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Syllabus

Lecture I: Quantum Control

— Foundations of Quantum Control Theory
— Atomic Spins as a Quantum Control Testbed

Lecture Il: Quantum Measurement

— Foundation of Quantum Measurement Theory
— Continuous measurement and quantum trajectories

Lecture Ill: QND Measurement — Spin Squeezing

— Measuring Spins via Polarization Spectroscopy
— Quantum control for enhanced spin squeezing

Lecture IV: Quantum Tomography

— Foundation of Quantum Tomography
— Quantum Tomography via Continuous Measurement



Quantum Measurement Theory
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Textbook Quantum Measurement

“Classical
Meter”

ntum m
Quantum syste Meter measures observable

Post-  |W)s =|m)(ml|lw) =c,|m) 0= ;m| m)(m|

Measurement

Renormalize |l//>S = | m>S

“Collapse of the wave function”

Probability of finding m: P, =|(m|y |’ =|c,[
Born Rule



Von Neumann Theory of Measurement

“Quantum
degrees of
freedom"
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Von Neumann Theory of Measurement
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Von Neumann Theory of Measurement

Uy, =e
Quantum system Quantum Meter (ancilla)
|l//>s :20m|m>s |(D0>A
|\P>§Zt = ASA|\P>ZLA :USA l//>S ®|(D0>A = ¢ 1000 W>s ®|(I)O>A
:Zcm|m>5 ® et (I)O>A



Von Neumann Theory of Measurement

0 _ ,—ix0,®P, W " SR
sa— €

Quantum system Quantum Meter (ancilla)
:20m|m>s |(D0>A

W)Yo =Ug | W), =Uglw), ®|®,), =™ y) ®|®,), =

=2cm|m S ® etk (I) =Zcm|m>5 ®‘(Dxm>A

Meter is displaced by an amount proportional
to the eigenvalue to be measured.




Von Neumann Theory of Measurement

Example:
Atom is in
superposition of
two eigenstates

0SA _ 20,07, W 2 -
() =0y, | W)y, = U, |P), ®| @), =Y ¢, 7% | m), ®| D), )
=Y, |m), @ @) =N, |m) ®@,,)

= C0|m0>s ®|(Dxmo>A +Cl|m1>s ®‘(D%’"l >A

If <CI>Zm,‘(Dxm> =0,,, then meter states are perfectly distinguishable = Projection

“Find” meter in state|‘bxm>A —> Collapse system state as well

Post-Measurement (Unnormalized) Probability

|l/7>50m — <(I);(m‘USA|LP>SAm = Cm|m>s = (| m><m|)| \PX: P)(m —

~ out
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2 2
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General Theory of Measurement

Example:
Atom is in
superposition of
two eigenstates

|\P>:Zt = ﬁSA|‘{‘>?A = ﬁSA|‘P>S ®| D, >A = Zcme_i%és®ﬁA (| m>s ®| (I)O>A)
— Zcm|m>s ® ¢~ XM (I)0>A = Ecm\m>s ®‘(D%m>A

= c0|m0>s ®‘(I)xm0>A +C1|m1>s ®‘(D7le>A

If <CI)lm,‘<I)xm> #0, . then meter states are not perfectly distinguishable > POVM

Example: Measure meter observable X (weak) backaction on system state

Unnormalized | Krause operator
= <XA|USA|\P>?A = KX|1//>? Ky = <XA|USA (I)O,A>

X

~\in

2%




General Theory of Measurement

Post-measurement state Krause operator
|l/7>s0m % = <XA|(}SA|T>SAM — IA{X|w>sin I%X — <XA|(7$A (I)(),A>
Probability of finding X b | |F = (| R R in\ _ lwr ™| in
robability e X Po=|r, | || = (v [ Kk |w,")=(v," | Eyw,")

on the meter

{EX = K;KX} POVM = Positive Operator Valued Measure

A

* Positive operators: P, = <l//|EX|l//> >0, P, = Tr(f)lA?X) >0
e Completeness: jdXEX :i:> JdXPle =1

[ax E, =[dX KK, = [ax (@,|0%,| X)(X|Uy,|®,) =(@,| 04,0, | @,) =1



General Theory of Measurement

Most general measurement in quantum mechanics

{EM} POVM = Positive Operator Valued Measure
e Positive operators: E,, >0,
e Completeness: Zl:?“ =1
u

e Bornrule: P, :Tr(l?uﬁ)

« Beyond projective measurements onto eigenstates of observables
« Number of measurement outcomes can be arbitrary
» Post-measurement state depends on measurement model



Example: Measurement with Gaussian Noise

Ancilla State (initial state of the meter):

Ly Gaussian centered on X=0
TV 2
(X| > e Unit variance in |(x|®) |
Unnormalized

Kraus Operator
IA{X = <XA|I75A ‘ (I)O,A> = <XA| e HEh

:< -
1/4

K, =(x'n)y o Recall és = Zm|m><m|

POVM Elements

M ry ; \/7 <m|

Projector on m, convolved with a noisy Gaussian

(I)(),A>

2

1 A\ X A 2
114 | X10,) _1/4 —5(0=XIy)
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Example: Measurement with Gaussian Noise

Probability of finding X p =(w"E in
on the meter M <lljs M‘ws >

EM _ (%272:)—1/226—;(2(;71—3\4)2 | m><m|
Note: ;

hmE 25 m j\/l)|m>< | = |m=3\/l><m=5\/l| Projector!

Ao

If system is in eigenstate |m) P, :<m|Em|m> ()™ o X (m=M)°

Measurement is uncertain since meter is quantum object with fluctuations

Uncertainty in deduced m-value due to quantum meter: Am °
|

meter

= x> (meter noise)

If system not in eigenstate |y/)_ Zcm|m Am’® = Z(m—<m>)2|c ’

) (Projection noise)

PMm _ <m|EM| m> _ (lzﬂ)—l/zze—x (m-M)’ |cm




Measurement Backaction

Post-Measurement State (Unnormalized)

~\ out A in _ _%_2 m—M)’
|I//>S :K.’M|l//>5 :(%271') 1/428 5 )Cm|m>

M

<< Am”?

meter

—x* (m=M) Am’

e

state




Measurement Backaction

Post-Measurement State (Unnormalized)

| l/»}>SOMZ‘

2
e, |m)

— I€M|1//>Si” — (%271')_1/426_

M

Projective Measurement




Measurement Backaction

Post-Measurement State (Unnormalized)
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Measurement Backaction

Post-Measurement State (Unnormalized)

| lp>50ut

2
%(m—ﬂmz

_ I%:M|l//>sln _ (ZZn_)—lee_ Cm|m>

M

2
out Weak measurement

c,

(Do not confuse with
“weak value” a la
< > Aharonov)




Measurement Backaction

Post-Measurement State (Unnormalized)

. . .
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Measurement Backaction

Post-Measurement State (Unnormalized)

N . - L ()1
|l//>Sout N _ Km|l//>sm ~ 77:1/48 5 m Ecm|m>
m
Am*|  >>Am®
meter state
2
c,|
o~ X (m=M)’ ’m Backaction negligible
NE A hl

Ealyt)=(me) " 107 M=y,

Py = <l//;n

Mean field approximation.

0

st/fs>+L
N2y

Normal random
O=mean, unit variance

\

N

Y
Shot Noise



At

Continuous Measurement

Laser probe
(quantum meter)

Atomic ensemble
(quantum system)

X(t)

Faraday Measurement, O(,=Fz

ﬂ
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Entangling Interaction

At
<>

Rl

Light packet Atomic ensemble
(quantum ancilla) (quantum system)



Entangling Interaction




Entangling Interaction

. A

Signale< At Shot noise o< JAr

11
KAt 2y’

1
SNR o< ﬁ SNR variance =

K = measurement rate

As Ar — 0, weak measurement in any time-slice

M) =y )| Oly @)+ @Nm




White Noise: Wiener Stochastic Process

Brownian motion — random walk in 1D

0 20000 40000 60000 80000 100000
4

1 W? Gaussian:
;= e"p{‘_} Wo=0 W@)=1




White Noise: Wiener Stochastic Process

Wiener interval AW (@#)=W({t+ At)—W (1)

0; t—t|= At
(AW (£ )AW (£,)) = < =t

At—=|t,—t,; |1, —1,| <At

Ito stochastic differential - dW (1) = lim AW (1) ~ Jdt N (1)

AWH)=0 (dW(@)) =dr dW(t)dt=0

AW (1) _ dW (1)

White Noise  &(¢) = lim EMEMR)=0(t—1)

At—0 At dt
Continuous gy = () + fim —— N (1) = () 4 — WV ®)
Measurement ©) < > 850 \[iAt ®) < > NC




Stochastic Schrodinger Equation

Evolution of the state conditioned on the measurement record

K, (t,d0)| (1))

Va\

K (t.dn)ly, ()]

W, (t+d1)) =

Kraus operator for continuous measurement
Kdt( A

Ko tddly. @)= * "y o)

B A 1 dW (1)
M(t)=(y()|O|y))+ N

—K—dt(A(A)—dW/\/Edt)z

K, td)=e * A0 =0-(y()|Oly (1))



Stochastic Schrodinger Equation

Kdt 1 dwW

M(t dt) = exp{—T(AO(t) I a ) }

= exp{—%thO (t)+ J_dW Aé(r)}

_1—’%‘%0() \/E;WAO() %KdW

AO* (1)

Jr

R, (t,d)=1— gA(A)Z(t)dt + 7Aé(t)dw

Wl k)= =" 0%+ T s0w0aw | 4 sowawly) -



Stochastic Schrodinger Equation

(¢ +dt)) = K (t,dt)|y (1))

— (1 _ %Aé%z)dr) v (1) + % AO(t)dW |y (1))

dy (1)) =|y (t+dD)—|y (1))

dy (1)) = —%Aéz(t) w.(0))dt + %Aé(t)

(1)) dW

dy (D)=~ wc(t)>dt+§(5—<5>) W.(0)dW

s(0-(0))

“Quantum Trajectory”
“Quantum State Diffusion”




Stochastic Master Equation

ly . (t+db)) =K v, (1))
K A
:(1—§A0S2(t)dtj v )+ x0)
\ 1—%ﬁleﬁdtzl—%ﬁidt J Law
No “click” “click”

+y, O)dy, ()] +|dy () {dy, (1))

dp, = d(jy. @)y, 0])=|dy. )y,

:_%I:*Lpdﬁ pLLdi+(Lp,+pL)aw+LpLdw’

dp. = ;{LT ,pc}dz+chL*dz+(ch+pc )dW

Li ndb ladian Measurement backaction



Stochastic Master Equation

. (t +db)) = K(z,dt)|y (1))
- (1 - %Aéf (t)dt) W (1) + %Aés AW |y, (1))
\ 1—%ﬁeﬁd;1—%ﬁidt J I J
No “click” “click”

dp, =d(

v, Oy, @)])=|dy O)y @) +|y O)dy, @)+ dy . (O)(dy, @)

—— DL pdr+ pLLdi+(Lp,+pL)aw+L pLaw?

dp. = —%{Aé?,ﬁc}dt+§AésﬁcAésdt+§(Aésﬁc +p,A0, )dW

' vV
Lindbladian Measurement backaction



Stochastic Master Equation

ly. (¢ +db)) = K(z,dr)

v, (1))
- (1-%Aé§<r)dr)

v, (1)) + % AO (1)dW

-

w.(1))

Pa s Law
=LA ydi=1—~ [ Lde
7 2

dp, =d(

w.O) . 0))=|dy . O)w. )| +|lw.O)dy. )| +|dy . (O)dy @)
:_é P f)cdt+%f)cﬁi di+(Lp,+p.L )aw +L p.i'aw

dp, = —%[és,[és, p.||dr+ %(Aésﬁc +p.A0,)aw

4 Vo
Lindbladian Measurement backaction



Stochastic Master Equation
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Stochastic Master Equation
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QND Measurement via continuous measurement

Quantum Nondemolition (QND) Measurement

- Standard paradigm of quantum measurement.
If a system is in an eigenstate, measurement doesn’t disturb it;

backaction into conjugate variables.
QND measurement can reduce uncertainty in observable (squeezing)

- Mathematical definition:
QND measurement of an observable ¢» Kraus operator commutes observable

| K,.0]=0



QND Measurement via continuous measurement

Evolution of moments of observables under continuous measurement:

A

d(0")=Tr(0" dp, )=~k 0"AO)dW

= d(0) =k (0A0)dW =k ( AO*)aw

= d(0”) =k (0*A0)dW

= d(80*)=d((0%)-(0)'|=a(0*)-2(0)a(0)-(a(0))
=i ((0°20)-2(0)(80%))aw -1 (A0*) ds

=i (RO )aw —x(A0?) di

O Gaussian statistics



QND Measurement via continuous measurement

Evolution of moments of observables under continuous measurement:

d<é> = \/E< A52>dW Mean position randomly kicked
(projection noise)

<A52(0)> _ <Aé2(0)>
1+xT KT

d{A0*) =~k (A0 di = (AOX(T)) = T >> 1

Projection noise squeezed to the shot noise resolution of probe

Example:

QND measurement
of spin projection J,
for spin J=4

Stockton et al.,
Phys. Rev. A70,
002206 (2004)

(J2) (1)




Take-Away Lessons

« Von Neumann paradigm of quantum measurement describes how a quantum
meter gains information about a quantum system.

* Most general measurement in quantum mechanics: POVM
- Arbitrary number of possible measurement outcomes.
- Born rule: probability of measurement outcome.
- Measurement back action: Kraus operators update state conditioned on
measurement outcome.

» “Weak” nonprojective measurements
- Different projective outcomes not fully resolvable by the meter.
- Measurement backaction weakly disturbs the state.
- Information gain / disturbance tradeofft.

» Continuous measurement
- Continuous probe “slice of time” differentially measures system
- Stochastic Schrodinger equation: continuous-time evolution of the state
conditioned the continuous measurement record



