Physics 581: Open Quantum Systems
Lecture 7: Introduction to Entanglement

Z>VUH1&PW\ “4gq4>nL04 q¢~ r4“JLfﬁz <Ek6Y?C§<T? sz‘d&%ﬂ

Considey o s;mp'cs’[‘ Mosgicd Syslem WK Yy 0(@%1*&4\ o Leodon — to
/10««# Y)a,rj"’b(lg ww-w‘/wa on a |ire:

1 LXB)PB

XA Pw
Vo Gudor il e Lk At o bl e phte
@(&,XB\ = ’P(X&,Xg\= [@(XA,XQNIZ

We p@%p\( I, MMM P”"°L“M’Lﬁ 04{5#:13%/4%5
Pl = _io(x]S T, %) ) P lx,) :Fio{xﬁ Pl %)

CTW Do Plg) Tl(}k()ﬂof\[l ) P[XB.) = IQ”é(Xk\\l (](L/r Samy ”\/A/_ | r\"/@P
Aosuec: TAf “f(m, )= Wod i) =D Plax = Pl Plicg)
:b XR + 7(43 7234 MV\COW&LM —3 il_?(sa \f\)rotpkj chit, " Sepavaihd

TF /BB(XA/XB}S& /%/xﬁ)q-ljg(xg\ B some /4,{ W L skt s
SGJJ (]Z) be QI/WLM%/(

NOJQW(MJ—&JMSMO% A&BWM“ I+ ¢4 skik
f ok st ff AsB & mich g4 Afdin end puenkifickon, of

@WL@WMW tompaidad . Wbl it e
oo here



Ivan H. Deutsch
Physics 581: Open Quantum Systems
Lecture 7:  Introduction to Entanglement


_r\’:r\SbY (\»raob-d‘
5 M Neasor prodeit. Gusdo by dgrs f Badom (o park = byerhite).

%A'B — /ZA. ®l’%/]3_\-/@n5h’ (kfrhec}uv-) {)mo(ml]g'
7&

N4
TJowt Hillert g Holbedt spece &) #o dwp tsulogelen, "
6f o Jouh gyl
ek B eds D ["PAB> = [Nelb) € Hyq
Pfow .Slwb\
Busa flegplizlady 3 8 As THD L=l dgd
QMM c—ﬂ Aﬁ ) AR *"?(’ecﬂ

Bosio F 7—}45 ; \tﬂ,{)>z|€;_>ﬁ® |10655 : DM(‘HMS):&@\D(B

< ) ]
Repregemlotion: &, :-(eg\"’% = [{L P’a' EQ\@S - gz
K of - | LY

5 Yo = <lEY, = do gD (Mo 16y) =4t <a\hy

g
:‘? \63 = p(e ﬁ'(] : ‘1‘@/\5’0( \or‘@a(»;p) ou‘l‘w ()wdudﬁ, I(romoLw /Dfacﬂwc‘l‘

—z F’é — \u —~ o R
— ) I ]
AR _ 0<| (3‘ - ! €2 "(lg_
rzg[d N 7<;L X @1 -F"I - -~
: @ | (798 'g"ls
7<0{ k= M e ™ 0(2 !
i s
s B “ ::2, «2’(3’1
(g <1 Bk
of h'él : ¢<€1" (3|
’{» 62 dult Fz
L -P‘J - A ﬁJEJ
— AB




\

TWW‘ PF‘UV(MJ_ O‘ﬂ O!’V—qu"\’_s

_In‘} /|\>\(A] S &n OMMALWOM KA G/;J /\[B ) W\/{ O-P-MW o /%6

i %= A% N® ~ W, st 6™ %0 14 = e K,
MEF\FI'X repm%kﬂfm; q )(LJ\ <L(),O (48) [L/J/> MA;\ ng\
EKQ”“‘/‘Q" Mjfé ”{A;JB =

5= 6f0d®  Senked baow. 5§ =D D=1
‘amvwcj A/rIQ‘S"f
o)

g= o)) | °]< |e ofo ) 4,0 | Egéﬂ
3] ofd) [0988
Ma«rw Slte 6‘rca(wm,/oaz/vw/“f; ”T“’””Lr)

ot probeliliy diokeibiion - 4% <t |ﬂ£28‘2 <le™ C\J>
B = [12AST] (e ?WE)

ol = T F g <12
\Zere (i‘),’lr :TV“B ((_’) >:B<O|?\AB‘/()>§ Ay malwymnj r.l‘?—ns.lj c-p}-raaLv-

/

Pw-\-(af Trace (of ””O(”‘”J//J”“-‘JU OI”J

/\A'5 —_ M o/l = . . ;
Porkl)  dmee = Gy 1024 2 Qi [ote [t

—

:béA _ /\AB> Z ?CU ) () ,3><é)

— |"'/5 (F))(LJ)




Bkt St

A Pwre sLA A ?—J,[B S SQFMCM iﬂC X (Jero()uj S/«C&I \@%ﬁ = |()'|/>/\-@[C})>5
ngr Sorry WQGZ,V )\C@Bé ,Z&. O it \—1@&6 IS e,ng/_ﬂag( .

B""{XQI _I_W M Comasdev M, S[cjz
[P, =L+ D + D 4[4 )

Tl =1taelty - o=y (o4 D) H=h(wh

Whlle & vift he pocble Vo 5o oo by e b Lo gulit, Ao
%W%%L&wmww%weﬁw l/\/Q
o, v, e guady o dipee o gt

Chosce] vs. Quomiinn  Gorddvins
/‘{Zw-/ is %W Joﬁﬂ“,,j" ﬂa»—r, [:L;Qs'ca)é Qa(‘/‘cfa,ﬂw-;/\g v Conscly d% Sinﬁ' SkA

)‘133 S %01y, — & b2® L)

Th Micgure. Ouomeo on spn-A  cond 9,’)[»» -B are arelatd. . SMM’M_ Alice measires
heo accew o spreh . Hoo mewgind sh G i, ompkiely  mied shih. Thus

no m(;-,vqw Wl sk andere, she ?cﬂ‘s a tardron Cesultf - 4 Ffﬂ% o/@v"m.
Sppese sh mussures GA and Loy 4.5 (w #. pfa/)qb;'ﬂa 2) . T4 sh boews e et
shte, dan Sh Can casgn o itz fo Bofr (who huo acass % spon-B) , aller her

Mlastoremmt ]°7l)> — A<4\ [ . > _']f.(-’ Bt  measure heo




Siniboy, £ e Lo 193, | Belo B rmsosntment skt is 1By o
Sprivg Gﬁ Alce owd B cn  coticorreleted afmvﬁ 2 Bt newr amsids dA szv S,

é@ =7 4 Ol + 2 >k 0 154

fore. Aty e mnigenls et Copbely md 2By = 2 A, s dhe il
outeonts Gre Tomder,, bt (R0 veagurtwert Ooktopas  are Corelhd
et ) =REA =1 | B4 =R, G, =0 =D MimerT

o‘,} CNZ e arrl}ccrmw

“™My

Ma\/‘ea\/w /]‘l;ce Can Pfed(l'cf go}}s Sﬁ;{/t W a\/@nﬁ-z,, basmo/ an /\4//‘ mmsw
o = ShlB 4y _ 40 ShIB R
@34:: A fAB 2A — lﬂbz%ﬁé\ , ()\Sl«{,g = A fhﬁ’ 2A =

Pf”& Br?_-

%,M%MW A @\W §}a%:7 %S% N} M Q/n,ék,{.)

s G?M:ca,o m xtere d% Poss?% Cot relakeim . —% W ShkAg s

= Caw Suvpef',fb_v,d‘/'m O{ﬁ 690553@/@ Cevf/‘r.ww, W, \eﬂ‘ czwm,vae/ Sa/ﬂhe

Alice  veasorea 5]9»% 0%7 ﬁ‘ma Her ax's . H&FB: CGS§/425+G@[’S/V;£/6&>/

4> = s> - cPenf IS B dhe st 1T (1A 14 — S 4)

M, F Al mapvma A& and fincls HL"’;SA Bobs skte s fn?“"&”/ 2 /ﬂbp

ond via versa. Tk msrent 0wt o S camloed oo, e 5

W%‘ﬁ S g SﬂCC:'J Rebure 514 C/I\W/ linpoS‘s‘r% with  classicel  cofre bt

14,54

O\

SCJW\-‘ 0&‘*‘ Dt’- Comprs, ‘r' oy
H‘ow— on We ofe:fe./‘m:oe. ip x S)"tl s WJVW\}M O!—nnl W'ﬁi% d/\{ g writ rﬂ. %ﬁvw?
I"\ AL Cae 46’, l)éfu“-ﬁq Pure 5’)>rk_$‘/ ‘H\L (’,omplt"fa. Clcs‘cr‘;p"’-'m 5 J\M in 601‘0'\5 Oﬁt

Wcmj @wa,,\ A b;pp%fk part $+-'i?. o\ & J"ﬂfw‘ fY‘o'*WZL So”’m ,%2336 2{93’24&4

M”" \?ng> = ;%K; ;\/4 ,Q‘M>»\-@ ’(U/—’L>B (SCAM,A“' t'{t°-<:«:»rr\pa$;7'7’/\4,‘3
° 1£ )( < i (A)A-/ 406) B Sc[vmﬂ{“ Qﬂmk 9( >i = [iEh? cu’}‘w;;ﬂ_(

o Ay D0  (Shmidt rumbens)

) {%M[“MDA: 5@4&%)}3: g‘/" | Sebdt edhs




'_TL &Amio{‘f Jecama,asf:ﬁw Aiflers anm iz 2 pparsion 1 “’YA'JMO [JarsiS’ i
d[j ;“[‘ir\\/o'éwg JZ&SM vy MU m»@(

° 0L beoes EWM}A% e {W;Q,S} are L"\O'VW\ wr M Schmilt
beso - Ty ore fndos £ A shte [T

o I e Schuih k=1, e AL s sepnnlte
)Q—PZ@: \”‘>A®I(U‘_>E

Beﬁzf« vav":] e U%»o“m 95‘ ' J"’L ad- FJS imp I"C°‘7LfMS'

)

° UAJW(U aﬁ:uqfaaé Mo\rj;no(a
A = e d
Prs = 1T ><T ) = 2, Mk 3ol @ )<

Y Y Mg M

A

= (S:- ~ (ﬁ% Zp lfu><u| , (3 (15‘ i—P Mf><qr\ ) PME&

T maryial] (redued) 4’04\5{7% o(fmm%/; v[;r e duro vajmjsv[m\j haw R samd
yowﬁvm ( cipndd) . VW Scheaidt ppaders  ore e (pmo’a’»e) Spusre vl of
Ko C-\‘gh'(nw. e 5¢Kmo/‘ﬁ wdos  ape R Q/ynv»—w’ws f SR W)W‘Jcoa-'(j‘
(up do an seerddl fLwe,> 7 (A @Wc) ‘?{i va( f’()‘) ove  mpate
ot average Shfe WS We  comard nc,,,,;w 5, o P roavsidb,

P %n’L(;;nﬁ wdmw

N 1 oty el ol T ()= ) = 27,
Thio 5 ome  measwm T WM WA imare entenfel 15 1%, > W
mere. Mixd  are fﬁ cond @ A sboded  reasae gf etangloed 5 07
\/M@_ ﬁ e "MV‘JM:/& This s on  myeasent sy

“’\/;*fMuL«m Ql?*vwl] Ls dz-( W\mfj mo@




X
Wb Necomans mo(mr"j S/‘r [éﬁ) = SB(({):%> — -.tr(éﬂ-)% /{gﬂ) = /‘%‘-PM /C\)7 fu

DES = bsd, = min (dy,dg)
S‘epwrfz& %> R"“”’*j W‘WU %> ~ —L f 1> ® (0,5,

\/\/e M Measnrf Ha IOB‘ N éﬁ—'—?—z So %J“’m ' \\L‘ﬁ//

O<E < ﬁ@Jlo{ (d = min(dy 3 )
Sapq:@'& Rmaxiwv% cmtlz%_/

D) = ZIOW) + & () () )
Pz (4, 4) me whgy  E= 4 bit




“’% Vo — e wman %Jr'fa df M ng/w@ ﬁA‘:”’/zSB
art equel and Abomind the enlefnt of 1B

Ewr, = O(8) =S@) = —Tr (f kg, 8)

%kmu@édﬁm@ﬁmwwfb%w%@.
i dw we )/\zwe o &x 1 med/ rmgfww/uf\ abeut e \)M sjflu,n/
it i n & pure sLJC} |—EF>AB) + it mLu.?ZJ we kvt an  jneomplote
Jefcrl'péw'»\ Oﬁ e palg WA, alons ; )40 ot~ moced SO (/\)A, A e
_]Za mfssfnj merwa'm o //42 Clmavawm QorrUaJrl'cmA Lo_Fvwa/n /4 + B
j%ﬂ O\Afvfw(r df e sk Nprtad T Gy ervn\‘ssinj inﬁ«m.%«if*
J’zl sLdtz Wi, (& SLJE is (Pwe, \s) Mﬁf\j I'S 2270 I/\/Aa/n r"' (S
W%{ww% MI‘)(ie//] (Jﬁ QV\VOF 1S IO{JG{z . I—p I%%B iS Wlax{mq”lﬁ
bl ek qAg=dl, S By codd B are mmcinolly wixed

(Pro_-(,:é rﬂ JZ\L SCLMCJ* Dccom,oasivl'fm
Beso P oy 2 1,35 = Jeye I"(:PB sl d, . (j:)/.,,/,jgj

— - .
= )QJ_I/ABB: % b/zJ le;;rél#(}% U = <£,c)/£3>

! J

m Q,)(fangfm %‘%}5 00'1'”\ o O(AXﬂ(’B Qd_“’ﬂjulﬂ/‘ Matn'x _]Z‘ ‘S\QA”\JF
4@ c.am,oas.'f-:m ‘Qsﬂowz) (ﬁ’m d//\L Sl_"b{u(»\/‘ \m[uz me/ﬂﬁiﬁtw [SVD)/ wﬂao/\ 'S G

OlAsTn [.'&Jcm cf\ 0??«94»')0&,254},4:/\ aﬂ H‘Lrw\.‘ﬂL«'M yair ees,




Aﬂ& : Sfecﬁ‘ ﬂvQ —r[“f“'m ‘*"\J 3{1 Diqjor\a [.6or'7m "‘é)\ H(rmf?Lrow c%ﬂfa+wﬁ

Cosils B:R A a0 (hobin) Lienn sprtre on A $1e> lial o dy bui
A — A
=D A = ZJ AJJ )Q;><Q‘]) Af) = g ’/4/%‘> = a(Xo/ Medrix m/owzmu#m

4
Speched  Here h=2 D laS<a)

AN = A
A
\N“A»'Q A‘q/,D ‘:d//“ [0’/,1\;\ / f’“) J a=l-. DQ ?} O'V‘Mond'\f‘mj wa <0‘;,,('5(/4,>:5

'
# ebenfe J"’B
Q\‘J<r\./¢lu,w

D =43 @\qp = 0,8, ”(““j””"a Madr

5"“’7;(6( :+ +M5"{éfmoi‘/'lm : _ . _
& by = F<lad> Gl = U YUY
Chavge & 5 (.
l)uw’:oa‘ mqlv.'z . LU‘L)A/J

M‘_ 5lnjqw \g‘:\au XCCMfaer
Lt wo dff& ¥ = ZK‘ €><ﬁ . W is & [/oeam /\(w

meﬂg/f—)% W A_;% Xﬂ’b— \¢>

<‘H = 8<cbl
i 15 dhe (admbe)  rprseddon 0 A bow o Ay v e
cA<
Sup ¥ = 2 A, \u) <);)
)‘mT«(m? )_(,/L-L (A %\’IL Qijchv<c“(7~/‘} AM ~>—. O (i”\&u‘j 2‘1&)
Valuzo

A

A 4
Sluo = luy, <900 =g (Rt ghase § 10ty lU 7 by ’)

)

A, At A
?5\6 . ,KA”? %A’ 5 5 ,Z5 > %5 . B. ovre (b, ey >0 D.‘ajm.w
SvD =S OZ»U hant Ve Sem <i wolue



J —— A — 7 N— ‘ii.\
U (UNg A dely dgxdy
AS a m«‘ny X: B
vl o] Vo
O(AxdlA‘ AA'?(”QB . O(B)(,{D

— 4 STy = -
Gin Ty = 20U, Vo = 2 W <eluy hlod = P> 2N T\t 63 (,5><§l«;§*
= |1fO- 2 Ay, @1y

(Ne : W 9%, l0¥7,  ares hawe W Omidn P - PRLE) e brey
TA{ 5WJ 55{\,‘.4" 7(@(07",005“:,‘;% WM'(“ "tn‘l'-{ Wc:') = U DM"/ \/é-r ag n Nle.[/y«,‘ é CAllovb )

L

EV\W Cov"l‘wfonjﬁ db G%Q T‘W (Irrraloxh';-fy\ M‘Wun OZITMQ.& 474 va*w-azw
Ww, b Cooh edorffrid, ot it oy ko, med@l.rwdf
. A ”M-’WW&I&WJ‘%MGML J—Mrojej%oﬁ Q%Z—m
5 swid B bo ‘\Sepaaf(@,h
ﬁm - Bedy *‘ﬁl@ Q\E

Sw% as Ham}/ulw)m ;\% swaﬁwaf-g (ProM-th\ 6@%3%) Iﬁ.ﬁ}rj"‘/%ﬁlﬂ%.
?_[_lg u/n'.Ju\a W&M iy \\Ieor%” o eacl, fabsbs-/-e»rr\/

R |

A NoA A ol
\//\\/—' A
Up ® Ug




When Are gt inlvedirs  bofwean d Qa@s\jglenw/ e (b i
s nel seperadb

AA A N A )\ " q;
At ol v 800, < = ol + Lo+ Aisf

A . A4
* Uy = etﬁ“?% U ol
Suc‘l o U, L—ro map S S“a.wa 9 [:)Q om em+b7€,,v L Jm/ " I~ J’éj—
uaﬁ V), & |q5> s o onbalid sbds

_JZ.L WJXZ o-/ JK« 'QhL““/#"\II melo‘vma,\ ore_ Q"\‘l‘ﬁm?@l
|ﬂEnm>pr5 va |Ch>A®l FM>B

T:JMM er\_/{ dre %@Cfg 0%{ SML_S‘HSZQT‘/\ Cooraﬂn/\aj&a“

IV\MW)WLMWW%O&%% condn Tz Is criticd

(V\\S%d{&(pm%na’u%v&fq 5o o bion, EVW«,M&/ B o o«/\/&/
Of 0S‘c;|,‘LJ7V'_5'/ ne Can trride % So'amlw-h 1«,4}'&0 in  dermg r-% “normed mack

CbOro(nap[w /4 AMM @(a.rﬁ 0[41/27- /900(/? m%v\/ e 7Z¢ HJW?A,, Q‘Vlnw\ [\/Q
Can Crnndir Ju SML_CJ)‘[@MS (7‘{2 5&,}\“ [,V\,A MQ V\ho@«,o ([N‘Jml

A A —2 == 2 LA
— - R C 4
Huw,{ - H&l\/ Ime 4"& 7 -7 7 He(i‘)ﬂw + _/ILe@ Qr\/

2"y

%0 H‘ﬁMJL’ma—n 'S Nt S‘epawrv% T4\ Jer a/rw( pro/(m ﬁ(ufr\.l_zg P/ (-‘ea,é,w\

Hrrw—w, e o T e G Sepavale  Cenderogf-macs relals Qords.

N A\ 2 _A
f R,

er ~ 2M z/uu

e N A A N
Hyd = reo Hcoﬂ’r +Jc®ur

m QEyn‘lﬁwch U"Z % ,'\UOLV'OB,%\ %/4‘0‘“"\ aury (JfOM 5‘/"@ N




B = R 0ty + M0,
@ﬂfrﬂ . B lydrogenic wert Lo Ao
Free. pMJ-qu plang war VK:V‘ dze "fc[kiw—( mgdLon

TThas, we s it e chnie o sibsyslom cin dekonia udodlr o et
23 SUJ[@VV} s c/nl—vaéj or ant.

|

T Hydssen Hourlonion & colofi ie by proton Comcliaoes boF
_Sc()a.fo..j"(q na Y‘Qla’['l‘ut O-J C@n»ler~0f‘ wlogo Q(JW‘W

Nete o0 ooy of basio/coordts amd etornfioret=
M v dwn chiflart vodima of & basra chre! L ary ki
Confriovry ) bt ave rlrt b % Pt of  erl—slorat
o C}w—rfof— ool basis! Ghn G wu Hipatite K\ij”-W\/ .5 bipo 4.k, i
HAbot  spoca ?/AE:%A@/B; 4 %L—%mﬁ o% HK oL s
MLJQMQQCQ-%UZL%MAW/@.

G 15D = 20 leyolf = 2O EDEITP

bore [d0n = Giledn, Tgp%= Os18% (ot buoe o)
b= Elactl Ty + 04 =gl | B o #hisone Shtt hcamposidion

® Q""‘”K ﬁv,ﬂ SM.[JSBlSIe’VV‘ ﬁ(cmm;ﬂos(ﬁﬂ

o CAMW( i Carrelinds (X Xg) = (X—'f—gﬁ’) Y&EX,;S s a4 lasis
(_&.?L of Vi C‘.ICISSCCJ o/cﬁmwfﬂ Leeadon TR wif @
[6call  hoas alaﬂﬁe On YA Jmlasach—m c{eJ’cr:\owD % etm P%
portli Ao B




