
Physics 581: Quantum Optics II 
Problem Set #3 

Due Thursday Mar. 9, 2023 
 
 
Problem 1:  QND Measurement (35 points) 
A “quantum non-demolition” (QND) measurement is of the sort we first learn about in quantum 
mechanics – we measure an observable and we do not disturb the state if it is in an eigenstate of the 
observable.  Most actual measurements are not of this sort, e.g., when we measure photon-number we 
typically absorb the photons and they are gone!  The standard projective measurement we learn about 
in which the state of the system collapses to an eigenvector of an observable corresponding the 
eigenvalue we measure is an example of a QND measurement.  It is the limit of a more general POVM 
which can be realized in the von Neumann paradigm. 
 
A quantum system (S) is coupled to a quantum meter (M).  The “pointer” of the meter is initialized in 
some localized wavepacket .   
 
 
 
 
 
 
 
 
 
The system is then coupled unitarily to the meter in the QND form  , where  is the 
observable of the system to be measured,  is the momentum operator for the meter, and c is a 
coupling constant.   We can understand this as the operator that displaces the position of the meter by 
an amount that proportional to . 
 
a) Given an initial state of the system,   , where  are the eigenvectors of , show that 
after the interaction, the joint state of the system and meter is the entangled state 
 

 
where   

 
Now if  , the pointer states are distinguishable.  In that case by “looking at” the 
meter will project the meter into the state that correlated with the eigenvalue a, and the state of the 
system will be projected to .  What about the general case?   

b)  Suppose we initialize the pointer in a Gaussian wavepacket  .   Show that if we 
do a position measurement of the meter, the (unnormalized) state of the system is 
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where the Kraus (measurement) operator is:  . 
 

c)  We can change variables ,  to define the Kraus operator   , where  
 .  Show that 

 

    and this forms a POVM, i.e.,      . 
 

d) Show that in the limit  , a projective measurement. 
 
e) Now suppose the initial state had a Gaussian distribution of amplitudes  
 

 
 

Show that according to Quantum Bayes rule,    ,  the output probability distribution 
of  a conditioned on having measured  is 

 

 
 

where   ,   . 
 

Note after the measurement, the uncertainty in A is “squeezed” (reduced).  This is called measurement 
induced squeezing.   Further show at in the limit saà0, this posterior probability is the projective 
measurement. 

 
f)  From the Born rule the probability of finding measurement outcome  conditioned on the state being 
|a> is .  Calculate this conditional probability and show the classical Bayes rule , 
 

, 
 

where      
 

gives the same result as Quantum Bayes rule in part e)! 
 
g)  What it is quantum about “quantum backaction”  in QND measurement?  How is the quantum state 
“disturbed” in any way differently than Bayesian updating conditioned on the information we learn? 
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4�2
0

<latexit sha1_base64="1CQ/7YAtvQF9Vwnqzaakl3Tzb5A=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrmoivpZVNy4r2Ac0oUymk3bo5OHMpFBCceOvuHGhiFu/wp1/46TNQlsPXDiccy/33uPFnEllWd9GYWFxaXmluFpaW9/Y3DK3dxoySgShdRLxSLQ8LClnIa0rpjhtxYLiwOO06Q1uMr85pEKyKLxXo5i6Ae6FzGcEKy11zD0nwKpPME+vxsihDwkbotaxQ/qsY5atijUBmid2TsqQo9Yxv5xuRJKAhopwLGXbtmLlplgoRjgdl5xE0hiTAe7RtqYhDqh008kLY3SolS7yI6ErVGii/p5IcSDlKPB0Z3awnPUy8T+vnSj/0k1ZGCeKhmS6yE84UhHK8kBdJihRfKQJJoLpWxHpY4GJ0qmVdAj27MvzpHFSsc8rZ3en5ep1HkcR9uEAjsCGC6jCLdSgDgQe4Rle4c14Ml6Md+Nj2low8pld+APj8wevIZb7</latexit>

A ⌘ X/�

<latexit sha1_base64="+4aC8sZp1SH69O0J/T7VT10vbl4="></latexit>

M̂A =
1

(2⇡�2
a)

1/4
e
� (Â�A)2
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�A2
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A
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P (A|a) = ha|ÊA|ai
<latexit sha1_base64="zXnApjM5X+pBIo3MT0cIUmZqy3M="></latexit>

P out(a|A) =
P (A|a)P in(a)

||P (A|a)P in(a)||
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X

a

P (A|a)P in(a) = h in|ÊA| ini = PA



Problem 2:  Quantum Channels for Qubits (35 points) 
 

a) Given an input density matrix for a qubit, , find the output density matrix for the: 
(i) depolarizing channel, (ii) dephasing channel, (iii) amplitude damping channel as defined in class. 
 
b)  For each of these three channels, use the adjoint map to calculate how the three Paul operators 
evolve in the Heisenberg picture, .  From this determine the input-output relation on the 
components of the Bloch vector  . 
 

c)  With the input density matrix written as  , using the input-output relation on  to 
find the output density matrix for each of the three channels.  Show that this recovers what you found in 
part a). 
 
d) The three channels can be seen a Markovian map – the solution to a Lindblad master equation (with 
no Hamiltonian).  Consider first the depolarizing channel.  In this case there a three Lindblad “jump” 

operators  .    
 

• Show that the differential Lindblad map,  , is a depolarizing channel with 
differential probability parameter  . 

• Show that the corresponding master equation can be written as  . 

• Show that the solution to the master equation is  .   What is the 
steady state solution? 

• This solution   is a depolarizing channel.  What is the parameter ? 
 

e)  Consider next the dephasing channel.  In this case there is one Lindblad jump operator  . 
• Show that the differential Lindblad map,  , is a dephasing channel with 

differential probability parameter  . 

• Show that the corresponding master equation can be written as    . 
• Find the solution for the density matrix at time t and the steady state solution. 
• This solution   is a dephasing channel.  What is the parameter ? 
 

 
f)  Finally consider the amplitude damping channel.  The is one Lindblad jump operator  . 

• Show that the differential Lindblad map,  , is an amplitude damping 
channel with differential probability parameter  . 

• Show that the corresponding master equation can be written as   

. 
• Find the solution for the density matrix at time t and the steady state solution. 
• This solution   is an amplitude damping channel.  What is the parameter ? 
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⇢̂(t+ dt) = Edt[⇢̂(t)]
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<latexit sha1_base64="OwYjJKKx71w1IfyhvLeMiJbC0d0=">AAACGnicbVDJSgNBFOyJW4zbqEcvjUFIEMKMuF2EoAgeI5gFMkPo6ekkTXoWut8IYZjv8OKvePGgiDfx4t/YWQ4xsaChqKpHv1deLLgCy/oxckvLK6tr+fXCxubW9o65u9dQUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xvcjPzmI5OKR+EDDGPmBqQX8i6nBLTUMW2nTyB1ZD/KSnDsQ/nKCQj0KRHpbdZJfcjas4myiztm0apYY+BFYk9JEU1R65hfjh/RJGAhUEGUattWDG5KJHAqWFZwEsViQgekx9qahiRgyk3Hp2X4SCs+7kZSvxDwWJ2dSEmg1DDwdHK0t5r3RuJ/XjuB7qWb8jBOgIV08lE3ERgiPOoJ+1wyCmKoCaGS610x7RNJKOg2C7oEe/7kRdI4qdjnlbP702L1elpHHh2gQ1RCNrpAVXSHaqiOKHpCL+gNvRvPxqvxYXxOojljOrOP/sD4/gW/BaFP</latexit>
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dp = �dt
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⇢̂(t) = Et[⇢̂(0)]
<latexit sha1_base64="sb0hhGkm8oNXINeIW+DOgBRqDLA=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gHJEmYns8mQ2dllplcIIb/gxYMiXv0hb/6Ns8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGd5nfeuLaiFg94jjhfkQHSoSCUcykpIJnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBf0I1Cib5tNhNDU8oG9EB71iqaMSNP5ndOiWnVumTMNa2FJKZ+ntiQiNjxlFgOyOKQ7PoZeJ/XifF8MafCJWkyBWbLwpTSTAm2eOkLzRnKMeWUKaFvZWwIdWUoY2naEPwFl9eJs3zqndVvXy4KNdu8zgKcAwnUAEPrqEG91CHBjAYwjO8wpsTOS/Ou/Mxb11x8pkj+APn8wd40Y3h</latexit>

p(t)

<latexit sha1_base64="2y0w0VGAzsQTEQmlsJxZc9XPD3g=">AAACDnicbVC7SgNBFJ31bXytWtoMBsHGsCu+GkG00MIiglEhu4S7k0kyZGZ3nbkrhGW/wMZfsbFQxNbazr9x8ih8Hbhw5px7mXtPlEph0PM+nbHxicmp6ZnZ0tz8wuKSu7xyZZJMM15jiUz0TQSGSxHzGgqU/CbVHFQk+XXUPen713dcG5HEl9hLeaigHYuWYIBWargbQQcwPy8OaWBuNebBKSgFBR3IgRFt+2hsNdyyV/EGoH+JPyJlMkK14X4EzYRlisfIJBhT970Uwxw0CiZ5UQoyw1NgXWjzuqUxKG7CfHBOQTes0qStRNuKkQ7U7xM5KGN6KrKdCrBjfnt98T+vnmHrIMxFnGbIYzb8qJVJigntZ0ObQnOGsmcJMC3srpR1QANDm2DJhuD/Pvkvudqu+HuV3Yud8tHxKI4ZskbWySbxyT45ImekSmqEkXvySJ7Ji/PgPDmvztuwdcwZzaySH3DevwB/a5xo</latexit>

L̂ =
p
��̂�

<latexit sha1_base64="OwYjJKKx71w1IfyhvLeMiJbC0d0=">AAACGnicbVDJSgNBFOyJW4zbqEcvjUFIEMKMuF2EoAgeI5gFMkPo6ekkTXoWut8IYZjv8OKvePGgiDfx4t/YWQ4xsaChqKpHv1deLLgCy/oxckvLK6tr+fXCxubW9o65u9dQUSIpq9NIRLLlEcUED1kdOAjWiiUjgSdY0xvcjPzmI5OKR+EDDGPmBqQX8i6nBLTUMW2nTyB1ZD/KSnDsQ/nKCQj0KRHpbdZJfcjas4myiztm0apYY+BFYk9JEU1R65hfjh/RJGAhUEGUattWDG5KJHAqWFZwEsViQgekx9qahiRgyk3Hp2X4SCs+7kZSvxDwWJ2dSEmg1DDwdHK0t5r3RuJ/XjuB7qWb8jBOgIV08lE3ERgiPOoJ+1wyCmKoCaGS610x7RNJKOg2C7oEe/7kRdI4qdjnlbP702L1elpHHh2gQ1RCNrpAVXSHaqiOKHpCL+gNvRvPxqvxYXxOojljOrOP/sD4/gW/BaFP</latexit>

⇢̂(t+ dt) = Edt[⇢̂(t)]
<latexit sha1_base64="APlIqrT/Jj1mOJeTH7H1TMpaavc=">AAAB83icbVDLSsNAFJ3UV62vqks3g0VwVRLxtRGKLnRZwT6gCWUymbRDZyZh5kYoob/hxoUibv0Zd/6N0zYLrR64cDjnXu69J0wFN+C6X05paXllda28XtnY3Nreqe7utU2SacpaNBGJ7obEMMEVawEHwbqpZkSGgnXC0c3U7zwybXiiHmCcskCSgeIxpwSs5EfplX9LpCQ4gn615tbdGfBf4hWkhgo0+9VPP0poJpkCKogxPc9NIciJBk4Fm1T8zLCU0BEZsJ6likhmgnx28wQfWSXCcaJtKcAz9edETqQxYxnaTklgaBa9qfif18sgvgxyrtIMmKLzRXEmMCR4GgCOuGYUxNgSQjW3t2I6JJpQsDFVbAje4st/Sfuk7p3Xz+5Pa43rIo4yOkCH6Bh56AI10B1qohaiKEVP6AW9Opnz7Lw57/PWklPM7KNfcD6+AV7vkUQ=</latexit>

dp = �dt

<latexit sha1_base64="6BjXGrWlI8yz2tod5WpGFO59qt4="></latexit>

d⇢̂

dt
= ��

2
(�̂+�̂�⇢̂+ ⇢̂�̂+�̂�) + ��̂�⇢̂�̂+

<latexit sha1_base64="+3b1gXQgVTdNCdLMgANxJzyUphk=">AAACFHicbVDJSgNBEO2JW4zbqEcvjUFIEMKMuF2EoAgeI5gFMkPo6XSSJj0L3TVCGOYjvPgrXjwo4tWDN//GniSHmPig4PFeFVX1vEhwBZb1Y+SWlldW1/LrhY3Nre0dc3evocJYUlanoQhlyyOKCR6wOnAQrBVJRnxPsKY3vMn85iOTiofBA4wi5vqkH/AepwS01DGPnQGBxJGDMC1B+crxCQwoEclt2oH2jGeVsdsxi1bFGgMvEntKimiKWsf8drohjX0WABVEqbZtReAmRAKngqUFJ1YsInRI+qytaUB8ptxk/FSKj7TSxb1Q6goAj9XZiYT4So18T3dmR6t5LxP/89ox9C7dhAdRDCygk0W9WGAIcZYQ7nLJKIiRJoRKrm/FdEAkoaBzLOgQ7PmXF0njpGKfV87uT4vV62kceXSADlEJ2egCVdEdqqE6ougJvaA39G48G6/Gh/E5ac0Z05l99AfG1y92XJ5w</latexit>

⇢̂(t) = Et[⇢̂(0)]
<latexit sha1_base64="sb0hhGkm8oNXINeIW+DOgBRqDLA=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5gHJEmYns8mQ2dllplcIIb/gxYMiXv0hb/6Ns8keNLGgoajqprsrSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGd5nfeuLaiFg94jjhfkQHSoSCUcykpIJnvVLZrbozkGXi5aQMOeq90le3H7M04gqZpMZ0PDdBf0I1Cib5tNhNDU8oG9EB71iqaMSNP5ndOiWnVumTMNa2FJKZ+ntiQiNjxlFgOyOKQ7PoZeJ/XifF8MafCJWkyBWbLwpTSTAm2eOkLzRnKMeWUKaFvZWwIdWUoY2naEPwFl9eJs3zqndVvXy4KNdu8zgKcAwnUAEPrqEG91CHBjAYwjO8wpsTOS/Ou/Mxb11x8pkj+APn8wd40Y3h</latexit>

p(t)


