= cm
m
∑ m s ⊗ e− iχmP̂A Φ0 A = cm

m
∑ m s ⊗ Φχm A

= c0 m0 s ⊗ Φχm0 A
+ c1 m1 s ⊗ Φχm1 A

ÛSA = e
− iχÔs⊗P̂A

Unnormalized	 Krause	operator	

 
!ψ S

in

X
= XA ÛSA Ψ SA

in = K̂X ψ S
in K̂X = XA ÛSA Φ0,A



General	Theory	of	Measurement	
Post-measurement	state	

 
!ψ S

out

X
= XA ÛSA Ψ SA

in = K̂X ψ S

in

Krause	operator	

K̂X = XA ÛSA Φ0,A

Probability	of	finding	X		
on	the	meter	  

PX = ψ s
out

X

2
= ψ s

in K̂X
† K̂X ψ s

in = ψ s
in ÊX ψ s

in

POVM	=	PosiGve	Operator	Valued	Measure		ÊX = K̂X
† K̂X{ }

•	PosiGve	operators:		PX|ψ = ψ ÊX ψ ≥ 0,

dX ÊX =∫ dX K̂X
† K̂X = dX∫ Φ0 Û

†
SA X X ÛSA Φ0 =∫ Φ0 Û

†
SAÛSA Φ0 = 1

•	Completeness:	 dX ÊX =∫ Î⇒ dX PX|ρ =∫ 1

PX|ρ = Tr ρ̂ÊX( ) ≥ 0



General	Theory	of	Measurement	

POVM	=	PosiGve	Operator	Valued	Measure		Êµ{ }
•	PosiGve	operators:		Êµ ≥ 0,

•	Completeness:	 Êµ = Î
µ
∑

Most general measurement in quantum mechanics 

•	Born	rule:	 Pµ = Tr Êµρ̂( )

•  Beyond projective measurements onto eigenstates of observables 
•  Number of measurement outcomes can be arbitrary   
•  Post-measurement state depends on measurement model 



Example:		Measurement	with	Gaussian	Noise	

Ancilla State (initial state of the meter): 

X Φ A =π
−1/4e

−1
2
X2 Gaussian centered on X=0 

Unit variance in 
Unnormalized 

X Φ A

2

POVM Elements 

 
ÊM = K̂M

† K̂M = e
−χ 2 Ôs−M( )2

πχ 2
= e−χ

2 (m−M )2

πχ 2
m m

m
∑

Projector on m, convolved with a noisy Gaussian 

  

K̂X = XA ÛSA Φ0,A = XA e
− iχÔS⊗P̂A Φ0,A

= XA − χÔs Φ0,A = π −1/4e
−1
2
X−χÔs( )2 = π −1/4e−

χ 2

2
(Ôs−X /χ

M
! )2

Kraus Operator 

Recall Ôs = m m
m
∑ m

 K̂M ≡ (χ 2π )−1/4 e
− χ

2

2
Ôs−M( )2



Probability	of	finding	X		
on	the	meter	  

PM = ψ s
in ÊM ψ s

in

Note:	

 
lim
χ→∞

ÊX = δ m −M( ) m m
m
∑ = m = M m = M Projector!	

If	system	is	in	eigenstate	 m  PM|m = m ÊM m = (χ 2π )−1/2e−χ
2 m−M( )2

Measurement	is	uncertain	since	meter	is	quantum	object	with	fluctuaGons	

Uncertainty	in	deduced	m-value	due	to	quantum	meter:	 (meter	noise)	Δm 2
meter

= χ−2

If	system	not	in	eigenstate	

 
PM|m = m ÊM m = (χ 2π )−1/2 e−χ

2 m−M( )2 cm
2

m
∑

ψ S = cm m S
m
∑ Δm2

state
= m − m( )2 cm 2

m
∑
(ProjecGon	noise)	

 
ÊM = (χ 2π )−1/2 e−χ

2 (m−M )2 m m
m
∑

Example:		Measurement	with	Gaussian	Noise	



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

  
!ψ S

out

M
= K̂M ψ S

in = (χ 2π )−1/4 e
− χ

2

2
(m−M )2

cm m
m
∑

cm
2

m

Δm2
meter

<< Δm2
state

 

e−χ
2 (m−M )2

πχ 2



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

cm
2

Projective Measurement 

  
!ψ S

out

M
= K̂M ψ S

in = (χ 2π )−1/4 e
− χ

2

2
(m−M )2

cm m
m
∑



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

cm
2

m

  
!ψ S

out

M
= K̂M ψ S

in = (χ 2π )−1/4 e
− χ

2

2
(m−M )2

cm m
m
∑

 

e−χ
2 (m−M )2

πχ 2



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

cm
2

out Weak measurement 
 

(Do not confuse with 
“weak value” a la 

Aharonov) 

  
!ψ S

out

M
= K̂M ψ S

in = (χ 2π )−1/4 e
− χ

2

2
(m−M )2

cm m
m
∑



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

cm
2

m

Δm2
meter

>> Δm2
state

  
!ψ S

out

M
= K̂M ψ S

in = π 1/4 e
− χ

2

2
(m−M )2

cm m
m
∑

 

e−χ
2 (m−M )2

πχ 2

Backaction negligible 



Measurement	BackacGon	
Post-Measurement	State	(Unnormalized)	

cm
2

m

Δm2
meter

>> Δm2
state

  
!ψ S

out

M
= K̂M ψ S

in ≈ π 1/4e
− χ

2

2
( m −M )2

cm m
m
∑

 

e−χ
2 (m−M )2

πχ 2

Backaction negligible 

 PM = ψ s
in ÊM ψ s

in ≈ πχ 2( )−1/2 e− χ 2 Ôs −M( )2

Mean field approximation.    

M = ψ s Ôs ψ s + 1
2χ

N

Shot Noise
!"# $#

Normal random 
0=mean, unit variance 



ConGnuous	Measurement	

X(t) Atomic ensemble 
(quantum system) 

Laser probe 
(quantum meter) 

Δt



Entangling	InteracGon	

Light packet 
(quantum ancilla) 

Atomic ensemble 
(quantum system) 

Δt



Entangling	InteracGon	

Δt



Entangling	InteracGon	

Δt

Δt→ 0As            , weak measurement in any time-slice  

 
M(t) = ψ (t) Ô ψ (t) + 1

κΔt
N (t)

∝ΔtSignal  ∝ ΔtShot noise 

∝ 1
Δt

SNR = 1
κΔt

= 1
2χ 2SNR variance 

κ = measurement rate 



3.2 Stochastic Processes 47
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Figure 3.2: Example of a random walk trajectory. We have taken ⌧ = a = 1 and plotted
the resulting trajectory after a large number, 10

5, of steps. In the insert, we see the fine
detail with the discrete jumps occurring at times multiples of ⌧ .

where 1 means “heads” and 0 means “tails”. Consider that the tossing takes place
at given times 0, ⌧, 2⌧, .... To the outcome of this set of probabilistic experiments we
associate a one-dimensional function x(t) which starts at x(0) = 0 and that moves to
the left (right) at time k⌧ an amount a (�a) if the k–th result of the tossed coin was
0 (1). In the intermediate times between two consecutive tossings, namely in the times
between k⌧ and (k+1)⌧ the system just remains in the same location. Figure 3.2 shows
the trajectory for the above result u.

What does one mean by characterizing a stochastic process? Since it is nothing
but a continuous family of random variables, a stochastic process will be completely
characterized when we give the joint probability density function for the arbitrary set
{x̂(t

1

), x̂(t
2

), . . . , x̂(t
m

)}, i.e. when we give the function f(x
1

, . . . , x
m

; t
1

, . . . , t
m

) for
arbitrary m. This function is such that

f(x
1

, . . . , x
m

; t
1

, . . . , t
m

)dx
1

. . . dx
m

(3.13)

represents the probability that the random variable x̂(t
1

) takes values in the interval
(x

1

, x
1

+dx
1

), the random variable x̂(t
2

) takes values in the interval (x
2

, x
2

+dx
2

), etc.2

2In a di↵erent language, we can say that a complete characterization of the trajectory is obtained
by giving the functional probability density function f([x(t)]).

W(t) 

White	Noise:	Wiener	StochasGc	Process	

Brownian motion – random walk in 1D 

P(W (t)) = 1
2πt

exp −W
2

2t
⎧
⎨
⎩

⎫
⎬
⎭

Gaussian: 

W 2 (t)
________

= tW (t)
_______

= 0



White	Noise:	Wiener	StochasGc	Process	

Wiener interval ΔW (t) =W (t + Δt)−W (t)

ΔW (t1)ΔW (t2 ) =
0; t1 − t2 ≥ Δt

Δt − t1 − t2 ; t1 − t2 ≤ Δt

⎧
⎨
⎪

⎩⎪

Ito stochastic differential 
  
dW (t) = lim

Δt→0
ΔW (t) ∼ dtN (t)

dW (t)
________

= 0 dW (t)( )2 = dt dW (t)dt = 0

White Noise ξ(t) = lim
Δt→0

ΔW (t)
Δt

= dW (t)
dt

ξ(t)ξ( ′t )
____________

= δ (t − ′t )

Continuous 
Measurement  

M(t) = Ô + lim
Δt→0

1
κΔt

N (t) = Ô + 1
κ
dW (t)
dt



StochasGc	Schrödinger	EquaGon	

Evolution of the state conditioned on the measurement record 

 
ψ c (t + dt) =

K̂M (t,dt)ψ c (t)
K̂M (t,dt)ψ c (t)

Kraus operator for continuous measurement  

 K̂M (t,dt)ψ c (t) = e
−κdt
4

Ô−M (t )( )2 ψ c (t)

 
M(t) = ψ (t) Ô ψ (t) + 1

κ
dW (t)
dt

ΔÔ ≡ Ô − ψ (t) Ô ψ (t) K̂M (t,dt) = e
−κdt
4

ΔÔ−dW / κ dt( )2



StochasGc	Schrödinger	EquaGon	

 
K̂M (t,dt) = exp −κdt

4
ΔÔ(t)− 1

κ
dW
dt

⎛
⎝⎜

⎞
⎠⎟
2⎧

⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= exp −κdt
4

ΔÔ2 (t)+ κ dW
2

ΔÔ(t)
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

= 1−κdt
4

ΔÔ2 (t)+ κ dW
2

ΔÔ(t)+ 1
2
κdW 2

4
ΔÔ2 (t)

 
K̂M (t,dt) = 1−

κ
8
ΔÔ2 (t)dt + κ

2
ΔÔ(t)dW

ψ K̂ †K̂ ψ = ψ 1−κ
4
ΔÔ2 (t)dt + κ

2
ΔÔ(t)dW

⎛
⎝⎜

⎞
⎠⎟

2

+ κ ΔÔ(t)dW ψ = 1



StochasGc	Schrödinger	EquaGon	

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔ2 (t)dt⎛

⎝⎜
⎞
⎠⎟ ψ c (t) + κ

2
ΔÔ(t)dW ψ c (t)

dψ c (t) = ψ c (t + dt) − ψ c (t)

“Quantum Trajectory” 
“Quantum State Diffusion” 

dψ c (t) = −κ
8
ΔÔ2 (t)ψ c (t) dt +

κ
2

ΔÔ(t)ψ c (t) dW

dψ c (t) = −κ
8
Ô − Ô( )2 ψ c (t) dt +

κ
2

Ô − Ô( )ψ c (t) dW



StochasGc	Master	EquaGon	

 

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔs

2 (t)dt⎛
⎝⎜

⎞
⎠⎟

1− i
!
Ĥeff dt=1−

1
2
L̂†L̂dt

" #$$ %$$
ψ c (t) + κ

2
ΔÔs (t)dW

L̂dW
" #$$ %$$

ψ c (t)

dρ̂c = d ψ c (t) ψ c (t)( ) = dψ c (t) ψ c (t) + ψ c (t) dψ c (t) + dψ c (t) dψ c (t)

= − 1
2
L̂†L̂ ρ̂cdt +

1
2
ρ̂c L̂

†L̂ dt + L̂ ρ̂c + ρ̂c L̂( )dW + L̂ ρ̂c L̂
†dW 2

 

dρ̂c = − 1
2
L̂†L̂ , ρ̂c{ }dt + L̂ ρ̂c L̂

†dt

Lindbladian
! "#### $####

+ L̂ ρ̂c + ρ̂c L̂( )
Measurement backaction
! "## $##

dW

No “click”  “click” 



StochasGc	Master	EquaGon	

 

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔs

2 (t)dt⎛
⎝⎜

⎞
⎠⎟

1− i
!
Ĥeff dt=1−

1
2
L̂†L̂dt

" #$$ %$$
ψ c (t) + κ

2
ΔÔs (t)dW

L̂dW
" #$$ %$$

ψ c (t)

dρ̂c = d ψ c (t) ψ c (t)( ) = dψ c (t) ψ c (t) + ψ c (t) dψ c (t) + dψ c (t) dψ c (t)

= − 1
2
L̂†L̂ ρ̂cdt +

1
2
ρ̂c L̂

†L̂ dt + L̂ ρ̂c + ρ̂c L̂( )dW + L̂ ρ̂c L̂
†dW 2

No “click”  “click” 

 

dρ̂c = −κ
8

ΔÔs
2 , ρ̂c{ }dt +κ4 ΔÔs ρ̂cΔÔs dt

Lindbladian
! "###### $######

+ κ
2

ΔÔs ρ̂c + ρ̂cΔÔs( )dW
Measurement backaction

! "#### $####



StochasGc	Master	EquaGon	

 

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔs

2 (t)dt⎛
⎝⎜

⎞
⎠⎟

1− i
!
Ĥeff dt=1−

1
2
L̂†L̂dt

" #$$ %$$
ψ c (t) + κ

2
ΔÔs (t)dW

L̂dW
" #$$ %$$

ψ c (t)

dρ̂c = d ψ c (t) ψ c (t)( ) = dψ c (t) ψ c (t) + ψ c (t) dψ c (t) + dψ c (t) dψ c (t)

= − 1
2
L̂†L̂ ρ̂cdt +

1
2
ρ̂c L̂

†L̂ dt + L̂ ρ̂c + ρ̂c L̂( )dW + L̂ ρ̂c L̂
†dW 2

 

dρ̂c = −κ
8
Ôs , Ôs , ρ̂c⎡⎣ ⎤⎦⎡
⎣

⎤
⎦dt

Lindbladian
! "### $###

+ κ
2

ΔÔsρ̂c + ρ̂cΔÔs( )dW
Measurement backaction

! "#### $####



StochasGc	Master	EquaGon	

 

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔs

2 (t)dt⎛
⎝⎜

⎞
⎠⎟

1− i
!
Ĥeff dt = 1−

1
2
L̂†L̂dt

" #$$ %$$
ψ c (t) + κ

2
ΔÔs (t)dW

L̂dW
" #$$ %$$

ψ c (t)

dρ̂c = d ψ c (t) ψ c (t)( ) = dψ c (t) ψ c (t) + ψ c (t) dψ c (t) + dψ c (t) dψ c (t)

= − 1
2
L̂†L̂ ρ̂cdt +

1
2
ρ̂c L̂

†L̂ dt + L̂ ρ̂c + ρ̂c L̂( )dW + L̂ ρ̂c L̂
†dW 2

  

dρ̂c = − i
!
Ĥ , ρ̂c⎡⎣ ⎤⎦ + LDecoherence[ρ̂c ]

−κ
8
Ôs , Ôs , ρ̂c⎡⎣ ⎤⎦⎡
⎣

⎤
⎦dt +

κ
2

ΔÔs ρ̂c + ρ̂cΔÔs( )dW
General SME 



StochasGc	Master	EquaGon	

 

ψ c (t + dt) = K̂ (t,dt)ψ c (t)

= 1−κ
8
ΔÔs

2 (t)dt⎛
⎝⎜

⎞
⎠⎟

1− i
!
Ĥeff dt = 1−

1
2
L̂†L̂dt

" #$$ %$$
ψ c (t) + κ

2
ΔÔs (t)dW

L̂dW
" #$$ %$$

ψ c (t)

dρ̂c = d ψ c (t) ψ c (t)( ) = dψ c (t) ψ c (t) + ψ c (t) dψ c (t) + dψ c (t) dψ c (t)

= − 1
2
L̂†L̂ ρ̂cdt +

1
2
ρ̂c L̂

†L̂ dt + L̂ ρ̂c + ρ̂c L̂( )dW + L̂ ρ̂c L̂
†dW 2

  

dρ̂c = − i
!
Ĥ , ρ̂c⎡⎣ ⎤⎦ + LDecoherence[ρ̂c ]

−κ
8
Ôs , Ôs , ρ̂c⎡⎣ ⎤⎦⎡
⎣

⎤
⎦dt +

κ
2

ΔÔs ρ̂c + ρ̂cΔÔs( )dW
General SME 



QND	Measurement	via	conGnuous	measurement	

Quantum Nondemolition (QND) Measurement 
-    Standard paradigm of quantum measurement. 
-  If a system is in an eigenstate, measurement doesn’t disturb it; 

backaction into conjugate variables. 
-  QND measurement can reduce uncertainty in observable (squeezing) 

 
K̂M ,Ô⎡⎣ ⎤⎦ = 0

-  Mathematical definition:  
QND measurement of an observable      Kraus operator commutes observable 



QND	Measurement	via	conGnuous	measurement	

Evolution of moments of observables under continuous measurement: 

d Ôn = Tr Ôn dρ̂c( ) = κ ÔnΔÔ dW

⇒ d Ô = κ ÔΔÔ dW = κ ΔÔ2 dW

⇒ d Ô2 = κ Ô2ΔÔ dW

Gaussian statistics 0 

⇒ d ΔÔ2 = d Ô2 − Ô
2( ) = d Ô2 − 2 Ô d Ô − d Ô( )2

= κ Ô2ΔÔ − 2 Ô ΔÔ2( )dW −κ ΔÔ2 2
dt

= κ ΔÔ3 dW −κ ΔÔ2 2
dt



QND	Measurement	via	conGnuous	measurement	
Evolution of moments of observables under continuous measurement: 

d Ô = κ ΔÔ2 dW

d ΔÔ2 = −κ ΔÔ2 2
dt ⇒ ΔÔ2 (T ) =

ΔÔ2 (0)
1+κT

⇒
ΔÔ2 (0)
κT

κT >>1

Mean position randomly kicked  
(projection noise) 

Projection noise squeezed to the shot noise resolution of probe 

time solution !!Jz
2"s#t$, Eq. (18), at long times.

Other useful properties of the stochastic evolution are evi-
dent from the moment equations. For example, we can show
that

d!Jz
n" = 2%M"#!Jz

n+1" − !Jz
n"!Jz"$dW#t$ #32$

for integer n; hence,

dE&!Jz
n"' = 0 #33$

and for times s# t we have the martingale condition

Es&!Jz
n"#t$' = !Jz

n"#s$ . #34$

This equation for n=1 gives us the useful identity

E&!Jz"#t$!Jz"#s$' = E&!Jz"#s$2' #35$

for s# t. Also, we can rewrite the expression for n=2 as

Es&!Jz"#t$2 + !!Jz
2"#t$' = !Jz"#s$2 + !!Jz

2"#s$ . #36$

This implies a sort of conservation of uncertainty as the dif-
fusion in the mean, shown in Fig. 1(B), makes up for the
decreasing value of the variance.

B. !=0

It is insightful to examine the behavior of the master
equation with "=0 which corresponds to ignoring the mea-
surement results and turns the SME, Eq. (1), into a determin-
istic unconditional master equation. We continue to consider
only those initial states that are polarized. This is because
these states are experimentally accessible (via optical pump-
ing) and provide some degree of selectivity for the final pre-
pared state. To see this, let us consider a spin-1 /2 ensemble
polarized in the x-z plane, making angle $ with the positive z
axis, such that

!Jx"#0$ = sin#$$N/2,

!Jy"#0$ = 0,

!Jz"#0$ = cos#$$N/2,

!!Jx
2"#0$ = cos2#$$N/4,

!!Jy
2"#0$ = N/4,

!!Jz
2"#0$ = sin2#$$N/4. #37$

Solving the unconditional moment equations and labeling
them with u subscripts, we get

!Jx"u#t$ = sin#$$exp#−Mt/2$N/2,

!Jy"u#t$ = 0,

!Jz"u#t$ = cos#$$N/2,

!!Jx
2"u#t$ = sin2#$$&N2 − N − 2N2 exp#−Mt$

+ #N2 − N$exp#− 2Mt$'/8

+ N/4→ sin2#$$#N2 − N$/8 + N/4,

!!Jy
2"u#t$ = sin2#$$&N2 − N + #N − N2$exp#− 2Mt$'/8 + N/4

→ sin2#$$#N2 − N$/8 + N/4,

!!Jz
2"u#t$ = sin2#$$N/4. #38$

Note that, because the unconditional solutions represent the
average of the conditional solution—i.e., %u#t$=E&%#t$'—we
have

E&!Jz"#t$' = !Jz"u#t$ = !Jz"#0$ = cos#$$N/2. #39$

This also follows from the martingale condition for !Jz"#t$.
From the martingale condition for !Jz

2"#t$ we get

E&#!Jz"#t$ − E&!Jz"#t$'$2' = !!Jz
2"#0$ − E&!!Jz

2"#t$'

→ !!Jz
2"#0$ = sin2#$$N/4.

#40$

Thus, when 0&"#1, we expect the final random condi-
tional Dicke state on a given trial to fall within the initial z
distribution. Given $, the distribution will have spread
(sin#$$(%N /2 about the value cos#$$N /2. Although the final
state is generally random, starting with a polarized state
clearly gives us some degree of selectivity for the final Dicke
state because %N'N.

FIG. 2. Many open-loop moment trajectories1 of the SSE, Eq. (5). The trajectory of Fig. 1 is darkened. (A) At short times, the evolution
of the variance (shown on a log scale) is deterministic and given by !!Jz

2"s#t$. At long times, the variances become stochastic but bounded
(above by 1/4 and below by exp&−2#Mt−1$' /4). The average of all 10 000 trajectories (only 10 are shown) gives. E&!!Jz

2"#t$'. (B) The
projective nature of the measurement is made clear by the evolution of 100 trajectories of !Jz"#t$. The distribution of the final results is given
by the first histogram of Fig. 1(A). (C) The evolution of the 100 trajectories all starting in an x-polarized CSS. When "=1, certain regions
of Hilbert space are forbidden by the evolution.

STOCKTON, van HANDEL, AND MABUCHI PHYSICAL REVIEW A 70, 022106 (2004)

022106-6

Example: 
QND measurement 
of spin projection Jz 
for spin J=4 

Stockton et al., 
Phys. Rev. A 70, 
002206 (2004) 
 



Take-Away	Lessons	

•  Von Neumann paradigm of quantum measurement describes how a quantum 
meter gains information about a quantum system. 
 
•  Most general measurement in quantum mechanics: POVM 

-  Arbitrary number of possible measurement outcomes. 
-  Born rule:  probability of measurement outcome.  
-  Measurement back action:  Kraus operators update state conditioned on 

measurement outcome. 
 
•  “Weak” nonprojective measurements 

-  Different projective outcomes not fully resolvable by the meter. 
-  Measurement backaction weakly disturbs the state. 
-  Information gain / disturbance tradeoff. 

•  Continuous measurement 
-  Continuous probe “slice of time” differentially measures system 
-  Stochastic Schrödinger equation: continuous-time evolution of the state 

conditioned the continuous measurement record 


