PHYSICAL REVIEW A 68, 013817 (2003
Continuous measurement with traveling-wave probes
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We consider the use of a traveling-wave probe to continuously measure the quantum state of an atom in free
space. Unlike the more familiar cavity QED geometry, the traveling wave is intrinsically a multimode problem.
Using an appropriate modal decomposition, we determine the effective measurement strength for different
atom-field interactions and different initial states of the field. These include the interaction of a coherent-state
pulse with an atom, the interaction of a Fock-state pulse with an atom, and the use of Faraday rotation of a
polarized laser probe to perform a quantum nondemolition measurement on an atomic spin.
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I. INTRODUCTION mixed with a macroscopic local oscillator. The result is a
stochastic Schidinger equation which describes both the lo-
Current research to create quantum information proceszalization of the quantum state conditioned on the measure-
sors has forced a reexamination of the underlying descriptioment and also the effect of quantum “back-action noise”
of these devices. In order for us to gain information abouf11].
guantum systems they must be measured. Whereas the stan-In many applications, there is no confining cavity to set
dard picture of such measurements involves the “collapse othe interaction strength between the system under observa-
the wave function” following Von Neumann’s projection tion and the probe. Though a “quantization volume” may be
postulate, such strongly measuring probes are rarely impleemployed as a calculational tool, its imagined characteristics
mented in the laboratory. More typically, a continuous probeshould not determine physically relevant quantities. For ex-
interacts with the system which is then detected as a macrample, Milburnet al.[2] modeled continuous observation of
scopic signal. Examples include the probing of a quantuna moving cantilever monitored by the modulation of a re-
dot with a single electron transistdt] and the measurement flected laser beam. They considered the cantilever to be a
of the position of a micromechanical cantilever by monitor-mirror, which, partnered with an imagined partially transmit-
ing the modulation of a reflected laser beg2h The formal-  ting surface, formed a leaky optical cavity. Under the as-
ism of quantum mechanics provides a number of differensumption that the transmission rate of light through the fic-
approaches for analyzing such situations. Scattering theomjtious mirror is much faster than the characteristic rate at
employs Green’s function input-output relations to describewhich the cantilever moves, the cavity could be adiabatically
the evolution of the probe asymptotically, both before andeliminated from the dynamics. This led to a stochastic Schro
after its interaction with the system under examination. Al-dinger equation for the continuously observed cantilever
ternatively, the theory of quantum trajector{@j provides a alone. The unphysical quantization volume, however, still
dynamical description of the quantum system being meaappeared implicitly in this equation.
sured, conditioned on the continuous information being col- The key parameter that characterizes the dynamics of a
lected via the probe. As laboratory developments give ugontinuously observed system is the “measurement
access to the control and manipulation of quantum systemstrength,” which we will denote by. It determines the rate
these descriptions become ever more relevant. The quantuat which information is gathered about the system and con-
trajectory approach has the advantage of directly tying theequently, sets the scale at which effects such as quantum
dynamics of the system’s evolution to the measuremenback action become significant. For example, Bhattacharya
record. The ability to do this is essential when implementinget al. [12] have shown that for sufficiently macroscopic sys-
adaptive measurement and control strategies employintgms there is a window of values farsuch that continuous
feedback4-7]. observation can localize the probability distribution to a
The standard paradigm for continuous measurement iquantum trajectory that faithfully tracks the classically pre-
cavity QED. The dynamics of a cavity mode of the electro-dicted trajectory, with minimal quantum noise. Another ex-
magnetic field(perhaps coupled to an atorare monitored ample is the continuous measurement of ensembles of atoms,
by a partially transmitting mirrof8,9]. Input-output scatter- controlled through their collective interaction with a com-
ing theory, suited specifically to the language of optical elesmon probe, to produce nonclassical spin-squeezed states
ments[10], is used to connect the intracavity dynamics with[13,14]. These effects depend crucially anand its relation
those of the traveling signal. In order to translate the typi-to the other rates governing the system dynamics.
cally discrete information of the individually transmitted In this paper, we formulate the problem of continuous
photons into continuous information one considers a homomeasurement by a traveling-wave probe. We derive a master
dyne or heterodyne measurement, in which the signal igquation describing the situation in which the system is
monitored by the probe, but the measurement result is not
recorded. This allows us to identify the important character-
*Electronic address: ideutsch@info.phys.unm.edu istic scales of the problem without reference to a particular
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measurement scheme. We begin in Sec. Il by establishing thgated with the two-state atom. Given the atom initially in its
necessary formalism for treating propagating fields in quanground state, the solution leads to quantum Rabi oscillations,
tum optics, in contrast to the more familiar closed cavity
problems. We apply this formalism in Sec. Ill to the funda- | (1)) =coqgt)|g)|1)—i sin(gt)|e)|0). (2)
mental problem of a two-level atom interacting with a reso-
nant laser field. When the field is treated classically this lead3his falsely predicts the possibility of a single-photom 2
to Rabi oscillations, but when treated quantum mechanicallpulse in free space, whereby the photon is perfectly absorbed
the laser not only manipulates the atom but also acts to corénd then reemitted into the original mode. In reality once the
tinuously measure it. We determine the rate at which théttom has absorbed the photon it will reemit into a mode
measurement back action leads to decoherence in the atonfiensistent with its radiation pattemotinto the initial packet
system. This is contrasted with the evolution when the atoninode. That is, the single photon will Iseattered This emis-
is coupled to a resonant electromagentic pulse with a fixe@ion must also obey causality; no information about the emit-
photon numben. In particular, we explore the circumstances ted photon can register on a distant detector at a spacelike
under which we can recover the usual Jaynes-Cummings séeparated point. In the solution above, however, the atom
lution for a two-level atom coupled to a single mddé&] and  both absorbs from and emits into a spatially delocalized pho-
show how the behavior for a single photon diverges from thigon mode in free space, violating causality.
solution. In Sec. IV, we consider continuous measurement of The problems with causality arise from the faulty quanti-
an atomic spin through the Faraday rotation of an off-zation procedure outlined above. Quantum fields must be
resonant laser field. This process has been used to generalefined over all space at an initial tifi@ore generally on an
spin-squeezed states in atomic ensempl&s14. We con-  initial spacelike surfage Unitarity then ensures thatqual-
clude and summarize our results in Sec. V. time, not equal-spacecommutation relations are preserved.
Nonequal-time commutation relations cannot generally sat-
isfy the canonical commutation relations, being inconsistent
Il. QUANTUM DESCRIPTION OF PROPAGATING FIELDS with Poincarenvariance[18]. The exception is for free fields
Classically, when considering quasimonochromatic propaor fields that behave like theie.qg., fields traveling through
gating fields, it is natural to model the evolution of the sys-matter whose response is approximately linear, or asymptotic
tem as a function of the propagation directiorThe field at ~ “in” and “out” fields as used in scattering theoyy
zcan then be decomposed into a complete set of orthonormal We review here a formalism appropriate for treating the
temporal modes which act locally. One might be tempted tgluantum optics of paraxial propagating fie[d$]. Consider
describe the quantum fields in an analogous manner by quaB-quasimonochromatic paraxial beam with frequeagyand
tizing the temporal modes at fixed positida(t),af(t’)]  Wave numbek,. We write the positive frequency component

=4(t—t"). The field operator could then be decomposed
into a complete set of orthonormal mode functiah$t), so

<o O .
thata(t)=Z;¢i(t)c;, with [c;,cj]=6;;. Boundary condi-  yhere exgi(koz—wqt)] is the “carrier wave,”é(x,y) is the
tions at some initial plane could then used to restrict they,ansverse mode’e.g., Gaussianand&(z,t) is the slowly
mode content, possibly to a single temporal mode. varying envelope, meaning its spatiotemporal variation is
This approach was taken by van Enk and Kinti] and 1y ,ch ‘slower than the carrier wavelength or frequency. We
also by Gea-Banaclochie7] who considered an analogous paye ignored both diffraction and the vector nature of the

problem to the one we address here . They studied how efj|q. |t is easy to show that the free space wave equation
rors were generated in quantum logic operations due to thgacomes

fact that control pulses are not truly classical and can become

entangled with the atoms with which they are interacting.

Their analysis led to an effective single temporal mode

theory. Though some of their conclusions are correct, one

must take great care to understand the regimes under_ Wh'%‘r the envelope, whose solution &z.t) = £(z— ct,0), i.e.,

this formalism is applicable. Consider, for example, a single- ropagation of the pulse envelope. We guantize by replacin

photon pulse interacting with a localized two-level atom. LetProPag PL Pe. q yrep 9
. ; he field envelope with a scaled operator

us suppose that the duration of the pulse is short compared Eo

the natural lifetime of the atom in its excited state but suffi- ahoi

ciently long to be considered quasimonochromatic and on &z )= 2mhweV(z1), ®)

resonance. Defining creation and annihilation operators for - , ) )

the single temporal mode associated with this pulse thahich satisfies the canonical equal-time commutation rela-

Hamiltonian, in the rotating wave approximation, appears tdi°n [19]

have the familiar Jaynes-Cummings form

EM(x,t)=E(z,t) pr(x,y)e' Koz~ wot), 3

J 9
2t Teo7 &z =0, 4

[¥(z), V(2 1)]=8z-2). (6)
N A age
H=hAg(ao,+a'o-), (1) This commutator is equivalent to that of a nonrelativistic
R massive Bose gas in one dimension. Here, the carrier wave
whereo .. are the usual raising and lowering operators assoplays the role of the rest mass and the slowly varying enve-
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lope plays the role of small fluctuations around the mass 15
shell. The free field Hamiltoniatremoving the carrier wave
energy takes the form
He= f dzir () —ih—
gF=C (2)| —i 77

¥ (2), 7
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whose Heisenberg equation of motion gives the wave equa
tion above. This Hamiltonian is nothing but the second-
guantized version of the energy of a photéscp.

Consider an atom interacting with the field. In the =05
electric-dipole and rotating wave approximation the interac-
tion Hamiltonian is

litude
B,
1

mp

ode A

o
e e g T |
L = = S = e = L
o

U N
e g g R ———

Hap= f d*x| D (x)|2d[EP ()0 +EC ()01, (8)

10 15 20
zZ/Az
whered is the dipole matrix element arti(x) is the atom'’s

center-of-mass wave function. We take the atom to be FIG. 1. An initial traveling-wave puIs@oIid line) is broken up
trapped, having center-of-mass wave functioh(x)  into many smaller modeish;(2)} (dashed ling The wave packet of
=f1(x,y)f.(2) [20]. Then, the interaction Hamiltonian be- the interacting atontgray) has the same width as the mode func-

comes tions Az.
R [27hw, o R R “memory.” To this end, we breakup theaxis into slices of
Har=d A f dZf (2] V(2o +VT(2)0_], size Az, each the extent of the atom wave paclep., the
rms of the probability densily The Markov approximation
where will hold if the transit time of the field across the atomic

packet,At=Az/c, is much smaller than any time scale over

1 which the atom changes. This is certainly an excellent ap-

J dxdyifr(x,y)|2pr(x,y)= \/—_ (99  proximation. Since we will not consider dynamics on a time
A scale smaller thant, we can approximate the set of atomic

A being the effecti f th de int i ith th wave packets, centered at each coarse-grained slice, as a
€ing the eflective area of the mode Interacting wi ecomplete orthonormal set. That is, each slice is an approxi-
atom. Let us go to the interaction picture by including the

f uti fthe at d field in the int tion Hamil mate & function. Then, normalization of both the atomic
ree evolution ot the atom and field in the interaction Hamil-,, /e packet and mode functions combine to give
tonian. Assuming the carrier wave is on resonance

. 2w i - J dzf (Z)|2¢-(Z—Ct)=i®-(t) (133
Har(t)=d A fdz|fL(Z)|2[\I’(Z_Ct)U'+ - ' Jaz
+¥T(z—ct)o_]. (10 1 (i-DAt<t=iAt

9= [ 0, otherwise. (130

Finally, given a set of orthonormal functiofdongitudinal

rtT‘OdeS') {#i(2)}, chosen to be real without loss of general-  ynder this approximation, the Hamiltonian takes the form
ity,

i a - =t 0; AiA+ AiT:,
\If(z):Ei bi(2)a;, (11) Har(t) gzi (t)(ajo,+ajo) (14)
where
N 2h
Fiar()=d/ ﬂAwoZ fd2|f|_(z)|2¢i(z—ct) \/m
A A fig=dE=d “ACAL
><(ai0++aiTa,). (12)

This result has a clear interpretation. The traveling-wave
The Hamiltonian in Eq(12) describes the interaction of each configuration is effectively multimode, with each member of
longitudinal mode as it propagates past the aifiig. 1).  the set being a traveling packet “mode matched” to the
Assuming this time scale is much shorter than any otheatom. The coupling constagtdepends on this mode volume.
dynamical scale in the problem, it is appropriate to make th&his picture is equivalent to a model of decoherence dis-
Markov approximation, whereby one coarse grains over theussed by Brufi21] in which a “flying qubit” passes over a
time scale within which the system and reservoir retain‘system qubit,” the former acting as an irreversible reservoir
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(through its continuous spatial degrees of freegldoncarry 27k 37 -
information away from the system, thereby leading to deco- K= 2( Py ): > EF(TE)
herence. In our problem, a given harmonic oscillatapde 2koA

of the electromagnetic fieldflies over the qubit, becomes
entangled with it, and then flies away. This too leads to dejs the measurement strengih,is the spontaneous emission

coherence, as we describe in the following section. rate, ando is the effective cross section for scattering out
of the paraxial modes. By determining these jump operators,
ll. THE RABI INTERACTION FOR TRAVELING-WAVES we compactly derive the master equation, equivalent to that

obtained using a usual system-reservoir approach after trac-
ing over the unmeasured bdthl,15,25,
We consider first the case of a resonant laser beam inter-
acting with a trapped two-level atom. The state of the field is i 1
described by a tensor product of identical coherent states for 2P _ _[Hcoh1;7] _ _{[T[,,‘)}Jr |:;)|‘_T
each traveling mode packet dt 7 2

A. Interaction with a laser beam

|‘/f>beam: ®i|a'>i ) (19 :?[Hcoh-;’]_ g{aur(}, ,E)}-I- K(AJ',;)(ATJr . (20

where the amplitude is given by the mean number of photons

in time sliceAt, |«|>=PAt/(: o), with P the power of the  This equation has a familiar and appealing form. It is none
laser beam. More precisely, the state of the beam is a statigther than the master equation for a decaying laser-driven
tical mixture of states of the form above, averaged over thgom [15], but with [—«. The decay rate is due to the
common, but unknown, phase of the complex amplitude  entanglement between the atom and the laser modes. Kote,
as described by Enk and Fucf22]. The actual value of the s independent oAt, which acts as a fictitious “quantization
phase plays no role in the analysis to follow, so we choose ¥olume” and so must be absent from any physical quantities
to be fixed with no loss of generality. In order to distinguish g,ch as the measurement strength.
coherent effects from decoherence, we transform by a uni- The measurement strength is also independent of the laser
tary displacement of the field states to the vacuum, power |a|2. In particular, we may turn off the lasera(
. o . —0) and the measurement strength will remain the same.
|[W)=D *({a})|V), A=D *({a})AD({a}). (16)  The ratiox/T'=o.s/A may thus be interpreted as the frac-
tion of spontaneous emission into the paraxial modes. In sup-
In this picture, port of this interpretation, note that the mode areaan
never be made smaller than the diffraction lirit- 1/k3, so
at mostk~1I". Moreover, once the beam becomes focused to
such a small spot size, one can no longer neglect the vector
nature of the atom-field coupling which further decreases the
=HeontHay - (17 measurement strengf@6].
From Eq.(19), we can determine how continuous mea-
The coherent term is classical Rabi oscillation at a frequencgurement by the laser beam acts to decohere the atom. For a
Q=2ga=d\8wl/h%c, with | the beam intensitycgs units,  paraxial beam, we require thatq/A> 1, so that diffraction
as used throughoutThe second term is the atom-vacuum effects are minor. Then decay due to entanglement with the
coupling for the traveling-wave modes ortlye., the paraxial laser modes is small compared to decay due to spontaneous
modes of the beani23]. emission into 4r sr. In agreement with the conclusions of
We can now proceed with the standard Markov analysis tiRefs.[16,17], errors in coherent control pulses due to the
derive the master equatidi24]. The initial atom-vacuum quantum nature of the interaction can be neglected if spon-
state is uncorrelated. After a timkt, one of the modes be- taneous emission is also negligible during the duration of the
comes entangled with the atom through the atom-vacuurnteraction.
coupling. The Linblad(“jump” ) operatorL is defined by
[21]

Hae(h)=figa(o, +o_)+hgY, O,(t) (a0, +ajo )

B. Interaction with a single photon

R i R R In Sec. Il, we showed how a quantization procedure in
(1|Ua/(AY)|0)= 7At<l|HAV|O>= LVAt. (18  terms of nonequal-time commutators can lead to a false pre-
diction of single-photon coherent Rabi oscillations in free

space. In this section, we use our formalism to show how a

Plugging in the Hamiltonian from Eq17), we arrive at quasimonochromatic and paraxial propagating single-photon

5h wave packet drives a two-level atom.

P - Th®o~  _ n We take the initial state of the system to be a single-
L=gVAto_=dy/ =\ko_, 19 . SY; 9
g\/_cr Ac 7 Viear 19 photon wave packet with the atom in its ground state,
where | (0))=a'[f]|vag®|g)x. (21)
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The operatora’[f]=dz¥T(2)f(z) creates a delocalized 2i

single-photon state with slowly varying pulse enveldjje) Ag(t)~— \/—[1—67 «i2] (28
[27]. For simplicity, we use a square pulse of duratien KT
=NAt. In this case, we can expaffifz) in a symmetric sum
of coarse-grained modes each having leny#t* At/c,

The solution given in Eq(28) is based on the fundamen-
tal assumption that the evolution of the state is unitary, i.e.,
- we consider a closed quantum system consisting of the atom

~t and paraxial field modes. In the continuum limit, this yields
Zﬁ a; . (22 an effective decay due to emission into the included paraxial
modes at ratec, but it excludes decay into all others modes

The state will evolve according to the Hamiltonian in Eq. \thI;ihr{ct:kvsg ;z%s\fggri'nggsca Iﬁ?fltﬁgfg;an;?:zgz]tzzﬂ?g rate

(14) which commutes with the total number of excitations in ; . ) . ) ;
the system. Neglecting, for now, the possibility of spontane—nOt self-consistent. To rectify this, durm.g the time interval
ous emission into other transverse field modes, the tota@t’ we must allow for a small probability of spontaneous

number of excitations will be preserved. The state at alfMiSSIONPspon iNto nonparaxial modes. By not including
times must then have the form these modes in our system, the state|kétevolves accord-

ing to an effective non-Hermitian Hamiltonida1] with de-
caying norm(W|W¥)=1- Py, Equation(250) then reads

1

N
allfl=—

=l

lp())=| 2 A +A()o. |lvacg). (23
: At =Aqty_1)ce A2—iA(t, s, (29

Consider the evolution of the system over the short inter-Where is the spontaneous emission into all nonparaxial
val (t,,t,+At], wheret,=kAt,0<k=<N-1. We can define Y P P

a map for the state between two successive time steps modes. Employllng the initial condition and taking the limit
At—ONAt= 7 yields

) =e Myt ), (24 g ) -
. A aen gile =5 (y+ )ALt ~i \ﬁ (30)
whereH, =#Ag(ayo . +alcr_). Using ansatz23), we are led t T

to the recursion relations . . . . . I -
Solving this equation withy=0, using the initial condition

A(0)=0, will give the same result as in E(8).
Azt =Aj(t-1), (259 Before considering the solution to this differential equa-
tion, consider the slightly altered situation in which the field
starts in the vacuum state and the atom in the excited state. In

At) = At 1) C = 1At 1), @50 ihis case, it is easy to see that the second term on the right
side of Eq.(30) will vanish. Then, the equation becomes
Ac(ti) =Ae(t—1)C—iA(ty_1)s. (250
d 1
Here, s=sinykAt and c=cos/xAt. The measurement aAe(t):‘§(7+ K) A1), (31)

strengthx = g+/At is the same as in Eq19).
These coupled algebraic equations can be solved for the

amplitudes. Repeated application of the B at all times with the initial conditionA,(0)=1. This must give the stan-
t,<t;, shows thatA(t,_1) =A(0)=N"2 Inserting this dard exponential decay due to spontaneous emission in the

result into Eq.(25¢), we have vacuum

Ag(t)=e T2, (32)

is
Ac(ti) =Ag(t-1)C— —. (26) ) ) )
\/N This allows us to equatE= y+ x, wherex is again seen to

) ) ) ) ) ) be the spontaneous emission rate due to the contribution of
This equation admits a simple series solution the modes in the paraxial beam.

The general solution to Eq30) is
is 1—ck

— . 27) .
N i-e Ae<t>=—%\[§<1—e“’2>, (39

AssumingN>1, i.e., the envelopé(z) is much broader
than the coarse graining, we may take the limitAg{t) as  holding for times G<t=< 7. The probability of the atom being
N— o holding 7=NAt. This yields in the excited state is then,

Ae(tk): -
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0.016F ' H ' ' 1 a largen, we expect the system to be dominated by stimu-

k lated emission. A rigorous treatment of this probem using the
. Bethe-Ansatz was given by Rupasov and Yudg2®|. We

' show here how this phenomenon is recovered simply in the
' present formalism.

’ In general, an arbitrary division may be envisioned in

‘ Hilbert space that separates system from reservoir. In Sec. Il,
the system was chosen to be the paraxial field modes plus the
g atom. Alternatively, we may take the system to consist of the
’ atom interacting with the single pulse mode defined by cre-

' ation operatoa[f] in Eq. (22), with all other modes mak-
/ ing up the environment. Such a choice can always be made,

S/ and cannot change the physics. We may then choose to ig-
P nore all environmental modeslifr<1, with the caveat that

0 - A . any effects that occur in the system must have scales much

0 05 v 15 2 Jlarger thanl 7 in order to be considered valid.
Consider a pulse of length such thatl'7<1. Further,

FIG. 2. The probability for a single photon in free space totake the state of the system to only have excitations in this
excite a two-level atorsolid ling) differs significantly from the pulse mode such that
standard Rabi solution, in which an atom is coupled to a photon in
a single-mode cavitydashed ling The parameters used here are
I'7=2.5 and«/I"=1/50 (see text

Probability of Excitation

1 .
|¢(0>>=W(a*[f])"@lo,g>=ln,g>- (36)

Pe(t):4%(1—e* T't/2y2 (34) The rest of the modes are in the vacuum state and are treated
I'er as an environment. Ignoring terms of the orderlaf, the

_ _ o _ _ ~ system evolves under the single-mode Hamiltonian
during the same interval. This is a monotonically increasing

function oft, and so achieves its maximum at the upper limit . Aern L Atrean
t=r, after which the excitation probability can only decay H=%gex(alflo, +a'[flo-). (37)
(Fig. 2). Then, the maximum probability for any can be

: This is none other than the Jaynes-Cummings Hamiltonian
found by solving

restricted to an initial manifold with excitations and having
effective coupling constanitges=dv2mh wo/Vpyse , Where
Vpuse=Acr is the pulse volume. The system undergoes the
familiar coherent Rabi oscillations within the two-
dimensional manifold, as in E¢2),

d
g Pe(n)=0—-T7~25. (35

At this point, the probability i9°.~0.8«/T", which is neces-
sarily less than 1 given that/T'<1 as previously discussed. | y(t))=cogges/nt)|g)|n)—i sin(gegynt)|e)|n—1).
Thus, in the paraxial approxiamtion, no single-photon pulse (39)
can be constructed that excites an atom with certainty.
This result is, of course, not surprising. Symmetry ensures This solution applies to the single photon case as well.
that the only single-photon pulse capable of exciting an atoni he probability amplitude from Ed33) limits to
with unit probability is the time reversal of a spontaneously
emitted packet[28]. Such a pulse represents the vector Al(t)— —igegt[1+O(Tt)], (39
spherical harmonic associated with the atomic radiation pat-
tern (assuming emission on a transition with well-definedwhich is the correct limit of sinusoidal Rabi oscillation.
angular momentum a field not captured in the scalar However, during the pulse duration not even a single oscil-

paraxial approximation. Moreover, even including the vectonation can occur sincges= /x/7<1/7 . Thus, for true oscil-
nature of the field beyond paraxial will not be sufficient to |ations to occur, one must have

yield high excitation probability. The field must be well

“mode matched” to the the atom’s radiation pattern to give 1 A

strong coupling between the atom and a single photon in free Jeryn=—= or nlr=—o0:. (40)
space 26). T Oeff

The last inequality can be interpreted as saying that the mean
number of photons emitted via stimulated emission into the
In the last section, we showed that in free space the coyulse must dominate over spontaneous emission, even when
pling of a single photon to an atom will not lead to coherentthe spontaneous photons are paraxial. When these conditions
Rabi oscillations. In contrast, for anphoton Fock state with  hold we may consistentlyignore all initially unoccupied

C. Interaction with a large n-photon Fock pulse
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modes, yet still recover dynamics in agreement with thewith linear polarization. This equation has a simple interpre-
usual Jaynes-Cummings Hamiltonian. The multimode detation. The first “scalar term” gives rise to an effect that
scription of the field becomes superfluous. depends solely on the field intensity, whereas the term pro-

Finally, what is the measurement strength associated witRortional to o, depends on the field elipticity. Clearly, the
probing an atom using a large photon number Fock-statgreducible rank-2 component vanishes hggg—34.
pulse? Unlike the coherent state case, the field does not fac- under the paraxial approximation, we take the field to be
torize into uncorrelated temporal slices. In fact, when viewetypproximately a plane wave with two polarization vectors.
in terms of the coarse-grained modes, the Fock pulse iffhe quantum field associated with the complex amplitude is
highly entangled Detection of photons at the leading edge of
the pulse will introduce new fluctuations in the trailing edge,
which has yet to interact with the atom. This implies that the ~(H) o /27Tﬁ“’(é e +a,e,)ek? (43)
usual Markov approximations do not hold. The Fock pulse is T ’
most naturally treated as part of the “system” rather than an

“environment” which continuously carries information away WhereV is the effective quantization volume for the propa-
from the atom. gating mode. Substituting this into E¢41), the quantum

Hamiltonian becomes

IV. QND MEASUREMENT VIA FARADAY
POLARIZATION SPECTROSCOPY - 2T ayi,

Hint:_ V; hw

N . 1. A

(N++N—)+§(N+_N—)Uz}
The resonant interaction considered up to this point, 44
though fundamental in nature, has little practical application (44)

to the problem of continuous measurement in free space

since the measurement strength is always bounded frorWhereNi. IS the. number operator for photons n the positive
I negative helicity states. The scalar term gives rise to an

above by the spontaneous emission rate. We thus turn o) 2 .
attentionyto an O?“f-resonant interaction. In particular, we Con_overall phase shlft(lndex_ of refraqtlom_and thus, can be
sider the problem of measuring a spin component of an atorﬁpsorbe_d into the free field Hamiltonian. The_AveCtoAr term
through the Faraday effect wherein the linear polarization ofives rise to the Faraday effect. Recognizidg=(N.

a probe laser rotates by an amount proportional to the mag=N_)/2 as the total field helicity, the effective interaction
netization of the sample. This interaction provides for aHamiltonian takes the QND form

“quantum nondemolition measuremen@QND) of the atom,
i.e., the probe measures an observdbkre, the atomic spin
along the laser propagation directjomithout perturbing that

observablg 30,31. Such an interaction has been applied to

~ 27Ta|in PN

Hin=— v hwd,o,. (45)

éJdﬁder this Hamiltonian, the photon spin becomes correlated

ensemble§14]. thh the atom’s magnetic moment and thus the laser polar-

We review here the basic physics associated with thigZation may act as a meter for the atomic spin. Siagelso
measurement scheme. The interaction energy is that of g&gPmmutes with the system-meter Hamiltonian, it is clearly a

electric-polarizable particle in a vector field whose Hamil- QND variable[15]. _ . o
tonian may be written as Our Hamiltonian still contains the undefined quantization

volume V. To rectify this, we follow the formalism intro-
. . . . duced in Sec. Il. Introducing propagating modes of duration
Hin=—E). & EM), (41) At so thatV—AcAt, the Hamiltonian becomes

where& is the atomic polarizability tensor aritlis the com- iy

plex electric-field amplitude. Expressing this equation in Him:—z ZA—t®i(t)JZaZ, (46)
terms of irreducible tensor components, the interaction can !

be decomposed into an effective scalar, vector, and symmet-

ric rank-2 contribution. We consider here the case of alkaliVere x=majzw/(cA)~(ao/A)[I'/(—2A)]. Here, A is
atoms probed on the so-calle line S,;,— P4y,, for which the (far) detuning from the atomic resonance with linewidth

the ground-state atomic polarizability operatof3g] F and o i; thg on-resonance absorption cross section for
linear polarization.

With the Hamiltonian so defined, the evolution of the sys-
tem may be calculated. The system shall consist of an atom
interacting with a laser beam that is linearly polarized in the
x direction. The initial state of the laser is then
Here,e. are the right and left helicity vectors relative to the
guantization axis along the probe propagation directien, 1

=[1%T|—=|1){l| is the Pauli spin operator for the ground- ® —®. )i |0): (47)
state electron, andy, is the atomic polarizability for fields | Jprove '\/§(| Ji )

1 -
a=ayy| 1+ §(e+e’jr—e_e’i)(rz . (42

013817-7
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wherex andy label the two orthogonal linear polarization spin. This expression was also derived by Thomsen and
modes. As in Sec. Ill Aja|?=PAt/fw,, with P the power Wiseman in the context of control of atom-laser coherence
in the beam. Given this initial state for the field, we may[35].

define the marginal density operator for the atom alone by The physics of the continuous measurement under consid-
tracing over the field at timé Since Hamiltoniar{41) only  eration here differs substantially from that of the resonant

couples the atom to th&th field mode in time interval Jaynes-Cummings interaction studied in Sec. Ill. Here, the
(tg .ty +At], the reduced atomic state evolves during thismeasurement strength depends upon the power in the beam,
interval as whereas the previous result had no such dependence. For the

resonant casex could be explained as arising from those
spontaneous photons emitted into paraxial modes. In con-
trast, the dependence of the QND measurement on the laser
power indicates that the measurement strength is due to the
coherent redistribution of photons between the polarization
modes in a manner depending on the atomic state.

p(t+ A =Tr [ Ui|a)i( alix®]0)iy(0liy@ p(t) U] 1.
(48

In the interaction picture, the unitary evolution becomes

APy e ixo (N =Ny )
Uila)ul Oy =e |@)ix| Oy V. SUMMARY AND DISCUSSION
=|acod xor) )il —asin(xoz))yi. (49 Continuous quantum measurement, once studied only in

. . . . edanken experiments, can now be realized in laboratory ap-
This expression should be interpreted in the context of § b yap

matrix element, given that atomic operators appear in th
labels for the field kets. Clearly, the field and atomic state
will generally become entangled by the interaction.

The map in Eq.(48) constitutes a continuous measure-
ment on the field. To see this explicitly, we must expand in
powers ofAt, and since a|?xAt, this is equivalent to an
expansion of the state kets in E49) in powers ofa. In the
Fock (photon numberbasis, we have

lications[8,36]. Such applications utilize the ability to con-

nuously gather information from a probe coupled to a quan-
Rum system. The system state then evolves under a stochastic
master equation, characterized by the measurement strength.
In this paper, we examined how one may derive the measure-
ment strength for paraxial laser probes in free space by con-
sidering two examples.

We considered first the fundamental system of an atom
coupled to a laser beam. Classically the atom-laser interac-
tion leads to Rabi oscillation which is often used to manipu-

. la|? . late coherent superpositions of atomic states. In particular,
Uil@)ix|0)iy~ ( 1- T) [10)il0)yi+acog xa,)[1)4il0)yi laser control pulses can be used to implement quantum logic

gates[37]. Quantum mechanically continuous measurement

— Sin()(a'z)|0>xi|1>yi]- (50)  of the atom by the quantum laser pulse can lead to entangle-

ment between the system and the probe, inducing errors in

Substituting this back into Eq48), one finds logic gate operation. We found that this is not a concern as
the measurement strength is bounded from above by the total
. . . spontaneous emission rate and can thus be neglected for
p(ti+ At)=p(t) +|al’[ — p(ty) +sin(xo,) p(ti)sin( x o) short interaction times. In fact, the measurement rate may be
- A attributed to spontaneous emission into the paraxial modes,

+cod xo,)p(ty)cod xo,)]. (31 \which will always be small compared to emission ints &r

with the appropriate vector field. We also studied the distinc-
tion between continuous observation by a coherent beam and

by a pulse with well-defined photon number. In the latter
case, correlations between the quantum fluctuations at differ-
ent points in the pulse disallow a clean separation between
system and probe. Instead, the entire atom-field system will
dp Py? 1., K . coherently oscillate if the number of photons is sufficiently
a:h_wo OpO,— 5{02 ,p}}z— E[az,[oz,p]], Iarg_e. I_:or a single photor_1, however, we showed that_Rab|
(52) oscnllatlons can.not occur in free space. S_uch a result is es-
sential lest a distant detector be able to instantly sense the

where the measurement strength can be easily identificer€Sence of the atom. This highlights the need to treat the

from the familiar Linblad form of the master equatigii] as ~ Propagation of quantum fluctuations in a traveling-wave ge-
ometry with great care to avoid contradictions with causality.

Another mechanism allowing for continuous measure-
ment of an atom is the Faraday rotation of an off-resonant
polarized beam, induced by the atom’s magnetic moment.
This interaction produces a QND measurement of the atomic
Note that the steady-state solutions to E5p) are the Dicke spin. The measurement is due to stimulated redistribution of
states, so this technique provides a QND measurement @hotons between pairs of occupied modes, in contrast to the

This form may be further simplified since<1 for a single
atom probed by a far off-resonance laser. Taking the limit
At—0 and keeping terms to second order yingives the
master equation

PXZ

= hwy (53

K

013817-8



CONTINUOUS MEASUREMENT WITH TRAVELING-WAVE PROBES PHYSICAL REVIEW A8, 013817 (2003

resonant Rabi interaction where measurement results frotme ensemble. Exploring this question will require us to con-
spontaneous emission. Since the measurement strength sisler how quantum correlations are shared within a multipar-
proportional to the laser intensity, it can be made much largetite system interacting with a probe. We plan to address this
than the spontaneous emission rate. Of course, spontaneogigestion in future work.

emission is not the only source of noise. In order to see the
effects of quantum back action, the quantum “projection”
noise[38] must be large compared to all other noise sources,
such as those due to photodetection. This implies that an I.H.D. acknowledges extremely useful discussions about
experiment in which the back action is important must enthe problem of single-photon Rabi oscillations with Ken
hance the coupling constant without increasing the shoBrown, Bill Wootters, and David DiVincenzo while in resi-
noise, possibly through the use of an optical cavity or bydence at the IPT, with support from the ITP’s NSF Grant No.
maintaining a large ensemble of atoms collectively coupled®HY99-07949. We thank also Poul Jessen for discussions
to the probe. The latter approach has led to the observation oélating to quantum projection noise and measurement back
spin squeezinfl3] and ensemble entanglemémd]. In such  action. I.H.D. and A.S. were supported under the auspices of
a situation, it would be interesting to understand the effectiveN\SF Grant No. PHY-009569 and the ONR Grant No.
measurement strength by the probe on any one member §f00014-00-1-057.
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