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Continuous measurement with traveling-wave probes

Andrew Silberfarb and Ivan H. Deutsch*
Department of Physics and Astronomy, University of New Mexico, Albuquerque, New Mexico 87131, USA

~Received 9 October 2002; published 25 July 2003!

We consider the use of a traveling-wave probe to continuously measure the quantum state of an atom in free
space. Unlike the more familiar cavity QED geometry, the traveling wave is intrinsically a multimode problem.
Using an appropriate modal decomposition, we determine the effective measurement strength for different
atom-field interactions and different initial states of the field. These include the interaction of a coherent-state
pulse with an atom, the interaction of a Fock-state pulse with an atom, and the use of Faraday rotation of a
polarized laser probe to perform a quantum nondemolition measurement on an atomic spin.
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I. INTRODUCTION

Current research to create quantum information proc
sors has forced a reexamination of the underlying descrip
of these devices. In order for us to gain information ab
quantum systems they must be measured. Whereas the
dard picture of such measurements involves the ‘‘collaps
the wave function’’ following Von Neumann’s projectio
postulate, such strongly measuring probes are rarely im
mented in the laboratory. More typically, a continuous pro
interacts with the system which is then detected as a ma
scopic signal. Examples include the probing of a quant
dot with a single electron transistor@1# and the measuremen
of the position of a micromechanical cantilever by monito
ing the modulation of a reflected laser beam@2#. The formal-
ism of quantum mechanics provides a number of differ
approaches for analyzing such situations. Scattering the
employs Green’s function input-output relations to descr
the evolution of the probe asymptotically, both before a
after its interaction with the system under examination.
ternatively, the theory of quantum trajectories@3# provides a
dynamical description of the quantum system being m
sured, conditioned on the continuous information being c
lected via the probe. As laboratory developments give
access to the control and manipulation of quantum syste
these descriptions become ever more relevant. The quan
trajectory approach has the advantage of directly tying
dynamics of the system’s evolution to the measurem
record. The ability to do this is essential when implement
adaptive measurement and control strategies emplo
feedback@4–7#.

The standard paradigm for continuous measuremen
cavity QED. The dynamics of a cavity mode of the elect
magnetic field~perhaps coupled to an atom! are monitored
by a partially transmitting mirror@8,9#. Input-output scatter-
ing theory, suited specifically to the language of optical e
ments@10#, is used to connect the intracavity dynamics w
those of the traveling signal. In order to translate the ty
cally discrete information of the individually transmitte
photons into continuous information one considers a hom
dyne or heterodyne measurement, in which the signa
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mixed with a macroscopic local oscillator. The result is
stochastic Schro¨dinger equation which describes both the l
calization of the quantum state conditioned on the meas
ment and also the effect of quantum ‘‘back-action nois
@11#.

In many applications, there is no confining cavity to s
the interaction strength between the system under obse
tion and the probe. Though a ‘‘quantization volume’’ may
employed as a calculational tool, its imagined characteris
should not determine physically relevant quantities. For
ample, Milburnet al. @2# modeled continuous observation o
a moving cantilever monitored by the modulation of a r
flected laser beam. They considered the cantilever to b
mirror, which, partnered with an imagined partially transm
ting surface, formed a leaky optical cavity. Under the a
sumption that the transmission rate of light through the
titious mirror is much faster than the characteristic rate
which the cantilever moves, the cavity could be adiabatica
eliminated from the dynamics. This led to a stochastic Sch¨-
dinger equation for the continuously observed cantile
alone. The unphysical quantization volume, however, s
appeared implicitly in this equation.

The key parameter that characterizes the dynamics
continuously observed system is the ‘‘measurem
strength,’’ which we will denote byk. It determines the rate
at which information is gathered about the system and c
sequently, sets the scale at which effects such as quan
back action become significant. For example, Bhattacha
et al. @12# have shown that for sufficiently macroscopic sy
tems there is a window of values fork such that continuous
observation can localize the probability distribution to
quantum trajectory that faithfully tracks the classically pr
dicted trajectory, with minimal quantum noise. Another e
ample is the continuous measurement of ensembles of at
controlled through their collective interaction with a com
mon probe, to produce nonclassical spin-squeezed s
@13,14#. These effects depend crucially onk and its relation
to the other rates governing the system dynamics.

In this paper, we formulate the problem of continuo
measurement by a traveling-wave probe. We derive a ma
equation describing the situation in which the system
monitored by the probe, but the measurement result is
recorded. This allows us to identify the important charact
istic scales of the problem without reference to a particu
©2003 The American Physical Society17-1
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A. SILBERFARB AND I. H. DEUTSCH PHYSICAL REVIEW A68, 013817 ~2003!
measurement scheme. We begin in Sec. II by establishing
necessary formalism for treating propagating fields in qu
tum optics, in contrast to the more familiar closed cav
problems. We apply this formalism in Sec. III to the fund
mental problem of a two-level atom interacting with a res
nant laser field. When the field is treated classically this le
to Rabi oscillations, but when treated quantum mechanic
the laser not only manipulates the atom but also acts to c
tinuously measure it. We determine the rate at which
measurement back action leads to decoherence in the at
system. This is contrasted with the evolution when the at
is coupled to a resonant electromagentic pulse with a fi
photon numbern. In particular, we explore the circumstanc
under which we can recover the usual Jaynes-Cummings
lution for a two-level atom coupled to a single mode@15# and
show how the behavior for a single photon diverges from t
solution. In Sec. IV, we consider continuous measuremen
an atomic spin through the Faraday rotation of an o
resonant laser field. This process has been used to gen
spin-squeezed states in atomic ensembles@13,14#. We con-
clude and summarize our results in Sec. V.

II. QUANTUM DESCRIPTION OF PROPAGATING FIELDS

Classically, when considering quasimonochromatic pro
gating fields, it is natural to model the evolution of the sy
tem as a function of the propagation directionz. The field at
z can then be decomposed into a complete set of orthono
temporal modes which act locally. One might be tempted
describe the quantum fields in an analogous manner by q
tizing the temporal modes at fixed position,@ â(t),â†(t8)#
5d(t2t8). The field operator could then be decompos
into a complete set of orthonormal mode functionsf i(t), so
that â(t)5( if i(t) ĉi , with @ ĉi ,ĉ j

†#5d i j . Boundary condi-
tions at some initial plane could then used to restrict
mode content, possibly to a single temporal mode.

This approach was taken by van Enk and Kimble@16# and
also by Gea-Banacloche@17# who considered an analogou
problem to the one we address here . They studied how
rors were generated in quantum logic operations due to
fact that control pulses are not truly classical and can bec
entangled with the atoms with which they are interactin
Their analysis led to an effective single temporal mo
theory. Though some of their conclusions are correct,
must take great care to understand the regimes under w
this formalism is applicable. Consider, for example, a sing
photon pulse interacting with a localized two-level atom. L
us suppose that the duration of the pulse is short compare
the natural lifetime of the atom in its excited state but su
ciently long to be considered quasimonochromatic and
resonance. Defining creation and annihilation operators
the single temporal mode associated with this pulse,
Hamiltonian, in the rotating wave approximation, appears
have the familiar Jaynes-Cummings form

Ĥ5\g~ âŝ11â†ŝ2!, ~1!

whereŝ6 are the usual raising and lowering operators as
01381
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ciated with the two-state atom. Given the atom initially in
ground state, the solution leads to quantum Rabi oscillatio

uc~ t !&5cos~gt!ug&u1&2 i sin~gt!ue&u0&. ~2!

This falsely predicts the possibility of a single-photon 2p
pulse in free space, whereby the photon is perfectly absor
and then reemitted into the original mode. In reality once
atom has absorbed the photon it will reemit into a mo
consistent with its radiation pattern,not into the initial packet
mode. That is, the single photon will bescattered. This emis-
sion must also obey causality; no information about the em
ted photon can register on a distant detector at a space
separated point. In the solution above, however, the a
both absorbs from and emits into a spatially delocalized p
ton mode in free space, violating causality.

The problems with causality arise from the faulty quan
zation procedure outlined above. Quantum fields must
defined over all space at an initial time~more generally on an
initial spacelike surface!. Unitarity then ensures thatequal-
time, not equal-space, commutation relations are preserve
Nonequal-time commutation relations cannot generally s
isfy the canonical commutation relations, being inconsist
with Poincare´ invariance@18#. The exception is for free fields
or fields that behave like them~e.g., fields traveling through
matter whose response is approximately linear, or asympt
‘‘in’’ and ‘‘out’’ fields as used in scattering theory!.

We review here a formalism appropriate for treating t
quantum optics of paraxial propagating fields@19#. Consider
a quasimonochromatic paraxial beam with frequencyv0 and
wave numberk0. We write the positive frequency compone

E(1)~x,t !5E~z,t !fT~x,y!ei (k0z2v0t), ~3!

where exp@i(k0z2v0t)# is the ‘‘carrier wave,’’fT(x,y) is the
‘‘transverse mode’’~e.g., Gaussian!, andE(z,t) is the slowly
varying envelope, meaning its spatiotemporal variation
much slower than the carrier wavelength or frequency.
have ignored both diffraction and the vector nature of
field. It is easy to show that the free space wave equa
becomes

S ]

]t
1c

]

]zD E~z,t !50, ~4!

for the envelope, whose solution isE(z,t)5E(z2ct,0), i.e.,
propagation of the pulse envelope. We quantize by replac
the field envelope with a scaled operator

E~z,t !⇒A2p\v0Ĉ~z,t !, ~5!

which satisfies the canonical equal-time commutation re
tion @19#

@Ĉ~z,t !,Ĉ†~z8,t !#5d~z2z8!. ~6!

This commutator is equivalent to that of a nonrelativis
massive Bose gas in one dimension. Here, the carrier w
plays the role of the rest mass and the slowly varying en
7-2
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CONTINUOUS MEASUREMENT WITH TRAVELING-WAVE PROBES PHYSICAL REVIEW A68, 013817 ~2003!
lope plays the role of small fluctuations around the m
shell. The free field Hamiltonian~removing the carrier wave
energy! takes the form

ĤF5cE dzĈ†~z!S 2 i\
]

]zD Ĉ~z!, ~7!

whose Heisenberg equation of motion gives the wave eq
tion above. This Hamiltonian is nothing but the secon
quantized version of the energy of a photonE5cp.

Consider an atom interacting with the field. In th
electric-dipole and rotating wave approximation the inter
tion Hamiltonian is

ĤAF5E d3xuF~x!u2d@Ê(1)~x!ŝ11Ê(2)~x!ŝ2#, ~8!

whered is the dipole matrix element andF(x) is the atom’s
center-of-mass wave function. We take the atom to
trapped, having center-of-mass wave functionF(x)
5 f T(x,y) f L(z) @20#. Then, the interaction Hamiltonian be
comes

ĤAF5dA2p\v0

A E dzu f L~z!u2@Ĉ~z!ŝ11Ĉ†~z!ŝ2#,

where

E dxdyu f T~x,y!u2fT~x,y![
1

AA
, ~9!

A being the effective area of the mode interacting with
atom. Let us go to the interaction picture by including t
free evolution of the atom and field in the interaction Ham
tonian. Assuming the carrier wave is on resonance

ĤAF~ t !5dA2p\v0

A E dzu f L~z!u2@Ĉ~z2ct!ŝ1

1Ĉ†~z2ct!ŝ2#. ~10!

Finally, given a set of orthonormal functions~‘‘longitudinal
modes’’! $f i(z)%, chosen to be real without loss of genera
ity,

Ĉ~z!5(
i

f i~z!âi , ~11!

ĤAF~ t !5dA2p\v0

A (
i
E dzu f L~z!u2f i~z2ct!

3~ âi ŝ11âi
†ŝ2!. ~12!

The Hamiltonian in Eq.~12! describes the interaction of eac
longitudinal mode as it propagates past the atom~Fig. 1!.
Assuming this time scale is much shorter than any ot
dynamical scale in the problem, it is appropriate to make
Markov approximation, whereby one coarse grains over
time scale within which the system and reservoir ret
01381
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‘‘memory.’’ To this end, we breakup thez axis into slices of
sizeDz, each the extent of the atom wave packet~e.g., the
rms of the probability density!. The Markov approximation
will hold if the transit time of the field across the atom
packet,Dt5Dz/c, is much smaller than any time scale ov
which the atom changes. This is certainly an excellent
proximation. Since we will not consider dynamics on a tim
scale smaller thanDt, we can approximate the set of atom
wave packets, centered at each coarse-grained slice,
complete orthonormal set. That is, each slice is an appr
mate d function. Then, normalization of both the atom
wave packet and mode functions combine to give

E dzu f L~z!u2f i~z2ct!5
1

ADz
Q i~ t !, ~13a!

Q i~ t !5H 1, ~ i 21!Dt,t< iDt

0, otherwise.
~13b!

Under this approximation, the Hamiltonian takes the fo

ĤAF~ t !5\g(
i

Q i~ t !~ âi ŝ11âi
†ŝ2!, ~14!

where

\g5dEvac5dA2p\v0

AcDt
.

This result has a clear interpretation. The traveling-wa
configuration is effectively multimode, with each member
the set being a traveling packet ‘‘mode matched’’ to t
atom. The coupling constantg depends on this mode volume
This picture is equivalent to a model of decoherence d
cussed by Brun@21# in which a ‘‘flying qubit’’ passes over a
‘‘system qubit,’’ the former acting as an irreversible reserv

FIG. 1. An initial traveling-wave pulse~solid line! is broken up
into many smaller modes$f i(z)% ~dashed line!. The wave packet of
the interacting atom~gray! has the same width as the mode fun
tions Dz.
7-3



co

s
de

te
i
f

on

at
th

e
sh
un

nc

m

s t

-
u

n
ut
ors,
that
trac-

ne
ven
e
te,

ties

aser

me.
c-
up-

to
ctor
the

a-
or a

the
eous
of
he
on-
the

in
pre-
ee
w a
ton

le-

A. SILBERFARB AND I. H. DEUTSCH PHYSICAL REVIEW A68, 013817 ~2003!
~through its continuous spatial degrees of freedom! to carry
information away from the system, thereby leading to de
herence. In our problem, a given harmonic oscillator~mode
of the electromagnetic field! flies over the qubit, become
entangled with it, and then flies away. This too leads to
coherence, as we describe in the following section.

III. THE RABI INTERACTION FOR TRAVELING-WAVES

A. Interaction with a laser beam

We consider first the case of a resonant laser beam in
acting with a trapped two-level atom. The state of the field
described by a tensor product of identical coherent states
each traveling mode packet

uc&beam5 ^ i ua& i , ~15!

where the amplitude is given by the mean number of phot
in time sliceDt, uau25PDt/(\v0), with P the power of the
laser beam. More precisely, the state of the beam is a st
tical mixture of states of the form above, averaged over
common, but unknown, phase of the complex amplitudea,
as described by Enk and Fuchs@22#. The actual value of the
phase plays no role in the analysis to follow, so we choos
to be fixed with no loss of generality. In order to distingui
coherent effects from decoherence, we transform by a
tary displacement of the field states to the vacuum,

uC&⇒D̂21~$a%!uC&, Â⇒D̂21~$a%!ÂD̂~$a%!. ~16!

In this picture,

HAF~ t !5\ga~ŝ11ŝ2!1\g(
i

Q i~ t !~ âi ŝ11âi
†ŝ2!

5Hcoh1HAV . ~17!

The coherent term is classical Rabi oscillation at a freque
V52ga5dA8pI /\2c, with I the beam intensity~cgs units,
as used throughout!. The second term is the atom-vacuu
coupling for the traveling-wave modes only~i.e., the paraxial
modes of the beam! @23#.

We can now proceed with the standard Markov analysi
derive the master equation@24#. The initial atom-vacuum
state is uncorrelated. After a timeDt, one of the modes be
comes entangled with the atom through the atom-vacu
coupling. The Linblad~‘‘jump’’ ! operatorL̂ is defined by
@21#

^1uÛAV~Dt !u0&5
2 i

\
Dt^1uĤAVu0&5L̂ADt. ~18!

Plugging in the Hamiltonian from Eq.~17!, we arrive at

L̂5gADtŝ25dA2p\v0

Ac
ŝ2[Akŝ2 , ~19!

where
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k5d2S 2pk0

\A D5GS 3p

2k0
2A

D [GS seff

A D
is the measurement strength,G is the spontaneous emissio
rate, andseff is the effective cross section for scattering o
of the paraxial modes. By determining these jump operat
we compactly derive the master equation, equivalent to
obtained using a usual system-reservoir approach after
ing over the unmeasured bath@11,15,25#,

dr̂

dt
5

2 i

\
@Hcoh,r̂ #2

1

2
$L̂†L̂,r̂%1L̂ r̂L̂†

5
2 i

\
@Hcoh,r̂ #2

k

2
$ŝ1ŝ2 ,r̂%1kŝ2r̂ŝ1 . ~20!

This equation has a familiar and appealing form. It is no
other than the master equation for a decaying laser-dri
atom @15#, but with G→k. The decay rate is due to th
entanglement between the atom and the laser modes. Nok
is independent ofDt, which acts as a fictitious ‘‘quantization
volume’’ and so must be absent from any physical quanti
such as the measurement strength.

The measurement strength is also independent of the l
power uau2. In particular, we may turn off the laser (a
→0) and the measurement strength will remain the sa
The ratiok/G5seff /A may thus be interpreted as the fra
tion of spontaneous emission into the paraxial modes. In s
port of this interpretation, note that the mode areaA can
never be made smaller than the diffraction limitA;1/k0

2, so
at mostk;G. Moreover, once the beam becomes focused
such a small spot size, one can no longer neglect the ve
nature of the atom-field coupling which further decreases
measurement strength@26#.

From Eq. ~19!, we can determine how continuous me
surement by the laser beam acts to decohere the atom. F
paraxial beam, we require thatseff /A@1, so that diffraction
effects are minor. Then decay due to entanglement with
laser modes is small compared to decay due to spontan
emission into 4p sr. In agreement with the conclusions
Refs. @16,17#, errors in coherent control pulses due to t
quantum nature of the interaction can be neglected if sp
taneous emission is also negligible during the duration of
interaction.

B. Interaction with a single photon

In Sec. II, we showed how a quantization procedure
terms of nonequal-time commutators can lead to a false
diction of single-photon coherent Rabi oscillations in fr
space. In this section, we use our formalism to show ho
quasimonochromatic and paraxial propagating single-pho
wave packet drives a two-level atom.

We take the initial state of the system to be a sing
photon wave packet with the atom in its ground state,

uC~0!&5â†@ f #uvac& ^ ug&A . ~21!
7-4



d

q
in

ne
ot
a

te

t

t

-
.e.,
tom
ds
xial
es
rate

al
us
g

ial
it

a-
ld
e. In
right

-
the

n of

CONTINUOUS MEASUREMENT WITH TRAVELING-WAVE PROBES PHYSICAL REVIEW A68, 013817 ~2003!
The operatorâ†@ f #5*dzĈ†(z) f (z) creates a delocalize
single-photon state with slowly varying pulse envelopef (z)
@27#. For simplicity, we use a square pulse of durationt
5NDt. In this case, we can expandf (z) in a symmetric sum
of coarse-grained modes each having lengthDz5Dt/c,

â†@ f #5
1

AN
(
i 50

N21

âi
† . ~22!

The state will evolve according to the Hamiltonian in E
~14! which commutes with the total number of excitations
the system. Neglecting, for now, the possibility of sponta
ous emission into other transverse field modes, the t
number of excitations will be preserved. The state at
times must then have the form

uc~ t !&5S (
j

Aj~ t !â j
†1Ae~ t !ŝ1D uvac,g&. ~23!

Consider the evolution of the system over the short in
val (tk ,tk1Dt#, wheretk5kDt,0<k<N21. We can define
a map for the state between two successive time steps

uc~ tk!&5e2 iĤ kDt/\uc~ tk21!&, ~24!

whereĤk5\g(âkŝ11âk
†ŝ2). Using ansatz~23!, we are led

to the recursion relations

Aj Þk~ tk!5Aj~ tk21!, ~25a!

Ak~ tk!5Ak~ tk21!c2 iAe~ tk21!s, ~25b!

Ae~ tk!5Ae~ tk21!c2 iAk~ tk21!s. ~25c!

Here, s[sinAkDt and c[cosAkDt. The measuremen
strengthk5gADt is the same as in Eq.~19!.

These coupled algebraic equations can be solved for
amplitudes. Repeated application of the Eq.~25a! at all times
tk,t j , shows thatAk(tk21)5Ak(0)5N21/2. Inserting this
result into Eq.~25c!, we have

Ae~ tk!5Ae~ tk21!c2
is

AN
. ~26!

This equation admits a simple series solution

Ae~ tk!52
is

AN

12ck

12c
. ~27!

AssumingAN@1, i.e., the envelopef (z) is much broader
than the coarse graining, we may take the limit ofAe(t) as
N→` holding t5NDt. This yields
01381
.

-
al
ll

r-

he

Ae~ t !'2
2i

Akt
@12e2kt/2#. ~28!

The solution given in Eq.~28! is based on the fundamen
tal assumption that the evolution of the state is unitary, i
we consider a closed quantum system consisting of the a
and paraxial field modes. In the continuum limit, this yiel
an effective decay due to emission into the included para
modes at ratek, but it excludes decay into all others mod
which, taken together, give a total spontaneous emission
G. Since we showed in Sec. III A thatk!G, this solution is
not self-consistent. To rectify this, during the time interv
Dt, we must allow for a small probability of spontaneo
emissionPspont into nonparaxial modes. By not includin
these modes in our system, the state ketuc& evolves accord-
ing to an effective non-Hermitian Hamiltonian@11# with de-
caying norm,̂ CuC&512Pspon. Equation~25c! then reads

Ae~ tk!5Ae~ tk21!ce2gDt/22 iAk~ tk21!s, ~29!

where g is the spontaneous emission into all nonparax
modes. Employing the initial condition and taking the lim
Dt→0,NDt5t yields

d

dt
Ae~ t !52

1

2
~g1k!Ae~ t !2 iAk

t
. ~30!

Solving this equation withg50, using the initial condition
Ae(0)50, will give the same result as in Eq.~28!.

Before considering the solution to this differential equ
tion, consider the slightly altered situation in which the fie
starts in the vacuum state and the atom in the excited stat
this case, it is easy to see that the second term on the
side of Eq.~30! will vanish. Then, the equation becomes

d

dt
Ae~ t !52

1

2
~g1k!Ae~ t !, ~31!

with the initial conditionAe(0)51. This must give the stan
dard exponential decay due to spontaneous emission in
vacuum

Ae~ t !5e2Gt/2. ~32!

This allows us to equateG5g1k, wherek is again seen to
be the spontaneous emission rate due to the contributio
the modes in the paraxial beam.

The general solution to Eq.~30! is

Ae~ t !52
2i

G
Ak

t
~12e2Gt/2!, ~33!

holding for times 0<t<t. The probability of the atom being
in the excited state is then,
7-5
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Pe~ t !54
k

G2t
~12e2Gt/2!2 ~34!

during the same interval. This is a monotonically increas
function of t, and so achieves its maximum at the upper lim
t5t, after which the excitation probability can only deca
~Fig. 2!. Then, the maximum probability for anyt can be
found by solving

d

dt
Pe~t!50→Gt'2.5. ~35!

At this point, the probability isPe'0.8k/G, which is neces-
sarily less than 1 given thatk/G,1 as previously discussed
Thus, in the paraxial approxiamtion, no single-photon pu
can be constructed that excites an atom with certainty.

This result is, of course, not surprising. Symmetry ensu
that the only single-photon pulse capable of exciting an a
with unit probability is the time reversal of a spontaneou
emitted packet@28#. Such a pulse represents the vec
spherical harmonic associated with the atomic radiation
tern ~assuming emission on a transition with well-defin
angular momentum!, a field not captured in the scala
paraxial approximation. Moreover, even including the vec
nature of the field beyond paraxial will not be sufficient
yield high excitation probability. The field must be we
‘‘mode matched’’ to the the atom’s radiation pattern to gi
strong coupling between the atom and a single photon in
space@26#.

C. Interaction with a large n-photon Fock pulse

In the last section, we showed that in free space the c
pling of a single photon to an atom will not lead to cohere
Rabi oscillations. In contrast, for ann-photon Fock state with

FIG. 2. The probability for a single photon in free space
excite a two-level atom~solid line! differs significantly from the
standard Rabi solution, in which an atom is coupled to a photo
a single-mode cavity~dashed line!. The parameters used here a
Gt52.5 andk/G51/50 ~see text!.
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a largen, we expect the system to be dominated by stim
lated emission. A rigorous treatment of this probem using
Bethe-Ansatz was given by Rupasov and Yudson@29#. We
show here how this phenomenon is recovered simply in
present formalism.

In general, an arbitrary division may be envisioned
Hilbert space that separates system from reservoir. In Sec
the system was chosen to be the paraxial field modes plus
atom. Alternatively, we may take the system to consist of
atom interacting with the single pulse mode defined by c
ation operatorâ†@ f # in Eq. ~22!, with all other modes mak-
ing up the environment. Such a choice can always be m
and cannot change the physics. We may then choose to
nore all environmental modes ifGt!1, with the caveat that
any effects that occur in the system must have scales m
larger thanGt in order to be considered valid.

Consider a pulse of lengtht such thatGt!1. Further,
take the state of the system to only have excitations in
pulse mode such that

uc~0!&5
1

An!
~ â†@ f # !n

^ u0,g&5un,g&. ~36!

The rest of the modes are in the vacuum state and are tre
as an environment. Ignoring terms of the order ofGt, the
system evolves under the single-mode Hamiltonian

Ĥ5\geff~ â@ f #ŝ11â†@ f #ŝ2!. ~37!

This is none other than the Jaynes-Cummings Hamilton
restricted to an initial manifold withn excitations and having
effective coupling constant\geff5dA2p\v0 /Vpulse , where
Vpulse5Act is the pulse volume. The system undergoes
familiar coherent Rabi oscillations within the two
dimensional manifold, as in Eq.~2!,

uc~ t !&5cos~geffAnt!ug&un&2 i sin~geffAnt!ue&un21&.
~38!

This solution applies to the single photon case as w
The probability amplitude from Eq.~33! limits to

Ae~ t !→2 igefft@11O~Gt !#, ~39!

which is the correct limit of sinusoidal Rabi oscillation
However, during the pulse duration not even a single os
lation can occur sincegeff5Ak/t!1/t . Thus, for true oscil-
lations to occur, one must have

geffAn*
1

t
or nGt*

A

seff
. ~40!

The last inequality can be interpreted as saying that the m
number of photons emitted via stimulated emission into
pulse must dominate over spontaneous emission, even w
the spontaneous photons are paraxial. When these condi
hold we may consistentlyignore all initially unoccupied

in
7-6
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CONTINUOUS MEASUREMENT WITH TRAVELING-WAVE PROBES PHYSICAL REVIEW A68, 013817 ~2003!
modes, yet still recover dynamics in agreement with
usual Jaynes-Cummings Hamiltonian. The multimode
scription of the field becomes superfluous.

Finally, what is the measurement strength associated
probing an atom using a large photon number Fock-s
pulse? Unlike the coherent state case, the field does not
torize into uncorrelated temporal slices. In fact, when view
in terms of the coarse-grained modes, the Fock pulse
highly entangled. Detection of photons at the leading edge
the pulse will introduce new fluctuations in the trailing edg
which has yet to interact with the atom. This implies that t
usual Markov approximations do not hold. The Fock pulse
most naturally treated as part of the ‘‘system’’ rather than
‘‘environment’’ which continuously carries information awa
from the atom.

IV. QND MEASUREMENT VIA FARADAY
POLARIZATION SPECTROSCOPY

The resonant interaction considered up to this po
though fundamental in nature, has little practical applicat
to the problem of continuous measurement in free sp
since the measurement strength is always bounded f
above by the spontaneous emission rate. We thus turn
attention to an off-resonant interaction. In particular, we c
sider the problem of measuring a spin component of an a
through the Faraday effect wherein the linear polarization
a probe laser rotates by an amount proportional to the m
netization of the sample. This interaction provides for
‘‘quantum nondemolition measurement’’~QND! of the atom,
i.e., the probe measures an observable~here, the atomic spin
along the laser propagation direction! without perturbing that
observable@30,31#. Such an interaction has been applied
ensembles of atoms to produce spin-squeezed states@13# and
to demonstrate entanglement between two spatially sepa
ensembles@14#.

We review here the basic physics associated with
measurement scheme. The interaction energy is that o
electric-polarizable particle in a vector field whose Ham
tonian may be written as

Ĥ int52Ê(2)
•aĴ•Ê(1), ~41!

whereaĴ is the atomic polarizability tensor andE is the com-
plex electric-field amplitude. Expressing this equation
terms of irreducible tensor components, the interaction
be decomposed into an effective scalar, vector, and sym
ric rank-2 contribution. We consider here the case of alk
atoms probed on the so-calledD2 line S1/2→P3/2, for which
the ground-state atomic polarizability operator is@32#

aJ5a linS 1̂1
1

2
~e1e1* 2e2e2* !ŝzD . ~42!

Here,e6 are the right and left helicity vectors relative to th
quantization axis along the probe propagation direction,ŝz
5u↑&^↑u2u↓&^↓u is the Pauli spin operator for the groun
state electron, anda lin is the atomic polarizability for fields
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with linear polarization. This equation has a simple interp
tation. The first ‘‘scalar term’’ gives rise to an effect th
depends solely on the field intensity, whereas the term p
portional to ŝz depends on the field elipticity. Clearly, th
irreducible rank-2 component vanishes here@32–34#.

Under the paraxial approximation, we take the field to
approximately a plane wave with two polarization vecto
The quantum field associated with the complex amplitude

Ê(1)5A2p\v

V
~ â2e21â1e1!eikz, ~43!

whereV is the effective quantization volume for the prop
gating mode. Substituting this into Eq.~41!, the quantum
Hamiltonian becomes

Ĥ int52
2pa lin

V
\vF ~N̂11N̂2!1

1

2
~N̂12N̂2!ŝzG ,

~44!

whereN̂6 is the number operator for photons in the positi
or negative helicity states. The scalar term gives rise to
overall phase shift~index of refraction! and thus, can be
absorbed into the free field Hamiltonian. The vector te
gives rise to the Faraday effect. RecognizingĴz5(N̂1

2N̂2)/2 as the total field helicity, the effective interactio
Hamiltonian takes the QND form

Ĥ int52
2pa lin

V
\v Ĵzŝz . ~45!

Under this Hamiltonian, the photon spin becomes correla
with the atom’s magnetic moment and thus the laser po
ization may act as a meter for the atomic spin. Sinceŝz also
commutes with the system-meter Hamiltonian, it is clearl
QND variable@15#.

Our Hamiltonian still contains the undefined quantizati
volume V. To rectify this, we follow the formalism intro-
duced in Sec. II. Introducing propagating modes of durat
Dt, so thatV→AcDt, the Hamiltonian becomes

Ĥ int52(
i

2
\x

Dt
Q i~ t !Ĵzŝz , ~46!

where x5pa linv/(cA)'(s0 /A)@G/(22D)#. Here, D is
the ~far! detuning from the atomic resonance with linewid
G and s0 is the on-resonance absorption cross section
linear polarization.

With the Hamiltonian so defined, the evolution of the sy
tem may be calculated. The system shall consist of an a
interacting with a laser beam that is linearly polarized in t
x direction. The initial state of the laser is then

uF&probe5 ^ i

1

A2
~ ua& ixu0& iy), ~47!
7-7
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wherex and y label the two orthogonal linear polarizatio
modes. As in Sec. III A,uau25PDt/\v0, with P the power
in the beam. Given this initial state for the field, we m
define the marginal density operator for the atom alone
tracing over the field at timet. Since Hamiltonian~41! only
couples the atom to thekth field mode in time interval
(tk ,tk1Dt#, the reduced atomic state evolves during t
interval as

r̂~ tk1Dt !5Trk@Û i ua& ix^au ix ^ u0& iy^0u iy ^ r̂~ tk!Û i
†#.

~48!

In the interaction picture, the unitary evolution becomes

Û i ua& ixu0& iy5e2 ixŝz(N̂1 i2N̂2 i )ua& ixu0& iy ,

5uacos~xŝz!&xiu2asin~xŝz!&yi . ~49!

This expression should be interpreted in the context o
matrix element, given that atomic operators appear in
labels for the field kets. Clearly, the field and atomic sta
will generally become entangled by the interaction.

The map in Eq.~48! constitutes a continuous measur
ment on the field. To see this explicitly, we must expand
powers ofDt, and sinceuau2}Dt, this is equivalent to an
expansion of the state kets in Eq.~49! in powers ofa. In the
Fock ~photon number! basis, we have

Û i ua& ixu0& iy'S 12
uau2

2 D @ u0&xiu0&yi1a cos~xŝz!u1&xiu0&yi

2a sin~xŝz!u0&xiu1&yi]. ~50!

Substituting this back into Eq.~48!, one finds

r̂~ tk1Dt !5r~ tk!1uau2@2r~ tk!1sin~xŝz!r~ tk!sin~xŝz!

1cos~xŝz!r~ tk!cos~xŝz!#. ~51!

This form may be further simplified sincex!1 for a single
atom probed by a far off-resonance laser. Taking the lim
Dt→0 and keeping terms to second order inx gives the
master equation

dr̂

dt
5

Px2

\v0
F ŝzr̂ŝz2

1

2
$ŝz

2 ,r̂%G52
k

2
@ŝz ,@ŝz ,r̂ ##,

~52!

where the measurement strength can be easily ident
from the familiar Linblad form of the master equation@11# as

k5
Px2

\v0
. ~53!

Note that the steady-state solutions to Eq.~52! are the Dicke
states, so this technique provides a QND measuremen
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spin. This expression was also derived by Thomsen
Wiseman in the context of control of atom-laser coheren
@35#.

The physics of the continuous measurement under con
eration here differs substantially from that of the reson
Jaynes-Cummings interaction studied in Sec. III. Here,
measurement strength depends upon the power in the b
whereas the previous result had no such dependence. Fo
resonant case,k could be explained as arising from thos
spontaneous photons emitted into paraxial modes. In c
trast, the dependence of the QND measurement on the
power indicates that the measurement strength is due to
coherent redistribution of photons between the polarizat
modes in a manner depending on the atomic state.

V. SUMMARY AND DISCUSSION

Continuous quantum measurement, once studied onl
gedanken experiments, can now be realized in laboratory
plications@8,36#. Such applications utilize the ability to con
tinuously gather information from a probe coupled to a qu
tum system. The system state then evolves under a stoch
master equation, characterized by the measurement stre
In this paper, we examined how one may derive the meas
ment strength for paraxial laser probes in free space by c
sidering two examples.

We considered first the fundamental system of an at
coupled to a laser beam. Classically the atom-laser inte
tion leads to Rabi oscillation which is often used to manip
late coherent superpositions of atomic states. In particu
laser control pulses can be used to implement quantum l
gates@37#. Quantum mechanically continuous measurem
of the atom by the quantum laser pulse can lead to entan
ment between the system and the probe, inducing error
logic gate operation. We found that this is not a concern
the measurement strength is bounded from above by the
spontaneous emission rate and can thus be neglected
short interaction times. In fact, the measurement rate ma
attributed to spontaneous emission into the paraxial mo
which will always be small compared to emission into 4p sr
with the appropriate vector field. We also studied the disti
tion between continuous observation by a coherent beam
by a pulse with well-defined photon number. In the lat
case, correlations between the quantum fluctuations at di
ent points in the pulse disallow a clean separation betw
system and probe. Instead, the entire atom-field system
coherently oscillate if the number of photons is sufficien
large. For a single photon, however, we showed that R
oscillations cannot occur in free space. Such a result is
sential lest a distant detector be able to instantly sense
presence of the atom. This highlights the need to treat
propagation of quantum fluctuations in a traveling-wave
ometry with great care to avoid contradictions with causal

Another mechanism allowing for continuous measu
ment of an atom is the Faraday rotation of an off-reson
polarized beam, induced by the atom’s magnetic mom
This interaction produces a QND measurement of the ato
spin. The measurement is due to stimulated redistribution
photons between pairs of occupied modes, in contrast to
7-8
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resonant Rabi interaction where measurement results f
spontaneous emission. Since the measurement streng
proportional to the laser intensity, it can be made much lar
than the spontaneous emission rate. Of course, spontan
emission is not the only source of noise. In order to see
effects of quantum back action, the quantum ‘‘projectio
noise@38# must be large compared to all other noise sourc
such as those due to photodetection. This implies tha
experiment in which the back action is important must e
hance the coupling constant without increasing the s
noise, possibly through the use of an optical cavity or
maintaining a large ensemble of atoms collectively coup
to the probe. The latter approach has led to the observatio
spin squeezing@13# and ensemble entanglement@14#. In such
a situation, it would be interesting to understand the effec
measurement strength by the probe on any one membe
p

rs

ol
i
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the ensemble. Exploring this question will require us to co
sider how quantum correlations are shared within a multip
tite system interacting with a probe. We plan to address
question in future work.
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